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Features

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k = 0)

Robustness with respect to the variations of the physical coefficients

Reduced computational cost after static condensation

(k+d-1
Nyof,n = card(F, )( )

d-1



Polyhedral meshes

Figure: Admissible meshes in 2d and 3d, and HHO solution on the agglomerated 3d mesh



Model problem

m Let Q c RY, d > 1, denote a bounded, connected polyhedral domain
m For f € L%(Q), we consider the Poisson problem

—Au=f in Q
u=20 on 0Q

®m In weak form: Find u € H}(Q) s.t.

a(u,v) = (Vu, Vv) = (f,v) Vv e Hy(Q)



Projectors on local polynomial spaces

At the core of HHO are projectors on local polynomial spaces
m With X =T or X = F, the L?-projector "x : LY(X) —» PY(X) is s.t.

(n()[v —v,w)x =0 for all w € PH(X)
m The elliptic projector 71'7131 cWENT) — PUT) is s.t.
(V(ﬂ' 'V =), Vw)r = 0 for all w € P/(T') and (7rT v—v,)r =

Both 7rOl and 7rTl have optimal approximation properties in P!(T)
See [DP and Droniou, 2017a, DP and Droniou, 2017b]



Computing ﬂ;’kﬂ from L2-projections of degree k

m The following integration by parts formula is valid for all w € C®(T):

(Vv, Vw)r = =(v, aw)r + Z v, Vw-nrp)r
Fe%r

Specializing it to w € PK*(T), we can write
1Lk+1 0,k 0,k
(Vo o, Vw)r = —(m7 v, W) + Z (7@ vir, Vw-nrp)F
Fefr
m Moreover, it can be easily seen that

1,k+1 1Lk+1 0,k
(m * v=v,Dr = (7] * v—rn/v,r =0

Lk+1 0,k 0.k
m Hence, 7" v can be computed from 7n;"v and (7. v|r)res !



Discrete unknowns

Figure: g’; for k € {0, 1,2}

m Let a polynomial degree k > 0 be fixed
m For all T € 7, we define the local space of discrete unknowns

Uk ={v, = or,(vF)Fes;) : vr € PX(T) and vy € PX(F) VF € 7}

m The local interpolator IX : H(T) — Uk is s.t., for all v € HY(T),

ko . 0,k 0,k
!Tv = (ﬂT v, (ﬂF v|F)F€7:T)



Local potential reconstruction

m Let T € 7;,. We define the local potential reconstruction operator
r;(‘+1 :g’l; - Pk+1(T)

s.t. for all v, € Uk, (Pk*1y, — vy, 1)7 = 0 and

(Vr§+lzr, Vw)r = —=(vp, AW)r + Z (vr, Vwnrp)p  Yw € PFYY(T)
Fefr

m By construction, we have

k+1

k _ _Lk+1
rroolp=m

T

[ r7’i+1 o [? has therefore optimal approximation properties in P<*1(T')



Stabilization |

m We would be tempted to approximate

arr(u,v) = (Vry

m This choice, however, is not stable in general. We consider instead

k+1 k+1
up, Vrp )t

ar (i, vy) = (Vrk+t

k+1
up, Vrp v + sr(ug, vy)

m The role of sy is to ensure ||-||1

1
2 . 2 2
lvplifr = 1Vvrlig + ) o—lve = vrllz

T-coercivity with

Fe%r

k
Vyp € Ur



Stabilization I

Assumption (Stabilization bilinear form)

The bilinear form sy : g’; X ng' — R satisfies the following properties:
m Symmetry and positivity. sy is symmetric and positive semidefinite.
m Stability. It holds, with hidden constant independent of 4 and T,

1
ar (v vp)? = llvglhr  Vvp € Uk
m Polynomial consistency. For all w € ]P’k”(T) and all v, € g;

STQIZ(‘W’ KT) = 0



Stabilization Il

m The following stable choice violates polynomial consistency:

hd _
St g@r’ vr) = Z hFl(”F —ur, Ve — VT )F
Fe¥r

m To circumvent this problem, we penalize the high-order differences

S.t.

k k . k k+1
(6TKT, (6TFXT)F€‘FT) = ZTVT+ Yr—Yr

m The classical HHO stabilization bilinear form reads

sr(up,vy) = D hp (65 = 65 pug, (6F = 6 p)vp)r
FeFr




Discrete problem

m Define the global space with single-valued interface unknowns
U = v, = Orren 0p)res,) -
vr € BX(T) VT € T, and vy € BX(F) VF ¢ ﬁ}
and its subspace with strongly enforced boundary conditions
Q]Z’O = {Kh EQIZ cvp=0 VFe ?'hb}

m The discrete problem reads: Find u,, € Q,’;O s.t.

an(y,,) = Y ar,vy) = Y (fovrr Yo, €Ufg

TeTn TeTn

m Well-posedness follows from coercivity and discrete Poincaré



Convergence

Theorem (Energy-norm error estimate)

Assume u € H}(Q) N H**2(7;). We have the following energy error
estimate:

X
IV gy, — )l + g lon S B ulgree g, )

with (rf* ', ) = ri*uy for all T € T, and |Eh|52,h = Yreq;, stur, ugp).

Theorem (Superclose L2-norm error estimate)

Further assuming elliptic regularity and f € H (75) if k = 0,

”r}I:-HEh _ I/t” < hk+2Nk,

with Np = ||f||H1(77z) and Ny = |”|H’<+2(77,,) for k > 1.



Static condensation |

m Fix a basis for Q’,‘l o With functions supported by only one T or F

m Partition the discrete unknowns into element- and interface-based:

U
Up=], "

Ur,
m Uy, solves the following linear system:

Ug,

h

Az, Az Fa

0

V7,

h

Anm AR,

m Ag, g; is block-diagonal and SPD, hence inexpensive to invert



Static condensation I

This remark suggests a two-step solution strategy:

m Element unknowns are eliminated solving the local balances
— A1 . .
Uz, = Azt (Fr =~ Agiz Usy )
m Face unknowns are obtained solving the global transmission problem
sc . _ _AT -1
A Ugc;l =-Agz 7. A, 7. F
with global system matrix
SC ._ T -1
Ay = Agm, - Af/;gf,,AT,,ThA%Th

A}’ is SPD and its stencil involves neighbours through faces



Numerical examples

2d test case, smooth solution, uniform refinement

10712 1 ——k =4

B 10°3 d
3. W'/ 4 1070 -
k=0 ‘
T k=1 L
k=2 10 I
1075 19 k=3[
10711 L : ] g ‘ : I
10725 1072 10718 1072° 1072 10710

Figure: 2d test case, trigonometric solution. Energy (left) and L2-norm (right) of the error vs. h
for uniformly refined triangular (top) and hexagonal (bottom) mesh families



Numerical examples |

3d industrial test case, adaptive refinement, cost assessment

Figure: Geometry (left), numerical solution (right, top) and final adaptive mesh (right, bottom) for
the comb-drive actuator test case [DP and Specogna, 2016]



Numerical examples |l

3d industrial test case, adaptive refinement, cost assessment

45} 1 45} 1
4r -m-k=0un || ar -m-k=0un ||
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(a) Capacitance vs. Ngof,n (b) Capacitance vs. computing time

Figure: Results for the comb drive benchmark.



Numerical examples IlI

3d industrial test case, adaptive refinement, cost assessment

T T T T . . . . T T T T T
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Figure: Computing wall time (s) vs. number of DOFs for the comb drive benchmark, AGMG solver.



Numerical examples |

3d test case, singular solution, adaptive coarsening

Figure: Fichera corner benchmark, adaptive mesh coarsening [DP and Specogna, 2016]



Numerical examples |l

3d test case, singular solution, adaptive coarsening
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Figure: Error vs. number of DOFs for the Fichera corner benchmark, adaptively coarsened meshes
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Features

Capability of handling general polyhedral meshes
Construction valid for both d =2 and d = 3
Arbitrary approximation order (including k = 0)
Inf-sup stability on general meshes

Robust handling of dominant advection

Reduced computational cost after static condensation

(k+d-1 k+d
Ndof,hzdcard(ﬁ)( d-1 )+( J )



A few references

MHO for Stokes [Aghili, Boyaval, DP, 2015]

Pressure-robust HHO for Stokes [DP, Ern, Linke, Schieweck, 2016]
HHO for Navier-Stokes [DP and Krell, 2017]

Péclet-robust HHO for Oseen [Aghili and DP, 2017]

Darcy-robust HHO for Brinkman [Botti, DP, Droniou, 2018]



The incompressible Navier-Stokes equations |

mletde {23}, veR:, feL* Q)9 U:=H} Q) and P = L2(Q)
m The INS problem reads: Find (u,p) € U X P s.t.

va(u,v) + t(u,u,v) + b(v,p) = /f-v Vv eU,
Q

—b(u,q) =0 Vg € P,
where

a(u,v) = ‘/QVu:Vv, b(v,q) = —/Q(V-v)q, tw,u,v) :=‘/QVTVuw

m Here, we have used the matrix-product notation, so that

Vuu= u;oju

Me

j=1



The incompressible Navier—Stokes equations Il

m Integrating by parts and using # = 0 on dQ and V-w =0 in Q, we

get
1 T 1 T
tw,u,v)== [ v-Vuw—-—= [ u-Vvw
2 Jo 2 Jo

m This shows that 7 is non dissipative: For all w,v € U it holds

tiw,v,v) =0



Discrete spaces |

Figure: Local velocity space g; for k € {0,1,2}

m For k > 0, we define the global space of discrete unknowns

Uy = {Kh =(vr)res,, VF)Fes,) :

vr € PKT) VT € 75, and v € PK(F)Y VF € 7—7,}

m The restriction to T € 7}, is denoted by Q;, and v, = (v7, VF)Fes;)



Discrete spaces |l

m The global interpolator I§ : HY(Q)4 — U} iss.t. ¥v € HY(Q)?

k k
Ly = (a7 vy res, @ vip)res,)
m The velocity space strongly accounting for boundary conditions is
Uiy ={v,€U; : vp =0 VFeF}

m The discrete pressure space is defined setting

Py = {qh e P4 | /Qqh =0}



Reconstructions of differential operators

m For [ > 0, the gradient reconstruction GIT :Q’} — PHT)?*d is s t.

/GngTzrz—/vT-(V-T)+ Z ve-(tnrg) VYt e PYT)
T T

Fe¥r F

m The velocity reconstruction rkt!: UX — PKY(T) is s.t.
/T(Vrlz‘flKT - G?KT):VW =0 Vwe IP’k+1(T)d, /T'J;‘HXT -vr =0
m Global reconstructions are defined setting for all T € 7, and v, € Q,’;

1 . 1 k+1 . k+1 k . k
(GhKh)IT = GTKT’ (rh+ Kh)IT = rT+ v, Dpyy, = tr(GhKh)



Viscous term

m The viscous term is discretized by means of the bilinear form a;, s.t.
— Gk .Gk ,
ah(ﬂh,ﬁh) = nly Gy, + Sh(lhvﬁh)
Q
m As in the scalar case, several possible choices for s;, ensure that

-1 2 2 k
Ca ”Khnl,h < ap(vy,v,) < Ca“Kh”Lh vy, €U,

with real number C, independent of & and of the problem data
m Variable viscosity can be treated following [DP and Ern, 2015]



Pressure-velocity coupling

m The pressure-velocity coupling is realized by means of the bilinear

br (v, qn) = —/D,'ithh
Q

m A crucial point is that by, satisfies the following inf-sup condition

Van € Py, Bllanllrzq) < sup br(vy,, qn)

Yu Egzvgv v, lls,n=1

m This stability result is valid on general meshes and for any k& > 0



Convective term |

m Recall the skew-symmetric expression of ¢:

1 1
t(w,u,v):—/vTVuw——/uTva
2 Jo 2 Jo

m Inspired by this reformulation, we set

1 . 1 .
_ T 22k _ 1 T 2k
th(wy, 1, v,,) = 5 v Gl wy, wh B u, Gi"v, wi
Q Q

m By design, tj is non dissipative: For all w,,v,,

th(mh, Y Kh) =0



Convective term |l

m In practice, one does not need to actually compute Gik
m In fact, expanding Gik according to its definition, we have

th(ﬁh’ Eh’ Kh) = Z tT(mT’ £T7 KT)’
TeT,

where, for all T € 7},

/(uF vr)Wr-nTF)

T (W, Up, vy) == / ugVr wr + 5
T FE‘Fr

1
2
%/VTVHT WT__ Z /(VF -ur)Wr-nrr)

Fe?”



Discrete problem |

The discrete problem reads: Find (u,,. pp) € QZO X P{; s.t.

vap(uy,,v,) + th(wy,, w,, v,) +bu(v,, pn) = /f'vh Yy, € gi,ov
Q

~bu(u,, qn) = 0 Van € P




Well-posedness |

Theorem (Existence and a priori bounds)

. . k
There exists a solution (u,, pp) € U, o X P,’j such that

e lln < CaCov IS,
Ipall < C (L1 +v21F1%),

with C discrete Poincaré constant, and C > 0 independent of h and v.

Theorem (Uniqueness of the discrete solution)
Assume that the forcing term verifies

V2

< -
I < 2C2C,C,

with C; continuity constant of t,,. Then, the solution is unique.



Convergence |

Theorem (Convergence to minimal regularity solutions)

It holds up to a subsequence, as h — 0,
m u;, — u strongly in LP(Q)? for p € [1, +0) ifd =2, p € [1,6) if
d=3;
m Gyu, — Vu strongly in L>(Q)%4;
m sy, u,) —0;
m p, — p strongly in L3(Q).

If the exact solution is unique, the whole sequence converges.

Key tools: discrete Sobolev embeddings and Rellick—Kondrachov
compactness results from [DP and Droniou, 2017a]



Convergence |l

Theorem (Convergence rates for small data)

Assume uniqueness for both (u,, pn) and (u, p). Assume, moreover, the
additional regularity (u, p) € H**2(Q)¢ x H**'(Q), as well as

2

v
< - -
7l < 2C;C,Ci(1 + CIQD)’

with C, and C, as above, C; boundedness constant of!’;l, and Cp
continuous Poincaré constant. Then, with hidden constant independent
of both h and v,

- 0.k :
), — Inullin + v ipn - n, pllz) S R N

with Nu,p = (1 + V_l||u||H2(Q)d)||u”Hk+2<Q)d + V_1||p||Hk+1(Q),



Static condensation

m Partition the discrete velocity unknowns as before, and the pressure
unknowns into average value + oscillations inside each element

m At each iteration, the linear system has the form

An7 Bno Aggm o Bal Uz | |Fg
An Br Anm Brl|Pa| |0
~T ~ =

T
E?;L 0 §% 0 ||P 0

m Static condensation of Ug;, and 57;1 is possible

m Impact of static condensation on the global matrix?



Numerical example: Kovasznay flow

m We consider the exact solution of [Kovasznay, 1948].
m Let Q= (-0.5,1.5) % (0,2) and set

Re = (2v)7, A:=Re— (Re® + 4712)é

m The components of the velocity are given by

A
u(x) =1 —exp(dxy) cos(2mxs), us(x) == o exp(Axy) sin(2mxs),

and pressure given by

p(x) = —1 exp(Z/lxl) + = (exp(4/l) -1



Numerical example: Kovasznay flow

Cartesian mesh family, v = 0.1

h ey, — gl p OCR lleg, —ap, Il OCR lpp - PRl OCR
k=0
0.13 1.02 — 0.33 — 1.84 —
6.25-1072 0.55 0.89 0.17 0.99 0.21 3.14
3.12-1072 0.34 0.68  4.31-1072 1.94  4.36-1072 2.26
1.56-1072 0.19 0.86 1.09-1072 1.98 1.37-1072 1.67
7.81-1073 9.72-1072 0.96 2.7-1073 2.02  3.78-1073 1.86
k=1
0.13 0.45 — 0.15 — 0.44 —
6.25-1072 0.24 0.94  3.39-1072 2.11  3.45-1072 3.68
3.12-1072 6.46-1072 1.86  4.26-1073 2.99  8.58-1073 2
1.56-1072 1.78-1072 1.86 5.58-107% 2,903 1.23.1073 2.8
7.81-1073 4.65-1073 1.904 7.11-1075 2,98 1.87-107%  2.72
k=2
0.13 0.25 — 6.41-1072 — 9.8-1072 —
6.25-1072 4.83.1072 2.34  5.81-107%  3.46  7.55-1073 3.7
3.12-1072 7.11-1073 2.76  3.45-107%  4.06 7.71-107%  3.28
1.56-1072 1.01-1073 2.82  2.07-107°  4.06 7-107° 3.46
7.81-1073 1.34-107% 2,92  1.25-107%  4.06 6.54-1076 3.43
k=3
0.13 7.84-1072 — 2.1-1072 — 3.46-1072 —
6.25-1072 7.5-1073 3.30  8.03-107%  4.71 1.39-1073  4.64
3.12-1072 5.11-1074 3.87  2.52-107° 4.98  7.31-107° 4.24
1.56-1072 3.43-107° 3.9 8.15-1077 495 3.87-1070  4.24
7.81-1073 2.22-1076 3.96  2.59-107%  4.98  2.17-1077  4.16




Numerical example: Kovasznay flow

Hexagonal mesh family, v = 0.1

h ey, — gl p OCR llzeg, =g, Il OCR lpp —Ppl OCR
k=0
0.14 1.64 — 0.62 — 2.1 —
7.33-1072 0.64 1.44 0.19 1.81 0.24 3.31
3.69-1072 0.44 0.56  7.12-1072 1.42  9.99-1072 1.28
1.85-1072 0.25 0.79  2.32-1072 1.62  3.94-1072 1.35
9.27-1073 0.13 0.91 6.7-1073 1.8 1.32-1072 1.58
k=1
0.14 0.53 — 0.22 — 0.28 —
7.33-1072 0.22 1.32  3.95-1072 2.64  5.25-1072 2.58
3.69-1072 7.26-1072 1.63  4.81-1073 3.07  1.26-1072 2.08
1.85-1072 1.96-1072 1.9 5.81-107%  3.06  2.37-1073  2.42
9.27-1073 5.07-1073 1.906  6.75-1075  3.12  4.07-107%  2.55
k=2
0.14 0.28 - 7.84-1072 - 0.11 -
7.33-1072 5.23-1072 2.56  6.37-107°  3.84 1.19-10°2  3.39
3.69-1072 8.32-1073 2.68 5.32-107%  3.62 1.7-1073 2.84
1.85-1072 1.16-1073 2.85 3.74-107°  3.85 2.04-100%  3.07
9.27-1073 1.52-107% 2.94  2.44-1076 3.95  2.61-107° 2.98
k=3
0.14 7.1-1072 — 1.56-1072 — 2.23-1072 —
7.33-1072 9.66-1073 3.05 1.1-1073 4.05  2.31-1073 3.47
3.69-1072 8.97-1074 3.46  5.36-107° 4.4 1.7-107% 3.8
1.85-1072 6.8-1075 3.74  2.13-100%  4.67  1.08-107°  3.99
9.27-1073 4.68-1076 3.87 7.6-1078 482  6.69-1077  4.03




Numerical example: Kovasznay flow

Hexagonal mesh family, HDG trilinear form, v = 0.1

h lleey, — g i, OCR llzeg, —2p Il OCR Py = Ppll OCR
k=1
0.14 Not converged
7.33-1072 0.22 — 3.99-10" — 4.83-1072 —
3.69-1072 7.01-1072 1.65  4.94-1073 3.04  9.91-1073 2.31
1.85-1072 1.94-1072 1.86 5.87-107%4 3.09  1.94-1073 2.36
9.27-1073 5.04-1073 1.95  6.64-1075  3.15 3.5-1074 2.48
k=2
0.14 Not converged
7.33-1072 4.96-1072 — 6.36-1073 — 9.52-1073 —
3.69-1072 8.38-1073 2,59 5.52-107%  3.56  1.38-107%  2.81
1.85-1072 1.18-1073 2.84 3.92-107°  3.83 1.73-100%  3.01
9.27-1073 1.55-107% 2.94 2.58-1000  3.04 2.25.107°  2.95
k=3
0.14 6.69-1072 — 1.52-1072 — 1.65-1072 —
7.33-1072 9.61-1073 2.97 1.1-1073 4.01  1.91-1073 3.3
3.69-1072 9.14-107% 3.43  5.56-107°  4.35 1.5-1074 3.71
1.85-1072 6.99-107° 3.72  2.24-1006  4.65 9.86-1076 3.94
9.27-1073 4.83-1076 3.87  8.01-10°%  4.82  6.17-1077  4.01
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