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About convection-diffusion equations
Model problem : Fokker-Planck equation
du+divI=0, J=A(=Vu—uVV), inQx(0,T)
+ boundary conditions (Dirichlet on I'? /no-flux on T'V)

’LL(,O) =up >0

Examples

@ Semiconductor models, corrosion models
wh A =T

w coupling with a Poisson equation for V'

@ Porous media flow
w= A bounded, symmetric and uniformly elliptic

-V =gz

Assumptions : V€ CY(Q,RT), / up > 0.
Q



Structural properties

{atu +divI =0, J=A(-Vu—uVV),

u(-,0) = up > 0 + boundary conditions

o Existence and uniqueness of the solution
o Nonnegativity of u, mass conservation if I'? = ()
@ Existence of a thermal equilibrium :

Uoo = A~V (= T =0)

> if TP =),

up
A= fQ_V, so that /uoo: /uo
er 9) 0

w if 'V =£ () and the boundary data u” satisfy a
compatibility assumption

uP? = Xe™V on TP,




Long time behaviour of the Fokker-Planck equation

u® = XeV

du+divI =0, J=-Vu—uVV,
J-n=0onTand u(-,0) =up>0

Main result : exponential decay towards the steady-state

lu(t) = [} < C(ug, V)e

» Energy dissipation, with E = / ulog(u/u)
Q

d U |9 ~ U
— = — e = —4 R
th /Qu|Vlog(u )| /Qu 'V,/u

asJ = —-uV(logu+V)=—-uV log%
u

2

» Logarithmic Sobolev + Csiszar-Kullback inequalities



A =1, TPFA B-schemes

Numerical fluxes

J=-Vu—-uVV = Fg,~ /(—Vu —uVV) ngq

[

m
-FK,O' = di(:)

(B(V = Vie)ux = B(~Vi + Vie)ur)

Examples of B functions

S

Bup(s) =1+ 5, BC@(S) =1- 5/2a Bsg(s) = es — 1

Hypotheses on B
e B(0)=1and B(s) >0 VseR,
@ B(s) —B(—s)=—s VseR.



A =1, TPFA B-schemes : long time behaviour

n+1

(K)uK _uK + Z rL+1
oegint
Fro = md(U) (B(VL — VK)UK — B(—VL + VK)’U,L>

Properties

@ Existence, uniqueness of the solution to the scheme

Preservation of positivity, conservation of mass

Existence of a steady-state (u$2)xeT-

@ The scheme preserves the thermal equilibrium iff B = B, :
ug = Aexp(—Vk) = Fk,, =0.

Exponential decay towards the discrete steady-state
U C.-H., HERDA, submitted



Motivation

Main drawbacks of the TPFA scheme
@ Admissibility of the mesh

o A=1

Requirements wanted for a new scheme

@ To be applicable on almost-general meshes

To be applicable for anisotropic equations

@ To preserve thermal equilibrium

To be energy-diminishing

To ensure the positivity
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Principle of the nonlinear TPFA schemes L

Numerical fluxes
J=-Vu—-uVV = —-uV(logu+V)

Fro R / —uV(logu+V) ng,

FKo = méa)T(uK,uL) (10g ug + Vg —logur — V1)

Examples of r functions

r+y
2 b

_ =Yy
logz —logy’

T(:L',y) = T(l‘,y) =

or other choices of mean value.



Principle of the nonlinear TPFA schemes

Some references about nonlinear schemes for linear equations
U BurMmaN, ERN, 2004
Q LE POTIER, 2005, CANCES, CATHALA, LE POTIER, 2013
Q CaNcEks, GUICHARD, 2016

The nonlinear schemes for Fokker-Planck equations

n+1

U —u
)5S
UES?’:
m(o)
.7:[(70 = TT(U’K)UL) (loguK + Vi — loguL — VL)

The schemes preserve the thermal equilibrium
° uR = Xe VK is a steady-state,

@ ) is fixed by the conservation of mass.



Dissipativity of the nonlinear TPFA schemes

( )u?{—i_l — uK + f”+1
m(K)——= —
At Eg : ) K,o 7
oclin
m(

o

Fro = 3 )r(uK,uL) (loguK + Vi —logur, — V1)
g

Dissipation of some discrete entropies

@ , regular convex function,

un
@ Discrete relative entropy : E}, = Z u%"@(%)
KeT K
E3t! —Ej
@ © |t <
A +lg" =

with

mio u
o= 3 ) (log 1o L) (@)
0EEimt o Up L K




Main results for the nonlinear TPFA schemes
A priori estimates and existence of a solution to the scheme
@ Uniform bounds : ®(s) = (s — M)* and ®(s) = (s —m)~,
. UO . . ’LLO
with M = max(1, max é), m = min(1, min é)

o Existence via a topological degree argument.

Towards the exponential decay

Tl

O(s) =slogs, Eg= Z uKlog—
KeT UK

H@Z Z md(a)r(uK,UL)(log—l 00)2 Zﬁ

Uegznt 7

(o) 0 /UK / UL
L
U
Uegznt L

with ]Iq>—4 Z L

» Discrete Logarithmic-Sobolev inequality : Eg < Cip
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Introduction to DDFV schemes

Some (partial) references

U DoOMELEVO, OMNES, 2005

Q COUDIERE, VILA, VILLEDIEU, 1999

QO ANDREIANOV, BOYER, HUBERT, 2007

U ANDREIANOV, BENDAHMANE, KARLSEN, 2010

Principles (for diffusion equations)
@ Unknowns located at the centers and the vertices of the mesh

@ Discrete gradient defined on a diamond mesh

Discrete divergence defined on primal and dual meshes

Integration of the equation on primal cells and dual cells

Discrete-duality formula



Meshes : primal, dual and diamond meshes

2. \ -,
) I L
g \/ ‘ 'S
1 L * S\~ .

M, OM o0, oM™ D

Space of discrete unknowns R7

ur = ((ur) Kemuam, (WK+) K emuom=)

Space of discrete gradients (R2)®

€5 = ((€p)pen)



Discrete operators and discrete duality property

Discrete gradient
V® : ur e RT = (VPur)pes € (RH)®
Discrete divergence
div’ : &g € (R?)® = div7 (¢5) e RT

Scalar products and norms

1
[vr,urly = 5( Z MKUKVEK + ZmK*UK*UK*>,
Kem K*em*
o P = Z mp &p - Pp-
DeD

Discrete duality formula

[div7 &g, v7]7T = — (€0, Vour)n + (7 (€0) - 0.7 (v7))00



DDFV scheme for an anisotropic diffusion equation

—divAVu = f
+ boundary conditions

The DDFV scheme

—div” (A@VQUT) = fr

+ boundary conditions

“Variational” formulation

(AoV2ur,Vour)o = [fr,v7]r Vor € R7



DDFV scheme for an anisotropic diffusion equation

{ — divAVu = f

+ boundary conditions
The DDFV scheme

- divT(A@v%T) — fr

+ boundary conditions

“Variational” formulation

(AoV2ur,Vour)o = [fr,v7]r Vor € R7

(VPur, Vour)am

; 1
with (€0, Po)a0 = Z mp &p - Appp, Ap = / A.
DeD mp Jp



Structure of the scalar product of two discrete gradients
Discrete gradient

1
VPur = —(mg(uL — UK )N + Myx (up — uK*)na*K*).

2mp
UK — U
(SDUT — ( K L >
UK* — UL*
Scalar product

(VPur, VPur)an = > mp VPur - ApVPur,
Ded

= Z mp 6L uy - ApdPur.
DeD

Local matrices Ap

= Uniform bound on Conds(Ap)



Nonlinear formulation of the problem

Ou+divI =0, J=—-uAV(logu+1V)

How to approximate the current ?

o Vi given. For ur € RT, we define g5 = logur + Vir.
e V?g7 has a sense.

@ Reconstruction of u on the diamond mesh, 7 (u7)

1
T'D(UT) = Z(uK +ur +ugs +urs) VD €D

@ We can define a discrete current on the diamond mesh :

Jo = =1 (ur) Ao Vg7



The scheme (no-flux boundary conditions)

Ou+divI =0, J=—-uAV(logu+1V)

“Classical” formulation

TL+]. 'n,
Ut N ur + diVT(Jg+1) =0, Jg—i-l _ _T’D[ n+l]A©v’D n+1

m,J2 . n =0, VD =Dyo+ €Deut-

Compact form

n+1

u — U
[[TTtTﬂ/}TH +T©( n+1’gg_+l’ 1/)’7') = Oa V¢T € RT?
To(uri gy wr) = ) rP (™) 6P gy - APSPyr,

DeD
gt =log(ui!) + Vi



Key discrete properties

un+1 —u L .
[[TTtTv 7/1Tﬂ +T©( o ,g'?'+ awT) = Oa v’(l)T € RT?
To(ur gy wr) = Y rP () 6P g™ ARG Y7,

DeD
Mass conservation
n o __ 0 n o __ 0
MU = MU, ME+Up« = M i+ U e
Kem Kem K*em* K*em*

Steady-state
uR = pe—V(EK)’ uP. = p*e_V(mK*)
p, p* ensuring the conservation of mass.

n+1
Energy-dissipation property u + ]I"+1 <0.

u?’l
EF = [{uT log <u > 17}] I =To (vr; 97, 97)
T T



Consequences

Q Cancks, C.-H., KRELL, 2018

Decay of the free energy + bounds

Further a priori estimates related to Fisher information

Positivity 4+ lower bound of the approximate solution

@ Existence of a solution to the scheme

Compactness of a sequence of approximate solutions

Convergence (if penalization term)
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Test case

Data and solution
° 0 =(0,1)% and V(z1,22) = —2.

e Exact solution, with o = 72 + %,

z 1
Uex((z1,22),t) = et F <7r cos(mxzy) + 3 Sin(wx2)> + relr2=3)

e Initial condition : ug(z) = uex(z,0).

Meshes

[
\
/11

I I A
UV VAV VA
INENNNENNEENNER

\
77




Convergence with respect to the grid

On Kershaw meshes

dt erru ordu | Nmax | Nmean Min o™

2.0E-03 | 7.2E-03 | — 2.15 | 1.010E-01

5.0E-04 || 1.7E-03 | 2.09 2.02 | 2.582E-02

3.1E-05 || 4.0E-04 | 2.11 1.07 | 1.628E-03

aldlwinR<Z

9
8
1.2E-04 || 7.2E-04 | 2.20 7 1.49 | 6.488E-03
7
7

3.1E-05 || 2.6E-04 | 1.98 1.04 | 1.628E-03

On quadrangle meshes

M dt erru ordu | Nmax | Nmean Min u™

4.0E-03 | 2.1E-02 | — 2.26 | 1.803E-01

1.0E-03 || 5.1E-03 | 2.08 2.04 | 5.079E-02

6.3E-05 || 3.3E-04 | 2.09 1.22 | 3.349E-03

m
9
9
2.5E-04 || 1.3E-03 | 2.06 8 1.96 | 1.352E-02
8
7

Gl W N =

1.2E-05 || 7.7E-05 | 1.70 1.01 | 8.695E-04




Long time behaviour

Exponential decay of the discrete relative energy E-
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Conclusion

Results obtained for the nonlinear schemes
o well-posedness of the schemes

@ preservation of the positivity / bounds

(]

preservation of the steady-state (thermal equilibrium)

exponential decay towards the steady-state

TPFA/DDFV schemes

Question

Is it possible to extend these techniques to high order
methods ?
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