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A Model Poisson Problem
Find v € H}(Q) such that
a(u,v) = (f,v) Vo€ H&(Q)

where

a(u,v):/QVu-Vvdx and (f,v):/ﬂfvdx

Q) is a polygonal/polyhedral domain in R?/R3.
f belongs to Ly(£2).



A Model Poisson Problem

Find u € HZ(Q) such that
a(u,v) = (fv) Vv e H)(Q)

where

a(u,v):/QVu-Vvdx and (f,v):/ﬂfvdx

Q) is a polygonal/polyhedral domain in R?/R3.
f belongs to Ly(£2).

For simplicity we assume that © is convex so that u € H?(f2).



Outlne
® Virtual Element Methods in 2D



Outlne
® Virtual Element Methods in 2D

m Shape Regularity Assumptions
m Estimates for Computable Projections

Inverse Estimates

Estimates for an Interpolation Operator

Stabilization Estimates

Error Estimates in H! and Lo

Error Estimates in L,



Outlne
® Virtual Element Methods in 2D

m Extensions to 3D

m Concluding Remarks



References

Basic principles of virtual element methods (2013)
Beirdo da Veiga-Brezzi-Cangiani-Manzini-Marini-Russo

Equivalent projectors for virtual element methods (2013)
Ahmad-Alsaedi-Brezzi-Marini-Russo
Virtual element method for general second-order elliptic problems on polygo-
nal meshes (2016)
Beirdo da Veiga-Brezzi-Marini-Russo

High-order virtual element method on polyhedral meshes (2017)
Beirdo da Veiga-Dassi—Russo

Stability analysis for the virtual element method (2017)
Beirdo da Veiga-Lovadina-Russo

Virtual element methods on meshes with small edges or faces (2018)
B.-Sung
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Local Virtual Element Spaces
D is a bounded polygon.
Ep is the set of the edges of D.
P is the space of polynomials of total degree < k.
P, = {0}
P (D) is the restriction of P to D.
Px(e) is the restriction of PP, to the edge e.
(

Pr(0D) = {v € C(9D) : v‘e € Pir(e) foralle € £}



Local Virtual Element Spaces

H,Z,D is the projection from H'(D) onto P,(D) with respect to
the inner product

((C,U))I/DVC'Vwa+(/8DCds>(/aD77ds>

i.e., TI} ¢ € Py(D) satisfies

(MY p¢.a) =(¢q)  VaqePy(D).



Local Virtual Element Spaces

H,Z,D is the projection from H'(D) onto P,(D) with respect to
the inner product

((C,U))I/DVC'Vwa+(/8DCds>(/aD77ds>

i.e., TI} ¢ € Py(D) satisfies
(I p¢a) = (¢ a)  VaePr(D).
Equivalently,

/V(HZDC).qux:/ V(-Vqdr  Vq€&Py(D)
D D

/HZDCdS:/ Cds
oD oD



Local Virtual Element Spaces

H,Z,D is the projection from H'(D) onto P,(D) with respect to
the inner product

((C,U))I/DVC'Vwa+(/8DCds>(/aD77ds>

1Ty ;, is the projection from Ly(D) onto Py(D).



Local Virtual Element Spaces

ITY ,, is the projection from H'(D) onto P,(D) with respect to
the inner product

((C,U))I/DVC'Vwa+(/8DCds>(/aD77ds>

1Ty ;, is the projection from Ly(D) onto Py(D).

Virtual Element Space Q¥(D) (k>1)

v € HY(D) belongs to QF(D) if and only if
m The trace of v on 9D belongs to Py (D).
m The distribution Av belongs to Py (D).
] H%DU - HZDU € Pr_o(D)

Ahmad-Alsaedi-Brezzi-Marini-Russo (2013)



Local Virtual Element Spaces

Virtual Element Space QF(D) (k> 1)
v € HY(D) belongs to QF(D) if and only if

m The trace of v on 9D belongs to P;(0D).

m The distribution Av belongs to Py (D).

m 1) o — T o € Ppo(D)

Ahmad-Alsaedi-Brezzi-Marini-Russo (2013)

Properties of v € Q%(D)

m v is uniquely determined by v|,, and II}_, jo.

dim Q¥ (D) = dim P(8D) + dim Pj_(D)

v 0
® II; pv and Il ,v are computable.

m v is continuous on D.



Global Virtual Element Spaces

T is a partition of Q into polygonal subdomains.

Qy ={veHyQ): v|,€Q"D) VDeT}



Virtual Element Methods

For v € Q%, we have

a(v,v) = Z aD(v, v) (aD(w,v) :/ Vw - Vv dﬂc)
DeTy, b
= Z [QD(HZ,D% HZ,DU) +aP(v— HZ,D% v — HZ,D v)]
DeTy,

because II)] ,v € Px(D) and hence
aP (v — I, pu, I pv) = / V(v -1 pv) - VII} pvdz =0
D
by the definition of TT; ;.

/V(H;ZDC)'qu:c:/VC-qux Vq € Py(D)
D D



Virtual Element Methods

For v € Q%, we have

a(v,v) = Z aD(U, v) (aD(w,v) :/ Vw - Vv dﬂc)
DeTy, b
= Z [aD(HZ,D% HZ,DU) +aP(v— HZ,D% v — HZ,D v)]
DeTy,

The first term on the right-hand side is at our disposal because
IT; pv is computable.

The second term is not available because v is not known in D,
and it needs to be replaced by a stabilization term.



Virtual Element Methods

Find w;, € QF such that

ap(un,v) = (f,Ep) Vo€ Qp

where
ah(w’v) = Z [CLD(HZDU),H,ZD’U)
DeTy,
+ 8P (w — I pw,v — I} pv)
aP(w,v) = / Vw - Vvdz
D
and

_ mn, ifk=1,2,
oh = ' .
m .., if k> 3.



Virtual Element Methods

First stabilization bilinear form

SP(w,v) = hp(dw/ds, dv/ds) Lyop)

Wriggers-Rust-Reddy (2016)



Virtual Element Methods

Second stabilization bilinear form

SP(w,0) = Y wp)u(p)

pENsD

where Njp is the set of the nodes on 9D that determines

functions in P, (0D).
Beirdo da Veiga-Lovadina-Russo (2017)



Virtual Element Methods

Second stabilization bilinear form

SP(w,0) = Y wp)u(p)

pENsD

where Njp is the set of the nodes on 9D that determines

functions in P, (0D).
Beirdo da Veiga-Lovadina-Russo (2017)

We can take these nodal values and the moments of v on D
up to order k — 2 as the dofs of Q%(D).



Virtual Element Methods

m Derive error estimates for wy, I Hu, and 119 Huy, in the
H' norm and the L, norm.

m Derive error estimate for u; in the L., norm over the
skeleton of 7;, where wy, is known.

® Derive error estimates for II} ,u, and I19 juy, inthe Lo
norm over €.



Virtual Element Methods

m Derive error estimates for wy, I Hu, and 119 Huy, in the
H' norm and the L, norm.

m Derive error estimate for u; in the L., norm over the
skeleton of 7;, where wy, is known.

® Derive error estimates for II} ,u, and I19 juy, inthe Lo
norm over €.

Ingredients
m Stability estimates for ay(-,-).
m Estimates for 11} , and 1T} .

m Interpolation error estimates.



Virtual Element Methods

m Derive error estimates for wy, I Hu, and 119 Huy, in the
H' norm and the L, norm.

m Derive error estimate for u; in the L., norm over the
skeleton of 7;, where wy, is known.

® Derive error estimates for II} ,u, and I19 juy, inthe Lo
norm over €.

Challenge

Control the constants in all the estimates in terms of the shape
regularity of the subdomains, especially in the presence of
small edges or faces.
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B, C D with radius p, hp, where hj is the diameter of D.
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D are comparable, we can generate a background mesh that
satisfies a minimum angle condition by connecting the center of
B, and the vertices of D.
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Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Under the additional assumption that the lengths of the edges of
D are comparable, we can generate a background mesh that
satisfies a minimum angle condition by connecting the center of
B, and the vertices of D.

In the presence of small edges such a background mesh only
satisfies a maximum angle condition.

We do not use any background mesh in our approach.



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

There exists a Lipschitz isomorphism ¢ : B8, — D such that
both |®[y1.00(,,) @nd [® ! |1,y are bounded by a constant
that only depends on p,,.

Maz’ya, Sobolev Spaces



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Under the star-shaped assumption we can use p, to control
the constants in many estimates.

B.-Scott
The Mathematical Theory of Finite Element Methods



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

A Sobolev Inequality

1<l L) S Po 2 NC a0y + [Cla1 0y + Pol¢la2o)

forall ¢ € H?(D)
(The hidden constant only depends on p,,.)



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

A Sobolev Inequality

1<l L) S Po 2 NC a0y + [Cla1 0y + Pol¢la2o)

forall ¢ € H?(D)

Bramble-Hilbert Estimates

Jnf [¢ =) < B ey Y C € HFL(D)

where ¢/ =0,...,k and m </

(The hidden constants only depend on p, and k.)



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Poincaré-Friedrichs Inequalities
o€y S 1] [ el + Klmny  VC e H'(D)

el 151 [ cas|+ Ko, Ve (D)

(The hidden constants only depend on p,,.)



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Poincaré-Friedrichs Inequalities
h 2 < 2 d V(e HY(D
D ¢l opy S B DC x| + |Cl g (o) ¢e€ H (D)
h (2 < ot d v¢e HY(D
o NCllapy S o 8DC s| + [Cla(py ¢e€ H (D)
A Trace Inequality
||<”L2 op) S hp 1H<HL2 + hD’C‘Hl V(e HY(D)

(The hidden constants only depend on p,,.)



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Estimates for |- |g1/2(5p)

Cluzopy S hd Clmep) V¢ € HY(@D)
[z opy S 1ClE1L (D) V¢ e H' (D)
(The hidden constants only depend on p,,.)

There exists a Lipschitz isomorphism ® : 8B, — D such that both
|®| 1,00 (,,) @Nd |®! lw1.0 () are bounded by a constant that only depends
on p,.



Local Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Scaling Estimates for Polynomials
lallZ, o0y < b5 llall7, Vq Py
oy S b llall Ly VqePy
lallze(p) S 1@on| + b “lalmp)  VaePy
lallzwio) S lapl + b5 “ldlinpy  VaePy

where
1

1
Qop = ot ds and ¢, =-— d
Gop =10D] Jop 1™ v |D\/Dq ’

(The hidden constants only depend on p, and k.)



Global Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of h, such that

pp=p VDET,

This is the only assumption we need for the first stabilization

SP(w,v) = hp(Ow/9s,0v/0s) L, D)



Global Shape Regularity Assumptions

The (open) polygon D is star-shaped with respect to a disc
B, C D with radius p, hp, where hj is the diameter of D.

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of h, such that

pp=p VDET,

Assumption 2 There exists a positive integer N, independent
of h, such that
|Ep| < N VD eT,

We need both assumptions for the second stabilization

SP(w,v) = > w(p)v(p)

pENsD



A Maximum Principle



Lemma 1

There exists a linear operator A : P(D) — Pyio(D) such
that

A(ATg) = ¢ Vq € Py(D)

1Al py S hblldllpy V4 €Pu(D)

where the hidden constant depends only on k£ and p,

Beirdo da Veiga-Lovadina-Russo (2017)



Lemma 1

There exists a linear operator A : P(D) — Pyio(D) such
that

A(ATg) = ¢ Vq € Py(D)

1Al py S hblldllpy V4 €Pu(D)

where the hidden constant depends only on k£ and p,

Beirdo da Veiga-Lovadina-Russo (2017)

m A: Py — Py is asurjection.

m scaling arguments for polynomials



Lemma 2
1Ay p) S Bp' ol Vv e Q¥(D).

where the hidden constant depends only on k£ and p,

Beirdo da Veiga-Lovadina-Russo (2017)



Lemma 2
1Ay p) S Bp' ol Vv e Q¥(D).

where the hidden constant depends only on k£ and p,

Beirdo da Veiga-Lovadina-Russo (2017)

m Av e Pk(D)

m scaling arguments for polynomials



A Maximum Principle
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such that
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A Maximum Principle

There exists a positive constant C' depending only on £ and p,
such that

lollzee(p) < 0l 2ion) + Clolgipy Vo€ QYD)

[l 2o 0y < v — ATA’UHLN(D) + HAJ[A’UHLOO(D)



A Maximum Principle

There exists a positive constant C' depending only on £ and p,
such that

lollzee(p) < 0l 2ion) + Clolgipy Vo€ QYD)

0]l e py < llo = AT A () + IATA[|, ()
= |lv - ATAUHLoo(aD) + HATAUHLOO(D)

Maximum Principle for Harmonic Functions

A(v— ATAY) = Av— Av =0



A Maximum Principle

There exists a positive constant C' depending only on £ and p,
such that

[0l re 0y < IWllzc@p) + Clolmpy Vv e QF(D)
[l 2o 0y < v — ATA’UHLN(D) + HAJ[A’UHLOO(D)
= |lv - ATAUHLoo(aD) + HATAUHLOO(D)

< [Iollzoc(om) + 2 ATAV]| L ()



A Maximum Principle

There exists a positive constant C' depending only on £ and p,
such that

[0l re 0y < IWllzc@p) + Clolmpy Vv e QF(D)
[l 2o 0y < v — ATA’UHLW(D) + HATAUHLN(D)

= |lv - ATAUHLoo(aD) + HATAUHLOO(D)

< |llzoop) + 21ATAV| 1 ()

< ol op) + CESIAY|| L (p)

ATl 0y S Pollall ooy



A Maximum Principle

There exists a positive constant C' depending only on £ and p,
such that

lollzee(p) < 0l 2ion) + Clolgipy Vo€ QYD)

1011y < llv— ATA|| Ly + [ATAY|| L (py
= |lv— ATAv| 1 op) + [|ATAY]| L (p)
< |[vllr..op) + 2l ATAV]| 1 (D)
< ol op) + CESIAY|| L (p)

< |wllze @) + ChollAv| Ly 0y
Av € Pk(D)



A Maximum Principle

There exists a positive constant C' depending only on £ and p,
such that

lollzee(p) < 0l 2ion) + Clolgipy Vo€ QYD)

1011y < llv— ATA|| Ly + [ATAY|| L (py
= |lv— ATAv| 1 op) + [|ATAY]| L (p)
< |[vllr..op) + 2l ATAV]| 1 (D)
< ol op) + CESIAY|| L (p)
< |wllze @) + ChollAv| Ly 0y

< |vllzeap) + Clola

1A 1,0y S 7o' vl o)



Estimates for Computable
Projections



i v .ol
Estimates for 11 , : H'(D) — Px(D)
We have an obvious stability estimate
10 <Ly < IClmp) V(e HY(D)

that follows from

/V(HZDg)-qua::/ V(-Vqdr  Vq€&Py(D)
D D



Estimates for II} , : H'(D) — Py(D)
We have an obvious stability estimate
10 <Ly < IClmp) V(e HY(D)
which implies  (Bramble-Hilbert)
¢ =T pClurpy S holClperpy 1<0<k

since I} ,q = ¢ forall ¢ € P(D).

(The hidden constants only depend on p, and k.)



Estimates for II} , : H'(D) — Py(D)
We have an obvious stability estimate
10 <Ly < IClmp) V(e HY(D)
which implies  (Bramble-Hilbert)
¢ =T pClurpy S holClperpy 1<0<k

and hence  (Poincaré-Friedrichs)

1C =115 ¢l < /8 (=TI pC)ds + hold =T p Clan o)



Estimates for II} , : H'(D) — Py(D)

We have an obvious stability estimate

|HZ,DC|H1(D) < [Cla1(py V(e HY(D)

which implies  (Bramble-Hilbert)
¢ =T pClurpy S holClperpy 1<0<k
and hence  (Poincaré-Friedrichs)
1€ =T pClao S [ (€= TEpC)ds+ hol¢ =T o lanco)

= hpl¢ — HZ,DC’Hl(D)

/HZDCdSZ/ (Cds
oD oD



Estimates for II} , : H'(D) — Py(D)
We have an obvious stability estimate
10 <Ly < IClmp) V(e HY(D)
which implies  (Bramble-Hilbert)
¢ =T pClupy S holClgerpy 1<L<k
and hence  (Poincaré-Friedrichs)
1€ =T pClao S [ (€= TEpC)ds+ hol¢ =T o lanco)

= hpl¢ — HZ,DC’Hl(D)

S hfS“\C\He+1(D) 0<t<k

(The hidden constants only depend on p, and k.)



Estimates for II} , : H'(D) — Py(D)

There is also a stability estimate for IT;, ;, in the Ly norm.



i v .ol
Estimates for 11 , : H'(D) — Px(D)
There is also a stability estimate for IT;, ;, in the Ly norm.
Computation of I} ,{ (¢ € H'(D))
/ VHZDC -Vqdz = / V(- Vqdz
D D

dq
[ (s /D ((Aq)dx Vg€ Pu(D)

/HZDCCZS:/ Cds
oD oD



i v .ol
Estimates for 11 , : H'(D) — Px(D)
There is also a stability estimate for IT;, ;, in the Ly norm.

Computation of II) p¢ (e H (D)

/VHkDg qua:—/ gaqu—/ C(Aq)dz Vg€ Pr(D)

/HZ’DCds:/ (ds
oD oD

This only requires the moments of ¢ up to order (k — 1) on the
edges of D and the moments of ¢ up to order (k —2) on D.

0q/0n € Pr_1(e) Vee&p
Aq S Pk_Q(D)



i v .ol
Estimates for 11 , : H'(D) — Px(D)
There is also a stability estimate for IT;, ;, in the Ly norm.

Computation of H,ZDC (¢ € HY(D))

/VHRDC qua:—/ Caqu—/DC(Aq)dx Vg € P(D)

/HZ’DCds:/ (ds
oD oD

This only requires the moments of ¢ up to order (k — 1) on the
edges of D and the moments of ¢ up to order (k —2) on D.

% 57 am) S M2 pCl T 00y + o Y IRt T4 0
e€Ep

forall ¢ € H'(D)
(The hidden constants only depend on p, and k.)



Estimates for II} |, : Ly(D) — Py(D)



Estimates for II} |, : Ly(D) — Py(D)
It follows from the obvious stability estimate
TR 5 ¢ a0y < NClleapy V¢ € La(D)
that  (Bramble-Hilbert)
I =TI pCllzaeoy S 15 Clesipy V¢ € HHH(D)

where 0 </ < k.
(The hidden constants only depend on p, and k.)



Estimates for II} |, : Ly(D) — Py(D)
It follows from the obvious stability estimate
TR, ClLa(py < ICloy Y € La(D)

that  (Bramble-Hilbert)

16 = TR pCllrap) S W5 ¢l penipy V¢ € HY(D)
Stability Estimate in the H' Norm

|H2,DC|H1(D) < |H2,DC — T p ¢l oy + I p ¢l (p)
S h MR p¢ =T pCll ooy + 1€ ()
S 05 (IR 5 ¢ = Clla(oy + 16 = T p ()
+ ¢l e (D)
S ¢l (D)
(The hidden constants only depend on p, and k.)



Estimates for 119 ,, : Ly(D) — Py(D)
It follows from the o/bvious stability estimate
TR 5 ¢ a0y < NClleapy V¢ € La(D)
that  (Bramble-Hilbert)
I =TI pCllzaeoy S 15 Clesipy V¢ € HHH(D)
Stability Estimate in the H' Norm
M pClmpy S Clmpy V¢ e HY(D)
implies  (Bramble-Hilbert)
¢ =100 p <l ) S holClgeripy V¢ € HTH(D)

</ <
where 1 <l<k (The hidden constants only depend on p, and k.)



Estimates for II} |, : Ly(D) — Py(D)
Given v € Q%(D), we can compute I} ;,v from
I, pv =10 5 pv+ (I, p — T35 p)TI} po
= H2—2,DU + (Hg,D - H2—2,D)HZ,DU

I pv — 1) pz € Pr_o(D)



Estimates for II} |, : Ly(D) — Py(D)
Given v € Q%(D), we can compute I} ;,v from
I, pv =10 5 pv+ (I, p — T35 p)TI} po
= H2—2,DU + (Hg,D - H2—2,D)HZ,DU

I pv — 1) pz € Pr_o(D)

It follows that  Pythagoras’ Theorem

0 2
HHk,DUHLQ(D) = HH272,D’UH%2(D) + H(Hg,D - H272,D)HZ,D’UH%2(D)



Estimates for II} |, : Ly(D) — Py(D)
Given v € Q%(D), we can compute I} ;,v from
Hg,DU = H272,Dv + (Hg,D - H272,D)H2,DU
= H2—2,DU + (Hg,D - H2—2,D)HZ,DU
I pv — 1) pz € Pr_o(D)
It follows that  Pythagoras’ Theorem
HH%DUH%Q(D) = HH272,D’UH%2(D) + H(Hg,D - H272,D)HZ,D’UH%2(D)

< HH2—2,D’UH%2(D) + HHZ,DUH%Q(D)



Estimates for II} |, : Ly(D) — Py(D)
Given v € Q%(D), we can compute I} ;,v from
Hg,DU = H272,Dv + (Hg,D - H272,D)H2,DU
= H2—2,DU + (Hg,D - H2—2,D)HZ,DU
I pv — 1) pz € Pr_o(D)
It follows that  Pythagoras’ Theorem
HH%DUH%Q(D) = HH272,D’UH%2(D) +I(0R p — H272,D)HZ,D’UH%2(D)
< M2, pollZ,(py + I p 12, ()

0 2 0 2
S Mi—2,pvll7, 0y + o E IM—1,e0 117, e
e€eEp

v
I 5 ¢ 700y S IMR—2, €7, 0y + o Xece, MR—1.CI1T, )



Estimates for II} |, : Ly(D) — Py(D)

We have the estimate

0 2 0 2
HH%DU”%Q(D) S ||Hk—2,DUHL2(D) + hp Z ||Hk—1,ev||L2(e)
eeEp

for all v € Q¥(D)
(The hidden constants only depend on p, and k.)
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These are estimates that bound the H! norm of a virtual el-
ement function v € QF(D) in terms of |TI)_, ,v[|,(p) and
(semi-) norms that only involve the boundary data of v.
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A Minimum Energy Principle
The inequality

vl oy < Il (D)

holds for any v € Q*(D) and ¢ € H'(D) such that

(¢C=v)|,p =0 and II) H({—v)=0



Inverse Estimates

These are estimates that bound the H! norm of a virtual el-
ement function v € QF(D) in terms of |TI)_, ,v[|,(p) and
(semi-) norms that only involve the boundary data of v.
A Minimum Energy Principle
The inequality

vl oy < Il (D)

holds for any v € Q*(D) and ¢ € H'(D) such that

(¢C=v)|,p =0 and II) H({—v)=0

/ Vou-V((—v)dx = / (—Av)(( —v)dz =0
b b Av € Pi(D)
and hence
‘Cﬁql(p) =|¢— 'thql(p) + ‘”’%{1(0)



Inverse Estimates

There exists a positive constant C, depending only on p, and
k, such that

03 (py < C| 0o IR o pvll 7,0y + Bt Y 1Ty vl17, 0
eefp

+ |U‘§{1/2(8D)}

for all v € QF(D).



Inverse Estimates

There exists a positive constant C, depending only on p, and
k, such that

‘vﬁﬁll(D) < C|hp? (M DUHL2 +hy! Z T3 l,eUH%g(e)
eefp

- |U‘?{1/2(8D)}

for all v € QF(D).

By the inverse trace theorem, there exists w € H'(2) such that
w=v on dD and |lw|x(p) < [vlgir2@p)
There exists a Lipschitz isomorphism & : B, — D such that both

111,00 (. and | &1 |y1.00 oy @re bounded by a constant that only depends
w (Bp) W (D)
on py,.



Inverse Estimates

et ¢ =w+po

where ¢ > 0 is a smooth (bump) function supported on a com-
pact subset of the disc B, C D in the star-shaped assumption,
and p € P,(D) is chosen such that

0 ~_ 10
Uy p¢ =1 pv



Inverse Estimates

Let ¢ =w+pd

where ¢ > 0 is a smooth (bump) function supported on a com-
pact subset of the disc B, C D in the star-shaped assumption,
and p € P,(D) is chosen such that

1) p¢ =1} pv
By construction
(C=0)|pp=0 and I} p(¢—v) =0

and hence
vl oy < Il (D)

by the minimum energy principle.



Inverse Estimates

Let ¢ = w+psd

where ¢ > 0 is a smooth (bump) function supported on a com-
pact subset of the disc B, C D in the star-shaped assumption,
and p € P,(D) is chosen such that

HZ,DC = Hz,DU
On the other hand we have

|C|?{1(D) S hEQHHg,DUH%Q(D) + ||1UH%11(D)



Inverse Estimates

Let C=w+pd

where ¢ > 0 is a smooth (bump) function supported on a com-
pact subset of the disc B, C D in the star-shaped assumption,
and p € P,(D) is chosen such that

IR p¢ =11} pv
On the other hand we have

|C|?{1(D) S hEQHHg,DUH%Q(D) + ||1UH%11(D)

_ -1 0 2
S hD2||H2—2,DU||%2(D) + hp Z ||Hk—1,ev||L2(e)
2 eefp
+ oI5 op)

TR 50l Zap) S IMR—2,0V]1Z00) + ho Y, ITR_1.0] 2,50
ecép
y S

HwHHl(D ’U|H1/2(0D)



Inverse Estimates

- - 0 2
|U‘§{1(D) S hDQHHng,DUH%Q(D) +hp! Z anq,eUHLQ(e)
ee€p

oo

for all v € QF(D) (The hidden constant only depends on & and p,,.)



Inverse Estimates

- - 0 2
|U‘§{1(D) S hDQHHng,DUH%Q(D) +hp! Z anq,eUHLQ(e)
ee€p

2
+10lg120p)
for all v € QF(D) (The hidden constant only depends on & and p,,.)

Corollary 1

- - 2
07 oy S Po M, pl 7,0y + A5t D, M1 0l7 0
ecEp

+ b |00/ 0|7, o)
for all v € Q%(D)

Clieepy S b2 lmep) V¢ € HY(D)



Inverse Estimates

- - 2
ol3p) S ho MR, polT,m) + h5" Y IRy colT, 0
ee€p

2
+10lg120p)
for all v € QF(D) (The hidden constant only depends on & and p,,.)

Corollary 1

0l3py S ho M, polT, 0y + h5" Y 1T colF, 0
ecEp

+ b |00/ 0|7, o)

This is relevant for the first stabilization

SD(w’ U) = hD(aw/a'S’ aU/as)LQ(BD)



Inverse Estimates

ol3p) S ho MR, polT,m) + h5" Y IRy colT, 0
ee€p

2
+ ’v‘Hl/Q(aD)
for all v € QF(D) (The hidden constant only depends on & and p,,.)
Corollary 2 (The hidden constant only depends on k&, p, and |Ep|.)

|U|§{1(D) S hBQHHg—z,D”H%Q(D) + hBI Z HHg—l,eUH%z(e)
ee€p

+In(1+ m)|v[l7_op)

for all v € Q¥(D), where

| maXeeg), he
™= Mingee. ho
MiMecgp Ne



Inverse Estimates

ol3p) S ho MR, polT,m) + h5" Y IRy colT, 0
ee€p

oo

for all v € QF(D) (The hidden constant only depends on & and p,,.)

Corollary 2 (The hidden constant only depends on k&, p, and |Ep|.)

|U|§{1(D) S hBQHHg—z,D”H%Q(D) + hBI Z HHg—l,eUH%z(e)
ee€p

+In(1+ m)|v[l7_op)
Lemma  (The hidden constant depends on k and |£p].)
0200 S+ B)0lI7_9p) Vv € Pu(OD)

Beirdo da Veiga-Lovadina-Russo (2017)



Inverse Estimates

- - 0 2
|U‘§{1(D) S hDQHHng,DUH%Q(D) +hp! Z anq,eUHLQ(e)
ee€p

oo

for all v € QF(D) (The hidden constant only depends on & and p,,.)

Corollary 2 (The hidden constant only depends on k&, p, and |Ep|.)

_ 2 —1 0 2
0By S B2 polly iy + k5t S0 Iy ol
ee€p

+In(1+ m)|v[l7_op)
This is relevant for
PENsD

since SP(v,v) ~ HUH%W(@D) for v € P,(9D).



Estimates for an Interpolation
Operator



Estimates for I;.p : H*(D) — QF(D)

The (local) interpolation operator I, p is defined by the condi-
tion that ¢ € H2(D) and I; p¢ € Q%(D) share the same dofs,
i.e.,

(Ir,pC)(p) =C(p)  Yp € Nap
H272,D(Ik,DC) - H272,DC

In particular
Iypg=q  VqePy(D)



Estimates for I;.p : H*(D) — QF(D)

The (local) interpolation operator I, p is defined by the condi-
tion that ¢ € H2(D) and I; p¢ € Q%(D) share the same dofs,
i.e.,

(Ir,pC)(p) =C(p)  Yp € Nap
H272,D(Ik,DC) - H272,DC

In particular
Iypg=q  VqePy(D)

Stability Estimates

ke, pCl a0y S ¢l (DY + holCla2(p
1 k,0C | o0y S ¢l LoDy + hD’C’Hl(D) + hp‘f‘m

forall ¢ € H%(D)  (The hidden constants only depend on % and p,.)



Estimates for I;.p : H*(D) — QF(D)

’Ik DC’Hl (D) — |Ik D(C C)|H1

B \D|/<d“’”



Estimates for I;.p : H*(D) — QF(D)

T, 0¢ 3.y = Hr,0 (¢ = Ol ()
S hp? Iy pIkn(C = O,
+ h_ Z HHk 1eIkD ¢— OHLQ

ee€p

+ hpll0Tk,p(¢ =€) /057, o)

- 1 2
”U|12LIl(D) < b2 2DUHL2 + hp Z [have 1LeVll T
eeEp

+ hD||5U/03||%2(aD) Vv e QN(D)



Estimates for I;.p : H*(D) — QF(D)

’Ik DC’Hl (D) — |Il~c D(C C)|H1
S hp? IR o p i, D(C - E)H%Q(D)

+ ht Z [laves 1.elk,p(C — C)HL2

ec€p

+ hpll0Tk,p(¢ =€) /057, o)

= h_2||H2—2 p(C— E)H%Q
+ h_ Z HHk 1eIkzD ¢— C)HLQ

ec€p

+ hDHaIk,DC/f)SH%Q(aD)

Hg—z,D(Ik,DO =11

0
k—2.DG



Estimates for I;.p : H*(D) — QF(D)

’Ik DC’Hl (D) — |Il~c D(C C)|H1
S hp? IR o p i, D(C - E)H%Q(D)

+ h_ Z HHk 1eII<:D ¢— OHLQ

c€Ep
+ |01k, p(¢ = €) /957, op)
= h_2||H2—2 p(¢— 6)”%2
+ hjt Z [laves 1.elk,p(C — OHL2

ee€p

+'hD”8IhDC/83H%ﬂ8D)



Estimates for I;.p : H*(D) — QF(D)

’Ik DC’Hl (D) — |Il~c D(C C)|H1
S hp? IR o p i, D(C - E)H%Q(D)

+ h_ Z HHk 1eII<:D ¢— OHLQ

ee€p

+ hpll0Lk.p(¢ = €) /057, 0p)
= h_2||H2—2 p(¢— 6)”%2
+ h_ Z HHk 1eIkzD ¢— C)HLQ

ee€p

+ hp| 01k, DC/83||%2 aD)

SIS = ClIE .oy + Poll0Lk,pC/ 057, o)



Estimates for I;.p : H*(D) — QF(D)

1€ = ClEopy S Pt 1€ = CllEp 0y + 16 = Clinepy + PHIC = Sl

Sobolev’s Inequality

~(1/2)

1<l oo () 1] o0y +IC mr )+ o lC g2py V¢ € HA(D)



Estimates for I;.p : H*(D) — QF(D)

1€ = ClEopy S Pt 1€ = CllEp 0y + 16 = Clinepy + PHIC = Sl

S 1¢lFn(py + W51C Gy

Poincaré-Friedrichs Inequality

o Pl <5 [ Cae] + 1l



Estimates for I;.p : H*(D) — QF(D)

1€ = ClEopy S Pt 1€ = CllEp 0y + 16 = Clinepy + PHIC = Sl

S Clin ) + ho Il

hollO(Tk,0¢) /95l o0y = b Y, 10(Ik.0C)/0517,,(c

e€Ep

S ho ) 110¢/0s7, e

eeEp

Mean Value Theorem

10(Ik.0C) /95| Ly(e) S 110G/ D51, e

(The hidden constant only depends on k.)



Estimates for I;.p : H*(D) — QF(D)

1€ = ClEopy S Pt 1€ = CllEp 0y + 16 = Clinepy + PHIC = Sl

S Clin ) + ho Il

holl 01k, 0¢) /951170y = Po Y I19(Lk,0¢) /05117,

e€Ep

S ho ) 110¢/0s7, e

eeEp

S oy + B ICe )
Trace Inequality

||C||L2 op) S hp 1||C||L2 + hD’C‘Hl V¢ e HY(D)



Estimates for I;.p : H*(D) — QF(D)

1€ = ClEopy S Pt 1€ = CllEp 0y + 16 = Clinepy + PHIC = Sl

S Clin ) + ho Il

hollO(Tk,0¢) /95l o0y = b Y, 10(Ik.0C)/0517,,(c

e€Ep

S ho ) 110¢/0s7, e

eeEp

S oy + B ICe )

[k, p€ (0 S ISl (D) + holCla2(D)



Estimates for I;.p : H*(D) — QF(D)

The stability estimates

Ik, 0C| 51 (py S IC1E (D) + PolClE2 (D
1 k,0¢ | o0y S <l zo( +hD|C|H1(D + h3lClm2p

imply  (Bramble-Hilbert)
¢ = Ik, pClm(p) S hf;|§|Hg+1(D) V(e HYY(D)
16 = Ze,pCl Loy S B5Clerrpy V¢ € HTYD)

where 1 < /¢ < k.
Inpg=q VqePy(D)



Estimates for I;.p : H*(D) — QF(D)

Stability Estimate in || - || (p)

1 k,0€ N Lo (D) S Mk, D¢ Loe 9Dy + Wi, D¢l 11 (D)

Maximum Principle



Estimates for I;.p : H*(D) — QF(D)

Stability Estimate in || - || (p)

1 k,0€ N Lo (D) S Mk, D¢ Loe 9Dy + Wi, D¢l 11 (D)

S ¢z @py + k,0Cl m1 (D)



Estimates for I;.p : H*(D) — QF(D)
Stability Estimate in || - || (p)
1 k,0¢ Lo (D) S WMk, D¢ Lo 9Dy + [Tk, DC| 11 (D)
S ¢l Lo @) + Hik, o€l H1(D
S B Il ooy + ¢ (D) + hD’C\m(D)

Sobolev inequality and estimate for I, p¢



Estimates for I;.p : H*(D) — QF(D)

Stability Estimate in || - || (p)

1k, D¢ oo (D) S Mk, D€ Loc90) + kD 1 (D)
S Clea@ny + Hk,0Cl e (D

S B Il ooy + ¢ (D) + hD’C\H?(D)

It follows that (Bramble-Hilbert)
1€ = Ir.p€ll Lo (D) S h%’C‘HHl(D) V(e HEH(D)

where 1 </ <k.
(The hidden constant only depend on k£ and p,.)



Stabilization Estimates



Stabilization Estimates

an(w,v) = > |aP (I pw, I} pv)
DeTy,

+ 8P (w — 10} pw,v — HZDU)}

a? (w, v) :/ Vw - Vudz
D



Stabilization Estimates

ah(w?v) = Z [aD(HZ,Dw¢HZ,D’U)
DeTy,
+ 8P (w - I pw, v — HZ}DU)}
aP (w,v) = / Vw - Vudz
D
The Null Space of T ,,

NI p) = {ve QD) : Iy pv =0}

={v— HZDU v e Q¥D)}

Q"(D) =Py(D) & N(IIy p)



Stabilization Estimates

ah(w?v) = Z [GD(HZD?U,HZD’U)
DeTy,
+ 5P (w - I pw, v — HZDU)}
aP (w,v) = / Vw - Vudz
D
The Null Space of T ,,

NI p) = {ve QD) : Iy pv =0}

={v— HZDU v e Q¥D)}
Q"(D) =Py(D) & N(IIy p)

Key The relation between S”(-,-) and a”(-,-) on N(II} ;).



Stabilization Estimates

HH272,DUH%Q(D) S ho Z ”Hgfl,eUH%Q(e) Vo e N(HZ,D)
e€Ep

(The hidden constant only depends on k£ and p,.)



Stabilization Estimates

I} 2 pollZypy S ko Y IRy ollE,e) Yo e NI p)

e€Ep
(The hidden constant only depends on k£ and p,.)

Computation of TI;

/VHZDU.qux:/ vads—/v(Aq)d:c Vq € Pr(D)
D ’ oD an D

implies, for v € N(IT}, 1),

/ (Aq)dz = Z /vds Vq € Pr(D)

ec€p



Stabilization Estimates

I} 2 pollZypy S ko Y IRy ollE,e) Yo e NI p)

e€Ep
(The hidden constant only depends on k£ and p,.)

Computation of TI;

/VHZDU.qux:/ vads—/v(Aq)d:c Vq € Pr(D)
D ’ oD an D

implies, for v € N(IT}, 1),

/ (Aq)dz = Z /vds Vq € Pr(D)

ec€p

)
Aq € P_s(D) and % € Py_i(e)



Stabilization Estimates

HH272,DUH%Q(D) S ho Z ”Hgfl,eUH%Q(e) Vo e N(HZ,D)
e€Ep

(The hidden constant only depends on k£ and p,.)
Computation of II} ,

/VHZDU.qux:/ vaqu—/v(Aq)d:c Vq € Pr(D)
D ’ op On D

/HZDUCZSZ/ vds
oD oD



Stabilization Estimates

HH272,DUH%Q(D) S ho Z ”Hgfl,eUH%Q(e) Vo e N(HZ,D)
e€Ep

(The hidden constant only depends on k£ and p,.)
Computation of II} ,

/VHZDU.qux:/ vaqu—/v(Aq)d:c Vq € Pr(D)
D ’ op On D

/HZDUCZSZ/ vds
oD oD

implies
/ vds =0 Vo e NI p)
aD ’



Stabilization Estimates

SP(w,v) = hp(0w/ds,0v/0s)1,0p)



Stabilization Estimates

SP(w,v) = hp(0w/ds,0v/0s)1,0p)

aD(v’ v) = ’v|12L11(D)

< b2 2DUHL2 + hy! Z ITI_ l,eUH%Q(e)
eeEp

+ hpl|0v/0s7,p

Inverse Estimate

03 py S P52 IR0, pol7 5y + B D TRy evll7, e
eeEp

+ hpl|0v/ 05|17, op) Vv e QF(D)



Stabilization Estimates

SP(w,v) = hp(0w/ds,0v/0s)1,0p)

aD(v’ v) = ’v|121[1(D)

< b2 2DUHL2 + hy! Z ITI_ l,eUH%Q(e)
eeEp

+ hpl|0v/0s7,p

St D I oll7, 0 + holldv/s(l7,op)

eeEp

HHgsz”H%z( S ho Z HHk 1 eUHQLQ(e) Vo e N(HZ,D)

e€ED



Stabilization Estimates

SP(w,v) = hp(0w/ds,0v/0s)1,0p)

aD(v’ v) = ’v|121[1(D)

< b2 2DUHL2 + hy! Z ITI_ l,eUH%Q(e)
eeEp

+ hpl|0v/0s7,p

St Y IR vl T, + Polldv/0s)17, o)

eeEp

< hy' o)l op) + holldv/ds)7, @0



Stabilization Estimates

SP(w,v) = hp(0w/ds,0v/0s)1,0p)

aD(v’ v) = ’v|121[1(D)

< b2 2DUHL2 + hy! Z ITI_ l,eUH%Q(e)
eeEp

+ hpl|0v/0s7,p

St D I oll7, 0 + holldv/s(l7,op)

eeEp
< hp'|lvl7 + hp|0v/0s||;
— D LQ(@D) D L2(6D)
< holldv/0s|17,op)
Poincaré Inequality in 1D

H ||L2(8D) < hDH8v/65HL2(3D) if vds =0
oD



Stabilization Estimates

SP(w,v) = hp(0w/ds,0v/0s)1,0p)

aD(v’ v) = ’v|121[1(D)

< b2 2DUHL2 + hy! Z ITI_ l,eUH%Q(e)

eeEp

+ hpl|0v/0s7,p

St Y IR vl T, + Polldv/0s)17, o)

e€€p
< hptlolZ, ) + holldv/ds|Z,op)

< holldv/0s|17,op)

aD(v,v)SSD(v,v) VUGN’(HZ,D)

(The hidden constant only depends on &k and p,.)



Stabilization Estimates

pENoD
aP(v,v) <In(1 + m)SP (v, v) Yo e N(IT} p)
k,D

where

maXeeg,, le
™= T 3
mineeg,, he

and the hidden constant depends only on &, p, and |£p].

Inverse Estimate

|’U|§-11(D) S hL_DQHH(IileUH%g(D) + hBI Z HH(/ifl,eUH%Q(e)
ecfp

+In(1+ TD)HU”iw(aD)



Stabilization Estimates

aP(v,v) S apSP(v,v) Yo e N(II p)

where
1 it SP(w,v) = hp(dw/ds,0v/0s)1,5p)
ap =
D {ln(l +m)  ifSP(w,v) =3 e, wp)v(p)
= MaXeeep he

mineeey, he

The hidden constant depends only on k£ and p,, if
SP(w,v) = hp(0w/ds,0v/0s) 1, 0p)

and also |&p| if

SPwo) = 3 wiph(p)

pENsD



Stabilization Estimates

aP(v,v) S apSP(v,v) Yo e N(II p)

where

{1 it SP(w,v) = hp(dw/ds,0v/0s)1,5p)
Op =

In(l+7)  ifSP(w,v) =3 ,cp,, wp)v(p)

maXeeg,, le

mineeg,, he

D =

For both choices  (Poincaré-Friedrichs)

SP(0,0) S hp ' 0l 0p) S 01y = P (v,0)

forallveN(HZD),since/ vds =0
' oD



Error Estimates in
H'and L,



Global Spaces and Operators

T, = partition of © into polygonal subdomains
Qy ={veHyQ): v|,€Q"D) VDeT}

Ph={veLyQ): 0|, €ePr(D) VD eTy}



Global Spaces and Operators

T, = partition of © into polygonal subdomains
Qy ={veHyQ): v|,€Q"D) VDeT}
Pr={veLyQ): 0|, ePe(D) YD eTh}
The operators
HZ,h PH'(Q) — Py
I, : H'(Q) — Pf
Tep - H2(Q) N HY(Q) — OF

are defined in terms of their local counterparts.



Global Shape Regularity Assumptions

All the local estimates can be extended to global estimates un-
der the following global shape regularity assumptions.

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of h, such that

pp=p VDET,

This is the only assumption we need for

SP(w,v) = hp(Ow/9s,0v/0s) L, D)



Global Shape Regularity Assumptions

All the local estimates can be extended to global estimates un-
der the following global shape regularity assumptions.

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of h, such that

pp=p VDET,

Assumption 2 There exists a positive integer N, independent
of h, such that
Ep| <N VDeT,

We need both assumptions for

SP(w,v) = > w(p)v(p)

pENsD



Global Shape Regularity Assumptions

All the local estimates can be extended to global estimates un-
der the following global shape regularity assumptions.

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of h, such that

pp=p VDET,

Assumption 2 There exists a positive integer N, independent
of h, such that
Ep| <N VDeT,

From here on all the hidden constants only depend on k and p
for the first stabilization and also NV for the second stabilization.



The Global Parameter oy,
We define

Qp = max ap
DeTy,

For SP(w,v) = hp(0w/ds,dv/0s) 1, 00)

ap =1
For SP(-,-) =Y bensp, w(D)v(p)

ap =In(1+ jrjnea%i )

max h
=lIn (1 + max —<<€p "¢ e)
DET, Mineeg,, Ne



The Bilinear Form ay (-, -)
ah(w7v) = Z [aD(HZ,Dw?HZ,D,U)

DeTy
+ SD(w — H;Dw,v — HZ’DU):|

aP (w,v) :/ Vw - Vvdz
D



The Bilinear Form ay (-, -)

an(w,v) = > |aP (I pw, T} pv)
DeTh v v
+ SD('LU - Hk,DU)?U — Hk,Dv):|

a(v,v) = |v[in g

= 3 [eP o1y )
DeTy,
+aP (v — HZ’DU,U - HZD’U)]



The Bilinear Form a(+, )

an(w,v) = > |aP (I pw, T} pv)
DeETn v v
+ SD('LU - HhDU},'U — Hk,DU)}

a(v,v) = |v[in g
= 3 [eP o1y )
DeTy,
+aP (v — HZ’DU,U - HZD’U)]

S Z [ HkD’U HkDU)
DeTy,

+ Z apSP (v — HZDU,U - HZ7D’L)):|
DeTy,

SJ ahah(’(}, U) Vv e QZ



The Bilinear Form ay (-, -)

ah(w7 U) = Z [aD(HZ,Dw7 HZ,DU)
DeTy, -
+ SD(w - H;Dw,v — Hk,Dv)}

The coercivity
an(v,v) 2 04;71‘”@{1(9) Vv e QYD)

implies the existence of a unique u;, € QF that satsifies the
discrete problem
an(un,v) = (f,Bwv) Vv e Q;



The Mesh-Dependent Energy Norm || - ||,
We will derive an error estimate in the mesh-dependent norm

loll, = an(v, v)

= Z [GD(HZ,D U>HZ,D v)
DeTy, o
+ 5P w - HZDU,U — Iy pv)

that is well-defined on [H2(Q) N H (Q)] + QF + PF.
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The Mesh-Dependent Energy Norm || - ||,
We will derive an error estimate in the mesh-dependent norm
o[l = an(v,v)
= Z [GD(HZ,D%HZ,DU)

DeTy, D - -
+ 8% (v =1l pv,v — 1 pov)

that is well-defined on [H2(Q) N H (Q)] + QF + PF.

Note that
vl Q) S Vamllvln Vv e Qf

We will also use the norm

ol = (3 By’

DeTy,



An Abstract Error Estimate

We have a standard error estimate

ap(uw,v) — =n
ol < it ol + sup (v, 0) = (£, Znv)
veQ UGQ;VL ||UHh
since the virtual finite element method is defined in terms of a
non-inherited SPD bilinear form.
Berger-Scott-Strang



An Abstract Error Estimate

We have a standard error estimate

ap(uw,v) — =0
lu = uplln < 1nf = ]y + sup 22 = Zn0)
vee veQk [v]ln

The first term on the right-hand side can be bounded by

inf ||u—ollp < [Ju— I puln
vEQk

The key is to control the numerator in the second term on the
right-hand side.



An Abstract Error Estimate

We have a standard error estimate

ap(uw,v) — =0
lu = uplln < mf = ]y + sup 22 = Zn0)
vee veQk [v]ln

ap(u,v) — (f,ZEpv) = Z {aD(HZ’Du —u,v)

DeTy
+ SD(u - HZ’DU,U — HZDU)

+ (f, v — E}ﬂ})

Beirao da Veiga-Brezzi-Cangiani-Manzini-Marini-Russo (2013)



An Abstract Error Estimate

We have a standard error estimate

ap(uw,v) — =0
lu = uplln < mf = ]y + sup 22 = Zn0)
vee veQk [v]ln

ap(u,v) — (f,ZEpv) = Z {aD(HZ’Du —u,v)

DeTy
+ SD(u — HZ’DU,U — HZDU)

+ (f7 v — Eh“)
It follows that
lu—unlln < llu = Tepulln + lu— T 4ulln

w — Zpw
+Va |u—Hkhu|h1+ sup fw = Epw)
weat Wl (@)



Concrete Error Estimates

Theorem  Assuming the solution u belongs to H‘*'(Q) for
some ¢ between 1 and k, we have
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Concrete Error Estimates

Theorem  Assuming the solution u belongs to H‘*'(Q) for
some ¢ between 1 and k, we have

[ = wnlln S Varh|ulges o)

Corollary  Assuming the solution u belongs to H**(Q) for
some ¢ between 1 and k, we have

|u - Hz,huhhz,l ,S \/@hz‘Uh{hﬂ(Q)

u =103 punlng S enh’lulge o)

lu — Hg,huh|h,1 <|u— Hg,hu|h71 + |H2,h(u —up)|n1

Sl =TI puln + |u—wpln

’Hg,DQHl(D) S IClE (D) V(e H'(D)



Concrete Error Estimates

Theorem  Assuming the solution u belongs to H‘*'(Q) for
some ¢ between 1 and k, we have

[ = wnlln S Varh|ulges o)

Corollary  Assuming the solution u belongs to H**(Q) for
some ¢ between 1 and k, we have

|u - Hz,huhhz,l ,S \/@hz‘Uh{hﬂ(Q)

u =103 punlng S enh’lulge o)

lu — Hg,huh|h,1 <|u— Hg,hu|h71 + |H2,h(u —up)|n1
< lu =T pulna + |u— uplpa

Sl =109 puln + vanllu — upl|

[0l ) S vanllvla



Concrete Error Estimates

Theorem  Assuming the solution u belongs to H‘*'(Q) for
some ¢ between 1 and k, we have

[ = wnlln S Varh|ulges o)

Corollary  Assuming the solution u belongs to H**(Q) for
some ¢ between 1 and k, we have

lu — HZhuh|h 1S Va hz\“|m+1 Q

u =103 punlng S enh’lulge o)

lu — Hg,huh|h,1 <|u— Hg,h“|h,1 + |H2,h(u —up)|n1
< lu =T pulna + |u— uplpa

Sl =109 puln + vanllu — upl|

apply the Theorem and estimates for II7, ,,
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Concrete Error Estimates

Theorem  Assuming the solution u belongs to H‘*'(Q) for
some ¢ between 1 and k, we have

lu = unll @) S anh™ul e g

Corollary ~ Assuming the solution u belongs to H‘*(Q) for
some ¢ between 1 and k, we have

J4
lu =TI punll ooy + [1u = T punll o) S anh™Hul ges g



Error Estimates in L



L., Estimate for wu,

Observe that
[ — unlln < Varhulges o)
implies
Z SD((U —up) — HZ,D (u—up), (u—up) — HZ,D (u — Uh))
DET;,

5 ahh2€|u|§{l+1(g)

vl = an(v, )

= Z {GD(HZD’U,HZ’D'U)
DeTy
+SD(U —HZDU,U —H;Dv)}



L., Estimate for wu,
Observe that

[ —unlln S vVanh[ulges o)
implies

> SP((w—up) =T p(w = up), (w—up) =TI p (w — )
DeT;

N ahh%wﬁ{lﬂ(m
We can use this information to obtain an estimate for

gé%f”u —Up| L (e)

where &, is the set of the edges in the partition 7.



Loo Estimate for Up SP(w,v) = hp(Ow/ds,0v/ps) L, (op)

We begin with the estimate

> D holldl(u —un) =TI p (w = wn)l /0517 ey S B [ulFpesn
DeTy, ee€p

that is a part of the estimate for ||u — up/||5.



Loo Estimate for Up SP(w,v) = hp(Ow/ds,0v/ps) L, (op)

We begin with the estimate

S ST Aol — ) — T (u — w))/0512, 0 S WMy
DeTy, ee€p

We can connect any point in an edge e € &, to 912, where
u — up, = 0, by a path along the edges in &;,.




Loo Estimate for Up SP(w,v) = hp(Ow/ds,0v/ps) L, (op)

We begin with the estimate

S ST Aol — ) — T (u — w))/0512, 0 S WMy
DeTy, ee€p

We can connect any point in an edge e € &, to 912, where
u — up, = 0, by a path along the edges in &;,.

lu—unll? o S D D helldu—un)/sll7,

DeTy, ee€Ep
Sobolev’s Inequality in 1D



L., Estimate for u, SP (w,v) = hp(8w/s,00/ps) L, (op)

We begin with the estimate

S ST Aol — ) — T (u — w))/0512, 0 S WMy
DeTy, ee€p

We can connect any point in an edge e € &, to 912, where
u — up, = 0, by a path along the edges in &;,.

lu—unll? o S D D helldu—un)/sll7,

DeTy, ee€Ep

S D> hollol(u—un) =TI p (= up)] /0517,
DeTy, ee€p
+ > > hollOII p (u—un)]/0s|] (0

DeTy, ee€p



Loo EStimate for Uup SP(w,v) = hp(0w/0s, 0v/pPs) Ly aD)

We begin with the estimate

D0 hollol(w—up) =T p (w—up)] /0517 o) S W2 lulfe g
DeTy ec€p

We can connect any point in an edge e € &, to 912, where
u — up, = 0, by a path along the edges in &;,.

lu—unll? o S D D helldu—un)/sll7,

DeTy, ee€Ep

S D> hollol(u—un) =TI p (= up)] /0517, 0
DeTy ee€Ep
+ > > hollOII p (u—un)]/0s|] (0

DeTy, ee€p



L., Estimate for u, SP (w,v) = hp(dw/s,8v/05) L, op)

D D hwllOl p (u = un)l/0s]1 7, )

DeTy ee€p
< Z (ML p (u — Uh)|12L11(D) + W Iy p (u — Uh)’%ﬂ(D))
DeTy,
trace inequality



L., Estimate for u, SP (w,v) = hp(dw/s,8v/05) L, op)

D D hwllOl p (u = un)l/0s]1 7, )

DeTy ee€p
S Z (’HZ,D (u— Uh)|12ql(D) + hQD‘HZ,D (u— uh)’%{Q(D))
DeTy
S Y Mp (w—un) i p)
DeTh,

scaling argument for polynomials



Loo EStimate for Uup SP(w,v) = hp(Ow/0s,0v/0s) L, oD)

D D hwllOl p (u = un)l/0s]1 7, )

DeTy ee€p

2
S Z (T, p (u — Uh)|12ql(D) + BT p (u — un)|t2(py)
DeTy,

S D p (u—un) 3y
DeT,

HA1(9)



Loo Estimate for Up SP(w,v) = hp(dw/ds,0v/Ds) L, 5D)

Theorem  Assuming that u belongs to H‘*1(2) for some ¢
between 1 and k&, we have

¢
max |u = unll Lo (e) < Ch"ul s

where the positive constant C' only depends on k£ and p.



Loo Estimate for Uup SP(w,v) = hp(dw/ds,0v/Ds) L, 5D)

Theorem  Assuming that u belongs to H‘*1(2) for some ¢
between 1 and k&, we have

max [t = wnl 1o ey < CRE|ul e o
where the positive constant C' only depends on k£ and p.

Corollary ~ Assuming that u belongs to H*'(Q) for some /¢
between 1 and k, we have

lu =TI punllno @) + lu = IR punll o) < CRYJul ges gy

where the positive constant C' only depends on k£ and p.
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positive constant ~ independent of h such that
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L, Estimate for u,, SP(w,v) = 3 prsp wD)O(D)

Definition  The partition 7, is quasi-uniform if there exists a
positive constant ~ independent of h such that

hp > ~vh VD eTh

Theorem  Assuming 7, is quasi-uniform and « belongs to
H'*1(Q) for some ¢ between 1 and k, we have

Igéax lu —upllLoe) < Cln(l + glea%c )Rt |ul e ()

where

maxXecg,, e

D= " 1
mineeg,, he

and the positive constant C only depends on k, p, N, and ~.

Ep| <N  VDET



L, Estimate for u,, SP(w,v) = 3 prsp wD)O(D)

Definition  The partition 7, is quasi-uniform if there exists a
positive constant ~ independent of h such that

hp > ~vh VD eTh

Theorem  Assuming 7, is quasi-uniform and « belongs to
H'*1(Q) for some ¢ between 1 and k, we have

Igéax lu —upllLoe) < Cln(l + glea%c )Rt |ul e ()

Corollary

=TI punll oo ) + lu — 1O punll @)

)4
< Cln(l+ max o)W Jul gres ()



Extensions to 3D



Local Virtual Element Spaces
D is a bounded polyhedron.
Fp is the set of the faces of D.
Er is the set of the edges of the face F.
QF(F) is the virtual element space on F.

QF(0D) = {v e C(dD) : v|, € Q¥(F) VF e Fp}



Local Virtual Element Spaces

H,Z,D is the projection from H'(D) onto P,(D) with respect to
the inner product

((CJI))Z/DVC'V??dxwL(/aDCdS>(/8D77dS)

or equivalently,
/ V(HZDC)'qu:L‘:/ V(- Vqdx Vq e Pp(D)
D D

/nzﬁngsz ¢ds
oD oD



Local Virtual Element Spaces

H,Z,D is the projection from H'(D) onto P,(D) with respect to
the inner product

((CJI))Z/DVC'V??dxwL(/aDCdS>(/8D77dS)

IT) ;, is the projection from Ly(D) onto Py(D).



Local Virtual Element Spaces

H,Z,D is the projection from H'(D) onto P,(D) with respect to
the inner product

((CJI))Z/DVC'V??dxwL(/aDCdS>(/8D77dS)

IT) ;, is the projection from Ly(D) onto Py(D).

Virtual Element Space Q¥(D) (k>1)

v € HY(D) belongs to QF(D) if and only if
m The trace of v on 9D belongs to Q*(dD).
m The distribution Av belongs to Py (D).
] H%DU - HZDU € Pr_o(D)



Local Virtual Element Spaces

Properties of v € Q%(D)

m v is uniquely determined by v|,, and II}_, jo.
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m v is uniquely determined by v|,, and II}_, jo.

m The dofs of Q*(D) consist of

e The values of v at the vertices of D and nodes on
the interior of each edge of D that determine a poly-
nomial of degree k on the edge.

* The moments of H%_Q,Fv on each face F' of D.

e The moments of IT}_, ,v on D.
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® II; pv and II; ,v are computable.

because II) pv is available



Local Virtual Element Spaces

Properties of v € Q%(D)

m v is uniquely determined by v|,, and II}_, jo.

m The dofs of Q*(D) consist of

e The values of v at the vertices of D and nodes on
the interior of each edge of D that determine a poly-
nomial of degree k on the edge.

* The moments of H%_Q,Fv on each face F' of D.
e The moments of IT}_, ,v on D.

v 0
® II; pv and II; ,v are computable.

m v is continuous on D.



Virtual Element Methods

T is a partition of Q into polyhedral subdomains.

Fp, is the set of all the faces of the subdomains of 7.

Qy ={veHyQ): v|,€Q"D) VDeT}



Virtual Element Methods

Find w;, € QF such that

ap(un,v) = (f,Ep) Vo€ Qp

where
ah(w’v) = Z [CLD(HZDU),H,ZD’U)
DeTy,
+ 8P (w — I pw,v — I} pv)
aP(w,v) = / Vw - Vvdz
D
and

_ mn, ifk=1,2,
oh = ' .
m .., if k> 3.



Virtual Element Methods

Stabilization bilinear form

SD(waU) = hp Z [h;“2(H2—2,vaHg—Q,FU)LQ(F)
FeFp

+ > wp)]

pENsF

where Nyr is the set of the nodes along 0 F associated with the
degrees of freedom of a virtual element function.



Virtual Element Methods

Stabilization bilinear form

SD(U%U) = hp Z [h;“2(H2—2,vaHg—Q,FU)LQ(F)
FeFp

+ > wp)]

pENoF
where Nyr is the set of the nodes along 0 F associated with the
degrees of freedom of a virtual element function.

This stabilization is equivalent to the one in the 2013 paper by
Ahmad-Alsaedi-Brezzi-Marini-Russo.
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The (open) polyhedron D is star-shaped with respect to a ball
B, C D with radius p, hp, where hj is the diameter of D.
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The (open) polyhedron D is star-shaped with respect to a ball
B, C D with radius p, hp, where hj is the diameter of D.

All the consequences of the star-shaped assumption in 2D
(Sobolev inequalities, Bramble-Hilbert estimates, Poincaré-
Friedrichs inequalities, etc.) also hold in 3D after adjusting for
the difference in dimensions.



Local Shape Regularity Assumptions

The (open) polyhedron D is star-shaped with respect to a ball
B, C D with radius p, hp, where hj is the diameter of D.

All the consequences of the star-shaped assumption in 2D
(Sobolev inequalities, Bramble-Hilbert estimates, Poincaré-
Friedrichs inequalities, etc.) also hold in 3D after adjusting for
the difference in dimensions.

Each face F' of D is star-shaped with respect to a disc with
radius prhr, where hp is the diameter of F.



Global Shape Regularity Assumptions

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of A, such that

w>p VYDET
Pr 2= p VEF e Fp



Global Shape Regularity Assumptions

Assumption 1 There exists a positive number p € (0, 1), inde-
pendent of h, such that

pp=p VDET,
Pr =P VF e Fy

Assumption 2 There exists a positive integer N, independent
of h, such that

|\ Fo| <N  VDeT,



Error Estimates

Theorem  Assuming the solution u belongs to H**(Q) for
some ¢ between 1 and k, we have

[ = wnlln < Cv/BrhJul e (g

where the positive constant C' depends only on %, p and N,

and

= In(1
Br = In( +lgn€a;iTp)

S MaXecfp he
F — .
mineegy, e

Il = an(v,v)



Error Estimates

Theorem  Assuming the solution u belongs to H**(Q) for
some ¢ between 1 and k, we have

[ — wnlln < C/Brh [l gres1 (g

where the positive constant C' depends only on %, p and N,

and

= In(1
Br = In( +15%%TF)

S MaXecfp he
F — .
mineegy, e

Remark  The existence of small faces does not necessarily
affect the performance of the virtual element method. It is the
relative sizes of the edges on each face that matter.



Error Estimates

Theorem  Assuming the solution u belongs to H**(Q) for
some ¢ between 1 and k, we have

lu = unlln < OV Bkl e @

Corollary

lu — Hz,huh"%l < C\/B:hg‘MHZ-«-l(Q)

|u - Hg,huh|h,1 < Cﬁhhe|U’Hé+1(Q)



Error Estimates

Theorem  Assuming the solution u belongs to H‘*'(Q) for
some /¢ between 1 and k, there exists a positive constant C,
depending only on k, p and N, such that

[ = wnl Loy + =TI unll Ly() + 1w — T junll Ly
< OB ul gres (o



Error Estimates

Definition  The partition 7, is quasi-uniform if there exists a
positive constant ~ independent of i such that

hp > ~vh VD eTh.

Theorem Assuming 7 is quasi-uniform and the solution «
belongs to H*'(Q) for some ¢ between 1 and k, we have

max = wnllro ey + llu — I punllo@) + lu — I punllo o

< Cﬁhhéf(lﬂ) ’u|Hz+1(Q)

where &, is the set of the edges of the faces of 73, and the
positive constant C only depends on k, p, N and ~.



Error Estimates

The proofs are similar to the 2D case. But we also need addi-
tional 2D estimates such as

0+1 1
qlélﬂ)f ‘C_q,Hm ) Shp 2 |C|H“%(D) véeHHQ(D)
-1 1
|C* IkaQHl(D) § hp QK‘HH—%(D) V(e H€+2(D)
k,D L2(D) ~ D H[+%(D)

1 .
1€ = Tr.p€l| Loe(p) S Chp ? ‘C‘HH%(D) V(e H*2(D)



Concluding Remarks



We have demonstrated that it is possible to analyze virtual el-
ement methods on polytopal meshes with small edges/faces
by using well-known estimates (Sobolev’s inequality, Poincaré-
Friedrichs inequality, Bramble-Hilbert estimates, trace inequali-
ties, etc.) that can be controlled by the star-shaped assumption.
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by using well-known estimates (Sobolev’s inequality, Poincaré-
Friedrichs inequality, Bramble-Hilbert estimates, trace inequali-
ties, etc.) that can be controlled by the star-shaped assumption.

The projection IT) , : H'(D) — Py(D) (k > 2) can also be
defined with respect to the inner product

((CW))Z/DVC'VUdier(/DCdx)</D77dx>

and our analysis can be extended to this choice of TI} 1.



We have demonstrated that it is possible to analyze virtual el-
ement methods on polytopal meshes with small edges/faces
by using well-known estimates (Sobolev’s inequality, Poincaré-
Friedrichs inequality, Bramble-Hilbert estimates, trace inequali-
ties, etc.) that can be controlled by the star-shaped assumption.

The projection IT) , : H'(D) — Py(D) (k > 2) can also be
defined with respect to the inner product

((CW))Z/DVC'VUdier(/DCdx)</D77dx>

and our analysis can be extended to this choice of TI} 1.

The extension of our analysis to stabilizations that involve de-
grees of freedom inside the domain does not pose additional
difficulties.



Virtual element methods in 2D (allowing small edges) satisfy
optimal error estimates under the stabilization

SP(w,v) = hp(0w/ds,00/0s) 1, o)

and nearly optimal (up to a log factor) error estimates under the
stabilization
SP(w,v) = > w(p)u(p)

PENDD



Virtual element methods in 2D (allowing small edges) satisfy
optimal error estimates under the stabilization

SP(w,v) = hp(0w/ds,00/0s) 1, o)

and nearly optimal (up to a log factor) error estimates under the
stabilization

SP(w,v) = ) wip)v(p)

PENDD

Virtual element methods in 3D (allowing small edges and faces)
satisfy nearly optimal (up to a log factor) error estimates under
the stabilization

SD(UJ,U) = hD Z [h?(H%—Q,FUJ:H2—2,FU)L2(F)

FeFp
+ > w))]

PENsF



A Conjecture

Virtual element methods in 3D (allowing small edges and faces)
satisfy optimal error estimates under the stablization

SP (v, w) Z he(VEIL, po, VeI pw) 1, (r)
FeFp

+ Z hFZ he (a(v - HZ,FU)/asv a(w - HZ,Fw)/as)LQ(e)

FeFp e€lp



We have obtained L., error estimates under the assumption
that u belongs to HT1(0Q).

Error estimates under the assumption that u belongs to W ()
(a la Scott, Natterer, Rannacher, Schatz, Walhbin, ...) remain
an open problem.
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