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Introduction

m Same problem as in L. Beirdo da Veiga's talk
m For Q c R? V, symmetric gradient, and Lamé coefficients

0<p< 400, 0< A<+,
we consider the linear elasticity problem

—V(2,uVu+/\Vug) i in
=0

I @

m The weak formulation reads: Find u € Uy := H}(Q)¢ s.t.

(2uVsu, Viv) + (AV-u, Vo) = (f,v)  VYvel

m More general bcs can be treated with minor modifications



Some references for linear elasticity

m Incompressible limit A — +0c0 requires to accurately represent
nontrivial divergence-free fields

m Classical low-order conforming FE suffer from numerical locking
m Mixed methods [Franca & Stenberg 91; Brezzi & Fortin 91]
m Nonconforming methods [Brenner & Sung 92]
m Low-order schemes on general meshes
m MFD [Beirdo da Veiga, Gyrya, Lipnikov & Manzini 09]
m Generalized Crouzeix—Raviart [DP & Lemaire 14]
m Gradient schemes [Droniou & Lamichane 14]
m Hybridizable Discontinuous Galerkin [Soon, Cockburn & Stolarski 09]

m High-order VEM on general meshes for planar elasticity with vertex,
edge and cell DOFs [Beirdo da Veiga, Brezzi & Marini 13]



Key ideas for HHO

Generalized DOFs: polynomials of order & > 1 at elements and faces

Reconstruction of differential operators taylored to the problem
m Symmetric gradient obtained solving local pure-traction problems
m Divergence satisfying a commuting diagram property
m Face-based penalty linking cell- and face-DOFs

m Main benefits

Fairly general polygonal/polyhedral meshes

SPD global linear system

High-order: stress cv. rate (k + 1), displacement cv. rate (k + 2)
Compact-stencil + static condensation = 9 POFs/tace (d = 3, k = 1),
no vertex unknowns

m References
m Linear elasticity [DP & Ern 14, hal-00918482]
m Poisson [DP, Ern & Lemaire 14, DOI: 10.1515/cmam-2014-0018]
m Variable diffusion [DP & Ern 14, hal-01023302]


http://hal.archives-ouvertes.fr/hal-00918482
http://dx.doi.org/10.1515/cmam-2014-0018
http://hal.archives-ouvertes.fr/hal-01023302

Mesh regularity

Definition (Mesh regularity)
We consider a sequence (75 )rez of poly{gonal,hedral} meshes s.t., for
all h € H, T, admits a simplicial submesh ¥}, and

m (Th)new is shape-regular in the sense of Ciarlet;

m (T))nen is contact regular: every simplex S < T is s.t. hg ~ hr.

Main consequences:
m Trace and inverse inequalities
m Optimal approximation properties for broken polynomial spaces



DOFs

Figure : U% for k € {1,2}
m Forall k> 1 and all T € Ty, we define the local space of DOFs
ot - wiryt{ X Py
FE]'-T
m The global space is obtained by patching interface DOFs

wf{xmw%x{xMAmﬁ

TeTr FeF,



Displacement gradient reconstruction |

m Let T € 7;. The local displacement reconstruction operator
th < Uf — P (T’

is s.t., for all v = (yT, (yF)Fe}‘T) eUk andwe ]P’SH(T)d,

(Veriy, Vaw)r i= (Vevr, Vaw)r + Y (Ve — vr, Vawnrr)r
FGJ:T

= —(vr, V-Vaw)r + > (v, Vewnrr)r
FEJ:T

with rigid-body motions prescribed from v

m SPD linear system of size d(kﬁjd) (12 ford =2 and k = 1)



Displacement gradient reconstruction Il

Lemma (Optimal approximation properties for L"T)

Let T € Ty, and define the local interpolator I : HY(T)® — Uk s.t.,

Vve HY(T)Y,  Ifv = (nkv, (%) per,) € U%

Then, for all u € H**2(T)¢ with G := I}u, it holds

58 — ulr + hr|Vs(£58 — w)lr < A7 2wl s rya-




Symmetric gradient reconstruction |

m We define the symmetric gradient reconstruction operator
Ef: Uf — VPEH(T)

s.t., for all v € Uk,

Efv = Vyrky

= We wish stability of E¥. in the following discrete strain (semi-)norm

W12 7 = IVsvr 3+ 3 hptlve — vl
FGJ:T

m Stabilization should preserve the approximation properties of E‘T



Symmetric gradient reconstruction |l

m Define, for T € T}, the stabilization bilinear form st as

sp(u,v) i= > hp!(rh(Riu — up), mh(RYY — Vi) F,

where vy is perturbed using the highest-order part of r%.v

m Then, using £ > 1 and a local Korn's inequality, we can prove

IVIZ 7 S IEFVIF + so(v,v) S v r




Symmetric gradient reconstruction Il

m Key point: sp preserves the approximation properties of EAT
m Let ue H*2(T) and set U := Iju = (nhu, (7} 1) pery)
m Then, it holds
|75 (BFE — Gp)|r = |k (77 + rpl — mprfd — 7)) | F
< |mk (78 — u) e + |7 (u = r530) |7

< hp kG — ulp

which, recalling the approximation properties of é‘éﬂ and 1%, yields

~ PR R ,
{ | BT — Vsul7 + sT(g7g)} < BEF ] sy




Divergence reconstruction

m We define the local local discrete divergence operator
Dk : Uk — B4(1)

s.t., for all v = (vr, (vp)rer,) € U} and all g € P5(T),

(Div, @)1 = —(vr,Vg)r + Y, (Vrnrr, q)F
FE]'-T

m The following diagram commutes and Ii is a Fortin operator:



Discrete problem

m We define the local bilinear form ar on LJ’% X LJ% as

ar(u,v) == 2u {(Efu, B5v)r + s7(u,v)} + A(Dfu, Div),

m The discrete problem reads: Find uj, € LJI,?L’O s.t.

an(un,vi) =Y, ar(Leun, Leve) = ) (fivr)r Y e Uf
TeTh TeTh

with Ly restriction operator and bc strongly enforced considering
LJ;{,(J ={vi = ((vr)reTs, (VF)Fer,) € Ui |vpP=0VFe ]:;]f}

m Well-posedness follows observing that, Vv;, € LJﬁ 0

21) D) ILevalZr < an(va,va) == valZ.,
TeTh



Convergence results |

Theorem (Convergence)

Let k > 1, set
:l]h = ((W§1E)Teﬁ7 (W];«“E)Fe]-'h) € LJ}liov

and assume u € H**2(T,)* and g € H**1(T,)?*?. Then,

(21)"lun — Gnllenn < CR*H 2pullul mrvacziya + AV ullmess (),

with C' independent of h, u, and \. Hence, the method is locking-free
provided the usual regularity shift holds.



Convergence results |l

Theorem (Supercloseness of the displacement)

Further assuming elliptic regularity, the following holds:

Y2 b
{ 2 I8 —urlp} ™ < 052 @ullulasacye + AV-uliny)-
TeTh

Corollary (L2-error estimate for Il}gh and B’Z‘lgh)

Under the same assumptions, we have
lu — Gl < h*2 (2ulul sz crye + AV-rlmger,)),
where, for all T € Ty,

~ ok Tk > pkrk,
Upr = rplpu  or Uy = Brlpu.



Numerical validation |

m We consider the following exact solution:
u(sin(mzy) sin(mza) + (20) 'y, cos(may) cos(maa) + (2A) ')

m The solution u has vanishing divergence in the limit A —» +

T
LT VAV VAV AV TY
INNNNENSNNNNENN

Figure : Meshes for the numerical example



Numerical validation I
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Figure : Energy (above) and displacement (below) errors vs. h for A =1



Numerical validation Il
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Figure : Energy (above) and displacement (below) errors vs. h for A = 1000



Numerical validation IV
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Figure : Tass/Tsol vs. card(Fy) for the triangular (left) and hexagonal (right)
mesh families



Numerical validation V
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Figure : Energy (above) and displacement (below) error vs. 7yt (s) for the
triangular and hexagonal mesh families



Cook's membrane test case |

Figure : Cook’s membrane test case (u = 0.375, A = 7.5 - 10°)



Cook's membrane test case Il

(a) 22 elements (b) 4,192 elements (c) 4,192 elements

Figure : Deformed configuration for the coarsest, intermediate, and finest
hexagonal meshes, kK = 1. The color represents the magnitude of the
displacement field.



Cook’s membrane test case Il
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Figure : Vertical (left) and horizontal (right) displacement at A



