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The H DG methodS(B C., J.Gopalakrishnan and R.Lazarov, SINUM, 2009.)

The model problem.

We want to numerically approximate the solutions of the following
second-order elliptic model problem:

cq+Vu=0 in Q,
V.-g=1f in Q,
u=up on 0.

Here c is a matrix-valued function which is symmetric and uniformly
positive definite on 2.
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The HDG methods.

The local solvers: A weak formulation on each element.

On the element K € Qp, given U on OK and f, we have that (q, v)
satisfies the equations

(cq,v)k — (u, V- v)k + (U,v-n)sk =0,
—(q, Vw)k + (g - n,w)ok = (f, w)k,

for all (v, w) € V(K) x W(K), where
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The HDG methods

The local solvers: Definition.

On the element K € Qj, we define (qy,, up) terms of (up, f) as the element
of V(K) x W(K) such that

(cqp, v)k — (un, V- v)k + (Un, v - ngk =0,
_(qha VW)K + <ah -n, W>8K — (fa W)Kv

for all (v, w) € V(K) x W(K), where (for the LDG-H method)

q,-n=qp-n+7(up— Up) on K.
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The HDG methods

The global problem: The weak formulation for .

For each face F € £¢, we take up|F in the space M(F). We determine wuy,
by requiring that,

(0, [anl)F =0 Y € M(F) if Feép,
u,=up IifFe 8‘2

The HDG methods are generated by choosing the local spaces V(K),
W(K), M(F) and the stabilization function 7.
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Bernardo Cockburn (U. of Minnesota, USA)

The HDG methods.

The LDG-H method.

The numerical traces of the LDG-H method are:

THup™ + 7 up”

= Tk 7'++7'_ [ax];
—a.t 4+

~ T qQy"+T7"qR

Th= T+ 77 T+—|—T_ L]

for V(K) := Pk(K), W(K) := Px(K) and M(F) := Px(F). So, the
LDG-H method is a subset of the old DG methods (&.c and c-w. Shu, SINUM, 98 ).

On general polyhedral elements, the LDG-H method

o For 7 of order one, g, converges with order k + 1/2 and up, with
order k + 1, for any k > 0.

o For 7 of order 1/h, g, converges with order k and up with order
k 4 1, for any k > 0. True for V(K) := Py_1(K).

(P.Castillo, B.C., I.Perugia and D.Shétzau, SINUM, 2000.)
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The HDG methods.

Sufficient conditions for well possedness.

The LDG-H approximation is well defined if, for each K € €y,

o 7 >0 on 0K,
o VW(K) C V(K).

The hybridized mixed method (7 = 0) approximation is well defined if, for
each K € Qp,

o {pe MOK): (u,1l)gk =0} ={v-n|spk : v e V(K),V-v=0}

o W(K)={V-V(K):veV(K)v-njgpk € R}.
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First superconvergent HDG methods.

The local postprocessing. (Nochetto and Gastaldi 88; Stenberg 88,91; B.C., Dong and Guzman, 08)

We seek HDG methods for which part of the error u — up, converge faster
than the errors u — up and g — qy,.

If this property holds, we introduce a new approximation uj. On each
element K it lies in the space W*(K) D W(K) and defined by

(Vup*, Vw)k = — (cqp, Vw)k for all w € W*(K)*,
(up™,w)k =(up,w)k for all w € W(K) C W(K).

Then u — up will converge faster than u — uy,. This does happen for mixed
methods!
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First superconvergent HDG methods.

Method V(K) W(K)  M(F)
RT Pe(K)+xPiu(K)  Pu(K)  P(F)
LDG-H P(K) Pe(K)  Pw(F)
BDM Pi(K) Pr-1(K) Pu(F)
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First superconvergent HDG methods. s.c. & 0o and 1 cuzman, 05 5.c.

J.Gopalakrishnan and F.-J. Sayas, 10)

The first superconvergent HDG method: the SFH method

Method 7 q;, up, Up k

RT 0 k+1 k+1 k+2 >0
SFH >0 k+1 k+1 k+2 >1
LDG-H O(1) k+1 k+1 k+2 >1
BDM 0 k+1 k k+2 >2
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First superconvergent HDG method.

Illustration of the postprocessing. An HDG method for linear elasticity.(s.-C. Soon, B.C. and H.
Stolarski, 2008.)

./figures/comparison between the approximate solution (left) and the
post-processed solution (right) for linear polynomial approximations.
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First superconvergent HDG method.

Illustration of the postprocessing. An HDG method for linear elasticity.(s.-C. Soon, B.C. and H.
Stolarski, 2008.)

./figures/comparison between the approximate solution (left) and the
post-processed solution (right) for quadratic polynomial approximations.
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First superconvergent method.

Illustration of the postprocessing. An HDG method for linear elasticity.(s.-C. Soon, B.C. and H.
Stolarski, 2008.)

Marseille, 2019



Sufficient conditions for superconvergence

The conditions on the local spaces.(B.C., W.Qiu and K.Shi, Math. Comp.,2012 + SINUM, 2012.)

Suppose that the local spaces are such that

V(K)-n+ W(K) C M(9K),
Po(K) x Po(K) C VW(K) x V- V(K) C V(K) x W(K),

Vi oonewt = M(IK).

Then there is a stabilization function T such that the HDG method
superconverges.
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Sufficient conditions for superconvergence.

Methods for which M(F) = Q*(F),k > 1, and K is a square. (B.C., W.Qiu and K Shi, Math.

Comp.,2012 + SINUM, 2012.)

method V(K) W(K)
RT PKILE(K)  QM(K)
XPk,kJrl(K)

TNTy Q%K) & H5(K) QX(K)
HDG[(i] QX(K) @ H5(K)  QK(K)
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Sufficient conditions for superconvergence.

Methods for which M(F) = Q“(F), k > 1, and K is a cube. (B.C. W.Qiu and K Shi, Math

Comp.,2012 + SINUM, 2012.)

method V(K) W(K)
RT[k] Pk+1,k,k(K) Qk(K)
% Pk,k+1,k(K)

% Pk’k’k+1(K)

TNT QY(K)® HE(K) QX(K)
HDGS, Q*(K) & HE(K) QX(K)

[K]
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Sufficient conditions for superconvergence.

Methods for which M(F) = Q(F), k > 1, and K is a square or a cube. (B.C., W.Qiu and K Shi,
Math. Comp.,2012 + SINUM, 2012.)

method T lg — qulle [Mwu — uplla ||u— uille
RT i1 0 k+1 k+2 k+2
TNT[k] 0 k+1 k+2 k+2
HDG, 0O(1)>0 k+1 k+2 k+2
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Sufficient conditions for superconvergence.
TNT in 3D: The space H%(K).
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Sufficient conditions for superconvergence.
TNT in 3D: The space H%(K).
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Sufficient conditions for superconvergence.
TNT in 3D: The space H%(K).
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The theory of M-decompositions.

(B.C., G.Fu, F.-J. Sayas, Math. Comp., t2017; B.C. and G.Fu, 2D+3D, MZAN, 2017)

Definition (The M-decomposition)

We say that V x W admits an M-decomposition when
(a) tr(V x W) C M,

and there exists a subspace VxWof VxW satisfying
(b) VWX V-V CVxW,

(c) tr: V+ x W+ — M is an isomorphism.

HerAeJ\~/L and W= are the L?(K)-orthogonal complements of V in V, and
of W in W, respectively.
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The theory of M-decompositions.
A characterization of M-decompositions. (B.C., G.Fu, F.-J. Sayas, Math. Comp., 2017)
IM(V x W) :=dimM —dim{v-nlsgx : ve V,V-v =0}
—dim{wl|gk : w e W,Vw = 0}.

Theorem

For a given space of traces M, the space V x W admits an
M-decomposition if and only if

(a) tr(V x W) C M,
(b) VW xV-VCVxW,
(c) Iu(V x W) =0.

In this case, we have

M={v-nlpx : ve V.,V -v=0}d{wlogk : w e W,Vw = 0},

where the sum is orthogonal.
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The theory of M-decompositions.

Construction of M-decompositions. (B.C., G.Fu, F.-J. Sayas, Math. Comp., 2017)

Table: Construction of spaces V x W admitting an M-decomposition, where the
space of traces M(OK) includes the constants. The given space V; x W, satisfies

the inclusion properties (a) and (b).

74 W V-V
V; ©0Vanm @ Vanw  Wg  (if D Po(K) = Wg
Vg ® 0 Ve Wg (if D) To( C Wg
v @ 0 Vinu V- (if DPo(K) =V-Y
sV V.oV +6V dim 6V
0 Vi {0} C M,V = {0} Iu(V x W)
IVanw C Wg, NV -V = {0} cM Is(Vp x W)
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The theory of M-decompositions.

A flowchart to construct M-decompositions

Initial spaces

V = Pr(K)
W = P(K)
M = Py(0K)
4[ Compute Iy (V x W) }
Increase V ! RO s Iy = 0¢ e

such that properties (a) and (b) of an M-decomposition are not violated and the
M-index is decreased.
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Construction of M-decompositions

Theorem

Let V; x W, satisfy properties (a) and (b) of an M-decomposition.
Assume that 0 Vg satisfies the following hypotheses:

(a) V-éVanu = {0},

(b) 6Vaum - nlox C M,

(¢) 0V - nlok and {v-nlsk : v €V, V-v =0} are linearly

independent,
(d) dim5Vﬁ11M = diméVﬁuM o n|3K = /M(Vg X Wg)
Then, (V; @ 6 Vann) x Wy admits an M-decomposition.
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A construction of M-decompositions

A three-step procedure to construct the filling space 6 Vanwu
(1) Characterize the trace space {v - n|gpx : ve V, V-v =0}
(2) Find a trace space Cyy C M(OK) such that

Cy@{v-nlogk :ve V,V-v=0}={ueM: (ul)sx =0}

(3) Set 6Vanm :={v,: p € Cy}, where v, is divergence-free function
such that v, - njgx =
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A construction of M-decompositions

The M-indexes for different elements

VX WxM:=P(K) x Pr(K) x Pr(0K)

2D element In(V x W) | 3D element  Iy(V x W)
triangle 0 tetrahedron 0
(k>0) (k>0)
quadrilateral 1 2 pyramid 1
(k=0) (k>1) (k=0) (k>1)
pentagon 2 4 5 prism? 1 3
(k=0) (k=1) (k>2) (k=0) (k=1)
hexagon 3 6 8 9 hexahedron? 2 6 9
(k=0) (k=1) (k=2) (k=3) (k=0) (k=1) (k>2)

2no parallel faces
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A construction of M-decompositions

An example of d Vain on a quadrilateral

V x W x M:=P(K) x Pr(K) x Pr(0K),

6 Vi = span{V x (£275), Vx(£05)}.

@ )\; is a linear function that vanishes on edge e;.

o &4 € HY(K) is a function such that its trace on each edge is linear
and vanishes at the vertices vi, v», and vs.
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A construction of M-decompositions

An example of Vs on the reference pyramid

K::{(vavz):0<X,O<y,0<z,x+z<1,y+z<1}

VxWxM:= g)k(K) X fpk(K) X ?k(ﬁK)

span{Vx (£ Vz)} if k=0
o Vinm =

span{V x (XL Vz), VX (S50 Vz2), VX (VX)) if k > 1
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A construction of M-decompositions.

From M-decompositions to hybridized mixed methods

Theorem
Let the space V x W admit an M-decomposition and assume that

V-V, C W. Then,
V x V -V admits an M-decomposition.

Moreover, let § Vanw satisfy the following hypotheses:
(a) 0Vanw - nlax C M,

(b) V-dVanw @ V- V = W,,

(¢) dim §Vgnw = dim V - § Vgnw,

Then (V @ 0 Vanw) x W admits an M-decomposition.

For the above choices of spaces, we can set stabilization operator 7 = 0 in
and obtain hybridized mixed methods.
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A construction of M-decompositions

Spaces for hybridized mixed methods on a quadrilateral

v,
4 e,
V3
&
ez
vy en v,

vhde s« Whie x M = P (K) ® 6V X Pr(K) x Pr(9K),

S Vi = span{V x (€aA5), VX (£aA5)}.
(5Vﬁ11w = va)k(K).

74 w M T
UMX V"8 @ sVaw  Pu(K)  Pu(0K) 0O
HDG v hde Pu(K)  Pu(OK) >0
LMX vhdg Pr1(K) Pu(0K) 0
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A construction of M-decompositions

Spaces for hybridized mixed method on a pyramid

&

vhds s Whds s M= P (K) @ 6V x Pr(K) X Pr(0K), k >1

k+1 k+1

SV = span{w()}{ —Vz), VX();): —~Vz), w(lszw)}.
5Vﬁ11w = X?k(K).
v W M T
UMX V™ @ iVaw  Pu(K) Pu(0K) 0
HDG v hde Pu(K)  Pu(OK) >0
LMX vhde Pr1(K) Pu(0K) 0
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The theory of M-decompositions.

Numerical experiments.

History of convergence of LDG-H with k =1

h Ju—uflle, | rate || flu—ujllo, [ rate || [Ju— ujlla, | rate
T=1
0.1 0.15E-2 - 0.83E-2 - 0.52E-2 -
0.05 0.18E-3 3.06 0.16E-2 2.36 0.10E-2 2.34
0.025 0.23E-4 3.03 0.28E-3 2.52 0.19E-3 2.43
0.0125 0.28E-5 3.02 0.44E-4 2.68 0.35E-4 2.46
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The theory of M-decompositions.

Numerical experiments.

History of convergence of M-decompositions with k =1

!

o
o
Facel
o

h lu—uflle, [ rate || llu—ujllo, [ rate || [lu— ujlla, | rate
T=1
0.1 0.15E-2 - 0.26E-2 - 0.17E-2 -
0.05 0.18E-3 3.06 0.31E-3 3.06 0.21E-3 3.02
0.025 0.23E-4 3.03 0.38E-4 3.03 0.27E-4 2.95
0.0125 0.28E-5 3.02 0.47E-5 3.02 0.35E-5 2.96
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The theory of M-decompositions

Provides:

@ A systematic way of constructing superconvergent HDG and
hybridized mixed methods for elements of arbitrary shapes.

Q@ A systematic approach to satisfying elementwise inf-sup conditions,
stabilized (HDG) or not (mixed methods).

© A systematic way of constructing finite element commuting diagrams.
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References and ongoing work.
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Superconvergence by M-decompositions. Part |: general theory for
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Superconvergence by M-decompositions. Part II: Construction of
two-dimensional finite elements. M2AN, 2017.

Superconvergence by M-decompositions. Part Ill: Construction of
three-dimensional finite elements. M2AN, 2017.
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Stokes flow by M-decompositions. With W. Qui. IMA, 2017.
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References and ongoing work.
Ongoing work.

© Automatic generation of the local spaces.
@ Incompressible Navier-Stokes.

© 3D elasticity with symmetric stresses.

© Maxwell equations.

© The biharmonic, plates.
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