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Features

Capability of handling general polyhedral meshes

Construction valid for arbitrary space dimensions

Arbitrary approximation order (including k = 0)

Robustness with respect to the variations of the physical coefficients

Reduced computational cost after static condensation
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Outline

Basics of HHO methods

Application to the incompressible Navier—Stokes problem
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Basics of HHO methods

Application to the incompressible Navier—Stokes problem
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Polyhedral meshes

Figure: Supported meshes in 2d and 3d, and HHO solution on the agglomerated 3d mesh. For the
notions of polytopal mesh and regular polytopal mesh sequence see [DP and Tittarelli, 2018]
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Model problem

m Let Q c RY, d > 1, denote a bounded, connected polyhedral domain
m For f € L%(Q), we consider the Poisson problem

-Au=f in Q
u=20 on 0Q

®m In weak form: Find u € H}(Q) s.t.

a(u,v) = (Vu, Vv) = (f,v) Vv e Hy(Q)
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Projectors on local polynomial spaces

At the core of HHO are projectors on local polynomial spaces
m With X =T or X = F, the L?-projector ﬂ'X : LY(X) = PL(X) is s.t.

(nX v—v,w)x =0 for all w e P/(X)

The elliptic projector 7TT cWENT) — PUT) is s.t.

(V(r)'v = v), Vw)r = 0 for all w € PY(T) and /(n;’lv -1 =0
T

Both 7r !"and 7rTl have optimal approximation properties in P!(T)
See [DP and Droniou, 2017a, DP and Droniou, 2017b]
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Computing ﬂ;’kﬂ from L2-projections of degree k

m Recall the following IBP valid for all v € HY(T) and all w € C*(T):

(Vv, Vw)r = =(v, Aw)r + > (v, Vw-nrp)r
Fe¥r

Specializing it to w € PK*(T), we can write

Lk+1 0,k 0,k
(Vo I, Vw)r = =y v, Aw)r + Z (72" vip, VwenTF)F
FeFr

m Moreover, it can be easily seen that

Lk+1 Lk+1 0,k
./T(RT * v—v):/T(nT * v—rmv)=0

Lk+1
T

0,k

m Hence, 7 v can be computed from 7;:"v and (nOF'ka)FE«F,.!

8/48



Discrete unknowns

Figure: g’; for k € {0, 1,2}

m Let a polynomial degree k > 0 be fixed
m For all T € 7, we define the local space of discrete unknowns

Uk ={v, = or,(vF)Fes;) : vr € PX(T) and vy € PX(F) VF € 7}

m The local interpolator IX : H(T) — Uk is s.t., for all v € HY(T),

ko . 0,k 0,k
!Tv = (ﬂT v, (ﬂF v|F)F€7:T)

9/48



Local potential reconstruction

m Let T € 7;,. We define the local potential reconstruction operator
k+1 Uk Pk+1(T)

s.t. forall vy, € Uk, fT( &+ly, —vr)=0and

(VrT Ve VW) = =(vr, Aw)r + Z (vr, Vwnre)p  Yw € PKYY(T)
Fe¥r

m By construction, we have

k+1 k 1Lk+1
rp oIy =y

[ r’T<+1 o ﬁ has therefore optimal approximation properties in PK+1(T)
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Stabilisation |

m We would be tempted to approximate

arr(u,v) = (Vry

m This choice, however, is not stable in general. We consider instead

k+1 k+1
up, Vrp )t

ar (i, vy) = (Vrk+t

k+1
£T7 VrT+ ZT)T + ST(E]ﬁ E[)

m The role of sy is to ensure ||-||;

1
2 . 2 2
lvplifr = 1Vvrlig + ) o—lve = vrllz

p-coercivity with

Fe%r

k
Vyp € Ur
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Stabilisation Il

Assumption (Stabilisation bilinear form)

The bilinear form sy : Uk x U% — R satisfies the following properties:

m Symmetry and positivity. sy is symmetric and positive semidefinite.

m Stability. It holds, with hidden constant independent of & and T,
1 k
aT(KTaKT)Z = ”ZT”LT VKT € QT'
m Polynomial consistency. For all w € P*1(T) and all vy € Q’;,

STQ]}W, vr)=0.

These requirements can be matched by penalising the high-order

differences

k k gk k+1
(5T2Tv (5TFKT)F6TT) = !TrT+ Yr—Yr
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Discrete problem

m Define the global space with single-valued interface unknowns
Uj = {Kh =((vr)res,, VE)Fes,) -
vr € PX(T) VT € 75, and vp € PX(F)  VF € 7—71}
and its subspace with strongly enforced boundary conditions
Ql;z,o = {Kh GQZ cvp=0 VFe Thb}

m The discrete problem reads: Find u, € Qio s.t.

an(,v) = Y arlup,vy) = Y (Fvrr Vv, €U,

TeT, TeT,
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Convergence

Theorem (Energy-norm error estimate)

Assume u € Hj(Q) N H**2(T;,). The following energy error estimate holds:

IV (

k+1

n Uy

— Wl + luylsn s B ulpgring),

with (r;l‘“gh)g =i ur

k+1

for all T € T, and |uy,|?, = Yrcq;, sT(Ug. up).

Theorem (Superclose L?-norm error estimate)

Further assuming elliptic regularity and f € H'(T5,) if k = 0,

with N() = ”f”Hl(‘ﬁ,) and Nk = |M|Hk+2(q71) for k > 1.

k+1
”rh

w, —ull $ H N,
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Numerical examples

2d test case, smooth solution, uniform refinement

10712 1 ——k =4

B 10°3 d
3. W'/ 4 1070 -
k=0 ‘
T k=1 L
k=2 10 I
1075 19 k=3[
10711 L : ] g ‘ : I
10725 1072 10718 1072° 1072 10710

Figure: 2d test case, trigonometric solution. Energy (left) and L2-norm (right) of the error vs. h
for uniformly refined triangular (top) and hexagonal (bottom) mesh families
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Numerical examples |

3d test case, singular solution, adaptive coarsening

Figure: Fichera corner benchmark, adaptive mesh coarsening [DP and Specogna, 2016]

16 /48



Numerical examples |l

3d test case, singular solution, adaptive coarsening

——T T —
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(a) Energy-error vs. Ngofs

Figure: Error vs. number of DOFs for the Fichera corner benchmark, adaptively coarsened meshes
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(b) L2-error vs. Npqof
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Basics of HHO methods

Application to the incompressible Navier-Stokes problem
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Features

Capability of handling general polyhedral meshes
Construction valid for both d =2 and d =3
Arbitrary approximation order (including k = 0)
Inf-sup stability on general meshes

Robust handling of dominant advection

Local conservation of momentum and mass

Reduced computational cost after static condensation

k+d-1

Ndof’h = dcard(ﬁ)( d _

) + card(7n)
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HHO for incompressible flows

MHO for Stokes [Aghili, Boyaval, DP, 2015]

Pressure-robust HHO for Stokes [DP, Ern, Linke, Schieweck, 2016]
Péclet-robust HHO for Oseen [Aghili and DP, 2018]

Darcy-robust HHO for Brinkman [Botti, DP, Droniou, 2018]
Skew-symmetric HHO for Navier—Stokes [DP and Krell, 2018]
Temam's device for HHO [Botti, DP, Droniou, 2018]
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The incompressible Navier-Stokes equations |

mletd e {23}, veRy, feL* Q)9 U:=H}(Q and P := L2(Q)
m The INS problem reads: Find (u,p) € U X P s.t.

va(u,v) +t(u,u,v) + b(v,p) = /f-v Vv eU,
Q
—b(u,q) =0 Vg € L*(Q),

with viscous and pressure-velocity coupling bilinear forms

a(w,v) = /QVw:Vv, b(v,q) = —/Q(V-v) q

and convective trilinear form

d d
tw,v,2) = /Q(w~V)v~z = ZZ/QWJ'(GJW)ZL'

i=1 j=1
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Discrete spaces |

Figure: Local velocity space g; for k € {0,1,2}

m For k > 0, we define the global space of discrete velocity unknowns

Uy = {Kh =(vr)res,, VF)Fes,) :

vr € PKT) VT € 75, and v € PK(F)Y VF € 7—7,}

. . k
m The restrictions to T € 7, are U7 and v, = (vr, (VF)Fes;)
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Discrete spaces |l

m The global interpolator I§ : HY(Q)4 — Uj is s.t., Vv € H'(Q)?,

Ly = ((ﬂ%kﬂT)Te?;,,(ﬂ%kV\F)Feﬁ,)
m The velocity space strongly accounting for boundary conditions is
Uiy ={v,€U; : vp =0 VFeF}

m The discrete pressure space is defined setting

P’,; :={qh EPk(Th) : /QqhzO}CP
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Velocity and divergence reconstructions |

m The velocity reconstruction
k+1 Uk N Pk+1(T)d

is the vector version of the potential reconstruction for Poisson

m The divergence reconstruction D; :Ql; — PUT) is s.t.

(Dfve@r ==, Ve + ) vpnre,@r Vg €PHT)
Fefr
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Viscous term

m The viscous term is discretized by means of the bilinear form a; s.t.

ah(gh’zh) = Z a’T(ET’KT)
TeTh

with local contribution

ar(Wp, vp) = (VrkPw  Vrktly Oy t+se(wp, v,)

m As in the scalar case, several possible choices for s;, ensure that
- 2 k
an(vy.vy) = v, lli, Vv, €U,

m Variable viscosity can be treated following [DP and Ern, 2015]
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Pressure-velocity coupling

m The pressure-velocity coupling is realized by means of

bp(v,, qn) = — Z /TD?KT qr

TeT,

m by, satisfies the following uniform inf-sup condition:

Ygn € P,

Bllgnllr2@) <

sup
Yn eQZ’Uv ”Kh ll,n=1

bh (Kh’ Clh)

m This stability result is valid on general meshes and for any & > 0

26 /48



A key remark |

m We have the following IBP formula: For all w,v,z € Hl(Q)d,

‘/Q(w~V)v~z +/Q(w-V)z-v +‘/Q(V-w)(v-z) = Lg(w~n)(v-z)

m Using this formula with w = v =z = u, we get

tu,u,u) = /Q(u~V)u-u = —% /Q(Vu)(u-u) + %/ﬁ’g(wn)(u-u) =0,

where we have used the mass equation and the boundary condition

m This shows that the convective term is non-dissipative

m This is a key property to mimick at the discrete level
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A key remark Il

m The discrete velocity may not be divergence-free (nor zero on Q)

m Following [Temam, 1979], we can used as a starting point

tm — . . 1 . . — 1 . .
' (w,v,z) = /Q(w Vv-z + 5 /Q(V w)(v-z) 5 /a(z(w n)(v-z)

m This modified version satisfies: For all w,v € H(Q)4,
" (w, v, v) =0

m Hence /'™ is non-dissipative even if V-w # 0 and v 5o # 0
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Directional derivative reconstruction

mletw, € Ql} represent a velocity field on T

m We let the directional derivative reconstruction
k k k rd
Gr(ﬁr? ) Uy —-P (T)

be s.t., for all z € PK(T)?,

/TG];(ET;KT)'Z = '/Y:(WT'V)VT‘Z + o) /(WF nrp)VE —vr)z
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Discrete global integration by parts formula

We mimick at the discrete level the formula:

'/Q(W~V)v~z +/Q(w'V)z'v+/Q(V-w)(v-z) = ‘/ag(wn)(v-z)

Proposition (Discrete integration by parts formula)

It holds, for all WiV %, € g];l

Z / Gh(Wpivp)zr +vr-Gr(wy; 2p)+ D3 w. (vr- zT))

TeT,
/(wF RE)VEZF —
FeFp

The term in red reflects the non-conformity of the method.

T€’77, FeFr

/(WF nrp)(ve —vr)(2r — 27).
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Convective term |

m = [ oz s & [ (o)
tt (w,v,z)._/g(wV)vz+Q/Q(Vw)(vz) Yw,v,z €U

m Inspired by ", we set

th(mh’zh’gh) = Z tT(ET’KT’ET)
TeTh

where, for all T € 75,

1 [
tr(Wp. vy.2,) = / Gr(wyivy)ar + 5 / D¥w,(vrzr)
T

+ = Z /(WF nTF)(VF —VT) (ZF _ZT)

FE(FT

m The second and third terms embody Temam's device
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Discrete problem |

m The discrete problem reads: Find (u,,ps) € Qlfz,o X P{i s.t.

vah(gh,zh)+th(gh,gh,zh)+bh(zh,ph)=/f'l’h vy, Ggﬁ,o’
Q

—bh(gh, qn) =0 Van € P,li

m Optionally, upwind stabilisation can be added through the term

nWyiv,.2,) = Z Z / L po(Perr(wp)ve —vr)-(zr - zr)

h
Teq, Ferp Y F 'F

m After linearisation, all element-based velocity unknowns and all but
one pressure unknown per element can be statically condensed
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Existence and uniqueness of the discrete solution

Theorem (Existence and a priori bounds)
There exists a solution (u,, p) € g’; 0 X P;f such that
i < v F Nz and llpnl s (1 ez + 21 sy )

with hidden constant independent of h and v.

Theorem (Uniqueness of the discrete solution)

Assume that the forcing term verifies

I L2 < Cv?

with C hidden constant independent of h and v small enough. Then, the
solution is unique.
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Convergence |

Theorem (Convergence to minimal regularity solutions)

It holds up to a subsequence, as h — 0,

peEll,+) ifd=2,
pell6) ifd=3;
» V,ritlu, — Vu strongly in L*(Q)*¢;

m sp(uy,u,) > 0;

m uj, — u strongly in LP(Q)? for {

m p, — p strongly in L*(Q).

If the exact solution is unique, then the whole sequence converges.

Key tools: discrete Sobolev embeddings and Rellick—Kondrachov
compactness results from [DP and Droniou, 20173]
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Convergence |l

Theorem (Convergence rates for small data)

Assume uniqueness for both (u,, pn) and (u, p). Assume, moreover, the
additional regularity (u, p) € H**2(Q)¢ x H**'(Q), as well as

I 2@y < CV?

with C independent of h and v small enough. Then, with hidden
constant independent of h and v,

_ 0,k ]
), — Inullin + v ipn - m, Pl S B N

with N, , depending on bounded norms of u and p.
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Convergence rate: Kovasznay flow

m Following [Kovasznay, 1948], let Q := (-0.5,1.5) X (0,2) and set
1
Re = (2v)7}, A= Re - (Re? + 47?)>
m The components of the velocity are given by
A .
u1(x) =1 — exp(Adxy) cos(2mxz), us(x) == o exp(Axy) sin(27rxs),
s
and pressure given by
1 A
px) = -3 exp(24x1) + 5 (exp(44) — 1)

m We monitor the errors

. k . 0,k
e, =u, —Iu, € =pp— T, P
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Convergence rate: Kovasznay flow
Strongly enforced BC, upwind stabilisation, Re = 40

Ndof Nnz len . n EOC HehHLQ(Q)d EOC lenlp2q)  EOC Tass Tsol
k=0
65 736 9.37e-01 - 1.40e-01 - 6.84e-01 - 1.31e-02 8.52e-03
289 3808 1.13e+00 -0.27 5.50e-01 -1.98 1.96e-01 1.80 5.92e-02 4.90e-02
1217 17056 9.14e-01 0.31 2.26e-01 1.28 1.02e-01 0.94 1.02e-01 1.06e-01
4993 71968 6.26e-01 0.55 7.89e-02 1.52 3.52e-02 1.54 3.10e-01 4.46e-01
20225 295456 3.87e-01 0.70 2.47e-02 1.68 9.78e-03 1.85 1.02e+00 2.17e+00
81409 1197088 2.47e-01 0.65 8.06e-03 1.61 3.09e-03 1.66 3.73e+00 1.49e+01
k=1
113 2464 7.31e-01 - 5.37e-01 - 2.49e-01 - 2.51e-02 1.72e-02
513 13056 3.83e-01 0.93 1.54e-01 1.80 4.29e-02 2.54 4.77e-02 4.72e-02
2177 59008 1.02e-01 1.90 2.13e-02 2.85 3.98e-03 3.43 1.29e-01 1.79e-01
8961 249984 2.93e-02 1.80 2.97e-03 2.84 6.54e-04 2.61 5.13e-01 1.01e+00
36353 1028224 8.23e-03 1.83 3.99e-04 2.90 1.28e-04 2.35 2.05e+00 5.28e+00
146433 4169856 2.26-03 1.86 5.21e-05 2.94 2.65¢-05 227 7.25¢400  2.97e+01
k=2
161 5216 3.50e-01 - 2.09e-01 - 6.42e-02 - 3.44e-02 2.26e-02
737 27872 3.76e-02 3.22 1.34e-02 3.96 2.07e-03 4.95 6.95e-02 6.88e-02
3137 126368 6.96e-03 243 1.31e-03 3.36 1.48e-04 3.80 2.66e-01 3.60e-01
12929 536096 1.06e-03 272 9.48e-05 3.79 1.77e-05 3.07 1.11e+00 2.02e+-00
52481 2206496 1.55e-04 2.77 6.36e-06 3.90 2.27e-06 2.96 4.16e-+-00 1.13e+01
211457 8951072 2.21e-05 2.81 4.13e-07 3.95 2.72e-07 3.06 1.51e+01 6.02e+01
k=5
305 19616 2.28e-03 - 1.05e-03 - 1.70e-04 - 1.28e-01 5.63e-02
1409 105728 4.01e-05 5.83 1.05e-05 6.65 2.05e-06 6.37 3.95e-01 2.19e-01
6017 480896 7.21e-07 5.80 8.98e-08 6.87 3.21e-08 6.00 1.60e-+-00 1.32e+00
24833 2043008 1.37e-08 5.72 7.89%-10 6.83 5.43e-10 5.88 6.45e+00 8.29e+00
100865 8414336 2.56e-10 5.74 6.72e-12 6.88 9.14e-12 5.89 2.54e401 5.01e+01
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Convergence rate: Kovasznay flow
Weakly enforced BC, no stabilisation, Re = 40

Ndof Nnz len . n EOC HehHLQ(Q)d EOC lenlp2q)  EOC Tass Tsol
k=0
97 1216 1.07e+00 - 3.93e-01 - 6.80e-01 - 2.68e-02 2.31e-02
353 4800 1.70e+00 -0.67 9.58e-01 -1.28 2.79e-01 1.28 3.41e-02 3.71e-02
1345 19072 1.44e+-00 0.24 3.89e-01 1.30 1.32e-01 1.09 6.68e-02 8.04e-02
5249 76032 8.77e-01 0.72 1.18e-01 1.72 4.93e-02 1.42 2.15e-01 3.52e-01
20737 303616 4.78e-01 0.88 3.23e-02 1.87 1.49e-02 1.72 8.07e-01 1.95e+00
82433 1213440 2.46e-01 0.96 8.32e-03 1.96 4.08e-03 1.87 3.19e+00 1.47e+01
k=1
177 4256 1.02e+00 - 7.27e-01 - 2.69e-01 - 1.44e-02 1.60e-02
641 16768 4.20e-01 1.28 1.66e-01 213 4.96e-02 2.44 3.59e-02 4.25e-02
2433 66560 1.40e-01 1.58 2.66e-02 2.64 8.60e-03 253 1.09e-01 1.70e-01
9473 265216 4.06e-02 1.79 3.55e-03 291 1.29e-03 274 4.62e-01 1.10e+00
37377 1058816 1.03e-02 1.97 4.37e-04 3.02 1.79e-04 2.85 1.91e+00 5.64e+00
148481 4231168 2.61e-03 1.99 5.46e-05 3.00 2.96e-05 2.60 7.07e+00 3.32e+01
k=2
257 9152 5.50e-01 - 3.16e-01 - 1.20e-01 - 2.23e-02 2.33e-02
929 36032 7.58e-02 2.86 2.46e-02 3.68 6.03e-03 4.31 6.11e-02 7.47e-02
3521 142976 1.23e-02 2.62 1.84e-03 3.74 3.69e-04 4.03 2.41e-01 3.90e-01
13697 569600 1.70e-03 2.86 1.12¢-04 4.03 3.63e-05 3.35 1.02e+00 2.21e+00
54017 2273792 2.21e-04 2.95 6.87e-06 4.03 3.84e-06 3.24 3.62e+00 1.17e+01
214529 9085952 2.80e-05 2.98 4.28e-07 4.00 3.72e-07 3.37 1.40e+01 6.76e+01
k=5
497 34976 6.48e-03 - 1.76e-03 - 1.02e-03 - 1.23e-01 7.22e-02
1793 137600 7.07e-05 6.52 1.34e-05 7.04 4.58e-06 7.81 4.06e-01 2.95e-01
6785 545792 1.28e-06 5.79 1.10e-07 6.94 4.40e-08 6.70 1.51e+00 1.56e+00
26369 2173952 2.20e-08 5.87 8.84e-10 6.95 5.86e-10 6.23 5.67e+00 8.48e+00
103937 8677376 3.56e-10 5.95 7.20e-12 6.94 7.42e-12 6.30 2.28e+01 5.14e+01

38/48



Lid-driven cavity |

Figure: Lid-driven cavity, velocity magnitude contours (10 equispaced values in the range [0, 1])
for k = 7 computations at Re = 1,000 (left: 16x16 grid) and Re = 20,000 (right: 128x128 grid).
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Lid-driven cavity
Re = 1,000
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Figure: uy along the vertical centerline, us along the horizontal centerline
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Lid-driven cavity
Re = 5,000

uy
-1 -08 -0.6 04 -02 0 02 04 06 08 1

1

Ghia et al.

+ Erturk et al.
—— k =1, 128 x 128, strong bc
—— k =17,32x32, strong bc

0.8

0.8 0.6

I 0.4
0.6 02
g r 0 g
0.4 -0.2
0.4
02| ~0.6
-0.8
1
0 -1
0 0.2 0.4 0.6 0.8 1

X1

Figure: uy along the vertical centerline, us along the horizontal centerline
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Lid-driven cavity
Re = 10,000
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Figure: uy along the vertical centerline, us along the horizontal centerline
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Lid-driven cavity
Re = 20,000
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Figure: uy along the vertical centerline, us along the horizontal centerline
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Three-dimensional lid-driven cavity

Figure: Three-dimensional lid-driven cavity, Re = 1000, streamlines
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Lid-driven cavity

uy
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Figure: 3D Lid-driven cavity flow, horizontal component u; of the velocity along the vertical

centerline x1, x3 = % and the vertical component us of the velocity along the horizontal centerline

X2,x3 = % for Re = 1,000, k = 1,2,4
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