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Geological flows

Geological flows present a wide panel of mathematical challenges

Sedimental layers or infrastructures result in complex geometries

This may additional require adaptive local mesh refinement

The subsoil is a highly heterogeneous and anisotropic medium

Faults and fractures can significantly affect flow patterns

Multiple phases and components can be present

Flows can induce mechanical deformations on the matrix

Highly nonlinear behaviours can be present

. . .
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Outline

1 Heterogeneous anisotropic porous media

2 Fractured media
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Mixed Darcy problem

Let 3 ≥ 2 and K : Ω→ R3×3 be uniformly elliptic

We seek the velocity u : Ω→ R3 and the pressure ? : Ω→ R s.t.

u + K∇ ? = 0 in Ω, (Darcy’s law)

∇· u = 5 in Ω (mass balance)

The corresponding weak form is: Find (u, ?) ∈ N(div;Ω) × !2 (Ω) s.t.

<(u, v) + 1(v, ?) = 0 ∀v ∈ N(div;Ω),

−1(u, @) =
∫
Ω

5 @ ∀@ ∈ !2 (Ω),

with

<(u, v) ≔
∫
Ω

K−1u · v, 1(v, @) ≔ −
∫
Ω

∇· v @

The key dfferential operator is the divergence
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Polytopal meshes

Figure: Examples of polytopal meshes supported by the present approach
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Projectors onto local polynomial spaces

Let . ⊂ R3 be a mesh element/face and X a subspace of Pℓ (. ), ℓ ≥ 0

The !2-orthogonal projector cℓX,. : !2 (. ) → X is s.t.

cℓX,. @ = arg min
A ∈X
‖A − @‖2

!2 (. ) ∀@ ∈ !
2 (. )

or, equivalently, ∫
.

(cℓX,. @ − @)A = 0 ∀A ∈ X

A vector version is defined similarly and denoted in boldface

We will need, in particular, 0ℓ
G,)

with ) mesh element and

G
ℓ ()) ≔ ∇Pℓ+1 ())
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A key remark

Let ) ∈ Tℎ and v ∈ �1 ())3. For all @ ∈ �∞ ()), it holds∫
)

∇· v @ = −
∫
)

v · ∇ @ +
∑
� ∈F)

∫
�

(v · n) � ) @

Let : ≥ 0. Specializing this formula to @ ∈ P: ()), we can write∫
)

c:P,) (∇· v) @ = −
∫
)

0:−1
G,)

v · ∇ @ +
∑
� ∈F)

∫
�

c:P,� (v · n) � ) @

Hence, c:P,) (∇· v) is known if 0:−1
G,)

v and (c:P,� (v · n) � ))� ∈F) are
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Local discrete space for the velocity
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Figure: [:
)

for : ∈ {0, 1, 2} and 3 = 2

For : ≥ 0 and ) mesh element, we define the local MHO space

[:
)
≔

{
v
)
= (v) , (E) � )� ∈F) ) : v) ∈ G:−1 ()), E) � ∈ P: (�) ∀� ∈ F)

}
The corresponding local interpolator O:[ ,) : �1 ())3 → [:

)
is s.t.

O:[ ,) v ≔ (0
:−1
G,)

v, c:P,� (v · n) � ))

9 / 34



Reconstructions I

The local discrete divergence �:
)

: [:
)
→ P: ()) is s.t.∫

)

�:) v) @ = −
∫
)

v) · ∇ @ +
∑
� ∈F)

∫
�

E) � @ ∀@ ∈ P: ())

By construction, the following commutative diagram holds:

�1 ())3 !2 ())

[:
)

P: ())

O :[ ,)

∇ ·

c:P,)
�:
)

This is a key property in Fortin’s argument for stability
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Reconstructions II

For simplicity, assume K piecewise constant on the mesh Tℎ
The local discrete velocity V:

)
: [:

)
→ K |)G: ()) is s.t.∫

)

V:) v) · ∇ @ = −
∫
)

�:) v) @ +
∑
� ∈F)

∫
�

E) � @ ∀@ ∈ P:+1 ())

By construction, we have the following polynomial consistency property

V:) (O:[ ,) v) = v ∀v ∈ K |)G: ())

or, equivalently,

V:) [O:[ ,) (K |) ∇ @)] = ∇ @ ∀@ ∈ P:+1 ())
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Local weighted !2-product

We define the discrete weighted !2-product of velocities as

(w
)
, v
)
)[ ,) ≔

∫
)

K−1|) V
:
) w) · V

:
) v) + B[ ,) (w) , v) ),

where, with  ) � ≔ n>
) �
K |) n) � , the stabilization bilinear form is s.t.

B[ ,) (w) , v) ) ≔
∑
� ∈F)

ℎ�

 ) �

∫
�

(V:) w) ·n) � − F) � ) (V
:
) v) ·n) � − E) � )

This choice satisfies, for all (@, v
)
) ∈ P:+1 ()) ×[:

)
,

B[ ,) (O:) (K |) ∇ @), v
)
) = 0
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Global velocity space, divergence, and !2-product

The global velocity space mimicks the continuity of normal velocities

Specifically, we set

[:
ℎ
≔

{
v
ℎ
= (v

)
)) ∈Tℎ : v

)
∈ [:

)
for all ) ∈ Tℎ

and E)1� + E)2� = 0 for any interface � ⊂ m)1 ∩ m)2

}
A global divergence reconstruction is obtained setting

(�:ℎvℎ) |) ≔ �:) v) ∀) ∈ Tℎ

The global !2-product is assembled from local contributions:

(w
ℎ
, v
ℎ
)[ ,ℎ ≔

∑
) ∈Tℎ
(w
)
, v
)
)[ ,)
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A Mixed High-Order method

Recall the continuous problem: Find (u, ?) ∈ N(div;Ω) × !2 (Ω) s.t.

<(u, v) + 1(v, ?) = 0 ∀v ∈ N(div;Ω),

−1(u, @) =
∫
Ω

5 @ ∀@ ∈ !2 (Ω)

The discrete problem reads: Find (u
ℎ
, ?ℎ) ∈ [:ℎ × P: (Tℎ) s.t.

<ℎ (uℎ , vℎ) + 1ℎ (vℎ , ?ℎ) = 0 ∀v
ℎ
∈ [:

ℎ
,

−1ℎ (uℎ , @ℎ) =
∫
Ω

5 @ℎ ∀@ℎ ∈ P: (Tℎ),

with

<ℎ (uℎ , vℎ) ≔ (wℎ , vℎ)[ ,ℎ , 1ℎ (vℎ , @ℎ) ≔ −
∫
Ω

�:ℎvℎ @ℎ
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Error estimates I

Theorem (Basic error estimate)

Under the additional regularity ? ∈ �:+2 (Tℎ), it holds

‖O:ℎu − uℎ ‖[ ,ℎ + ‖c
:
P,ℎ? − ?ℎ ‖!2 (Ω) .

( ∑
) ∈Tℎ

d)  ) ℎ
2(:+1)
)

|? |2
� :+2 () )

)1/2

with ‖·‖[ ,ℎ norm induced by (·, ·)[ ,ℎ on [
ℎ

, local anisotropy ratio

d) ≔
 )

 )
,

and  ) ,  ) respectively the smallest and largest eigenvalue of K |) for
any mesh element ) ∈ Tℎ.
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Error estimates II

Theorem (Superconvergence of the pressure)

Under elliptic regularity (which requires K constant on Ω), and further
assuming 5 ∈ �1 (Ω) if : = 0,

‖c:P,ℎ? − ?ℎ ‖!2 (Ω) .

{
ℎ2‖ 5 ‖�1 (Ω) if : = 0,

ℎ:+2 |? |� :+2 (Tℎ) if : ≥ 1.
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Numerical examples I

We consider the manufactured solution

?(G, H) = 2 sin(cG) sin(cH) with K =

(
1 0
0 d−1

)
We assess convergence rates and robustness with respect to anisotropy

Figure: Kershaw and hexagonal meshes used in the numerical test case
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Numerical examples II

Figure: Flux (left) and pressure (right) convergence for the MHO method on Kershaw
(top) and hexagonal meshes (bottom)
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Numerical examples III

Figure: Robustness of the MHO method with respect the anisotropy for the flux (left)
and pressure (right) on Kershaw (top) and hexagonal meshes (bottom)
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Outline

1 Heterogeneous anisotropic porous media

2 Fractured media
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A simplified model problem I

ΩB,1 ΩB,2

Γ

mΩB

ΩB ≔ ΩB,1 ∪ΩB,2

mΓ

nΓ

Figure: A simplified two-dimensional configuration
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Governing equations

In the bulk, we consider again the Darcy equation in mixed form:

u + K∇ ? = 0 and ∇· u = 5 in ΩB

Flow in the fracture is also governed by Darcy, this time in primal form:

−∇Γ·( Γ ∇Γ ?
Γ) = ℓΓ 5Γ + ÈuÉΓ · nΓ in Γ,

where  Γ ≔ ^t
Γ
ℓΓ with ^t

Γ
tangential permeability and ℓΓ fracture width

Finally, we consider the following coupling conditions:

_Γ{u}Γ · nΓ = È?ÉΓ and _
b

Γ
ÈuÉΓ · nΓ = {?}Γ − ?Γ on Γ

with b ∈
(
1
2 , 1

]
model parameter, _Γ ≔

ℓΓ
^n
Γ

, and _
b

Γ
≔ _Γ

(
b

2 −
1
4

)
The model is completed with bulk and fracture boundary conditions
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Discretization

In the bulk, we use the MHO method described above

In the fracture, we use the standard (primal) HHO method

All quantities appearing in the coupling conditions are naturally
available with this choice
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Fracture flow I

: = 0

•
•
•

: = 1

•
•
•
•

: = 2

•
•
•
•
•

Figure: Local hybrid space of discrete unknowns %:
Γ,�

for � ∈ FΓ
ℎ

and : ∈ {0, 1, 2}

The space of fracture pressure unknowns is

%:
Γ,ℎ ≔

{
@Γ
�
=

(
(@Γ� )� ∈FΓ

ℎ
, (@Γ+ )+ ∈VΓ

ℎ

)
:

@Γ� ∈ P: (�) for all � ∈ F Γℎ and @Γ+ ∈ R for all + ∈ VΓ
ℎ

}
The corresponding interpolator �:

Γ,ℎ
: �1 (Ω) → %

Γ,ℎ is

�:
Γ,ℎ@ ≔

(
(c:P,�@ |� )FΓℎ , (@(x+ ))+ ∈VΓ

ℎ

)
Their restrictions to � ∈ F Γ

ℎ
are denoted by %:

Γ,�
and �:

Γ,�
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Fracture flow II

For � ∈ F Γ
ℎ

, the pressure reconstruction A:+1
�

: %:
Γ,�
→ P:+1 (�) is s.t.∫

�

∇Γ A
:+1
� @Γ

�
· ∇Γ F +

∫
�

A:+1� @Γ
�
×

∫
�

F

= −
∫
�

@Γ� ∆Γ F +
∑
+ ∈V�

@Γ+ (∇Γ F(x+ ) · t�+ ) +
∫
�

@Γ� ×
∫
�

F

0ℎ : %:
Γ,ℎ
× %:

Γ,ℎ
→ R is assembled from the local contributions

0� (?Γ
�
, @Γ
�
) ≔

∫
�

 � ∇Γ A
:+1
� ?Γ

�
· ∇Γ A

:+1
� @Γ

�
+ B%,� (?Γ

�
, @Γ
�
)

%:
Γ,ℎ,0

incorporates the homogeneous Dirichlet b.c. at fracture tips
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Discrete problem

The discrete problem reads: Find (u
ℎ
, ?ℎ , ?

Γ

ℎ
) ∈ [:

ℎ
× P: (Tℎ) × %:Γ,ℎ,0 s.t.

<ℎ (uℎ , vℎ) + 2ℎ (uℎ , vℎ) + 1ℎ (vℎ , ?ℎ) + 1
Γ
ℎ (vℎ , ?

Γ

ℎ
) = 0 ∀v

ℎ
∈ [:

ℎ
,

−1ℎ (uℎ , @ℎ) =
∫
ΩB

5 @ℎ ∀@ℎ ∈ P: (Tℎ),

−1Γℎ (uℎ , @
Γ

ℎ
) + 0ℎ (?Γ

ℎ
, @Γ
ℎ
) =

∫
Γ

ℓΓ 5Γ@
Γ
ℎ ∀@Γ

ℎ
∈ %:

Γ,ℎ,0

with bilinear forms 1Γ
ℎ

: [:
ℎ
× %:

Γ,ℎ,0
→ R and 2ℎ : [:

ℎ
×[:

ℎ
→ R s.t.

1Γℎ (vℎ , @
Γ

ℎ
) ≔

∑
� ∈FΓ

ℎ

∫
�

Èv
ℎ
É� @Γ� ,

2ℎ (uℎ , vℎ) ≔
∑
� ∈FΓ

ℎ

∫
�

(
_
b

�
Èu

ℎ
É�ÈvℎÉ� + _� {uℎ}� {vℎ}�

)
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Error estimate

Theorem (Error estimate)

Define the following norm on [:
ℎ

:

‖v
ℎ
‖[ , b ,ℎ ≔

(
<ℎ (vℎ , vℎ) + 2ℎ (vℎ , vℎ)

) 1
2 .

Then, denoting by ‖·‖Γ,ℎ the standard component �1-like HHO norm,
and assuming the additional regularity ? ∈ �:+2 (Tℎ) and ?Γ ∈ �:+2 (F Γ

ℎ
),

‖u
ℎ
− O:ℎu‖[ ,ℎ + j‖?ℎ − c

:
P,ℎ?‖!2 (Ω) + ‖?Γ

ℎ
− �:

Γ,ℎ?
Γ‖Γ,ℎ

.

( ∑
) ∈Tℎ

d)  ) ℎ
2(:+1)
)

‖?‖2
� :+2 () ) +

∑
� ∈FΓ

ℎ

 Γ |� ℎ
2(:+1)
�

‖?Γ‖2
� :+2 (� )

)
,

with j independent of ℎ but possibly depending on d ≔ max) ∈Tℎ d) , :,
and on the problem geometry and data.
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Assessment of the convergence rates I

Take ΩB ≔ (0, 1)2 \ Γ, Γ ≔ {0.5} × (0, 1), and 5 , 5 Γ and b.c. s.t.

?(x) ≔
{

sin(4G1) cos(cG2) if G1 < 0.5,

cos(4G1) cos(cG2) if G1 > 0.5,

?Γ (x) ≔ b (cos(2) + sin(2)) cos(cG2),

with ℓΓ = 0.01, b = 0.75, ^=
Γ
∈ {1, 2ℓΓ}, ^gΓ = 1, and K =

(
^=
Γ/2ℓΓ 0
0 1

)

•

•

(a) Triangular

•

•

(b) Cartesian

•

•

(c) Nonconforming
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Assessment of the convergence rates II

Figure: Meshes used in the numerical test case
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Assessment of the convergence rates III
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Assessment of the convergence rates IV
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Assessment of the convergence rates V
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Assessment of the convergence rates VI
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