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The incompressible Navier—Stokes equations

mletv >0, feL?(QRY), U:=Hi(RY), and P = L3(Q)
m The INS problem reads: Find (u,p) e U X P s.t.

va(u,v) +t(u,u,v) +b(v,p) =L(f,v) Vv eU,
~b(u,q) =0 Vg € L*(Q),

with viscous and pressure-velocity coupling bilinear forms

a(w,v) = /va Vv, b(v,q) = —/Qq(V -v)

and convective trilinear form and forcing term

t(w,v,2) ::/Qva~z—/Qsz~v, £(f,v) :=/Qf~v
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a(w,v) = /va Vv, b(v,q) = —/Qq(V -v)

and convective trilinear form and forcing term

t(w,v,2) :=/§2va~z—/s;sz~v, £(f,v) :=/Qf~v

m With this formulation, p is the so-called Bernoulli pressure
1
P = puin+ 5 lul?
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A key remark

m Assume b; = 0. The following Helmholtz decomposition is classical:
f=g+aVy,
with
g € Vx Hy(curl; Q) and ¢ € HY(Q) s.t. IVl (@pray =1

m We have the following crucial property: For all v € U,

f(guvw,v):f(g,v)—/gw (V'””M

={(g,v)+b(v, W)

m Hence, with (ug, pg) solution corresponding to the forcing term g,

g — g+AVYy = (ug,pg) < (ug, pg +AY)
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Discrete spaces |

k=0 k=1 k=2

Figure: Local velocity space Q; ford=2and k € {0,1,2}

m Denote by 75, a polygonal/polyhedral mesh of Q

m For k > 0, we define the global space of discrete velocity unknowns

Qi = {Kh =((vr)res,, VF)Fes,) -

vr € PKTY VT € T; and vp € PE(F)? VF € 7—7,}

m The restrictions to T € 7, are Qi and v, = (vr, VF)Fes)

5/22



Discrete spaces |l

m The global interpolator !ﬁ :HY(Q;RY) — QZ is s.t.

Iy = ((mhv)req, (7hv)pes,)
m The velocity space strongly accounting for boundary conditions is
Upo={v, €Uy : ve=0 VFeF}
m The discrete pressure space is defined setting

Py =PX(Tp) NP
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Viscous and pressure-velocity coupling terms |

m Let an element T € 75, be fixed
m For all [ > 0, the discrete gradient G} : UX — PX(T;R¥9) is s t.

/GITKT ZTZ—/VT~(V~T)+Z /vF~TnTF V1 e PX(T; R
T T F

FeFr

m For [ = k we have the following commutation property:
GiIkv =nkvy  vw e HY(T;RY),

as can be checked writing, for T € P*(T; R9%4),

Gllkv:‘rz—/ v-(V-1)+ /,v-‘rn =/Vv:T
[eits [ 3 A= |
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Viscous and pressure-velocity coupling terms |l

m The viscous term is discretised by ay, : QIZ xQ’Z — Rs.t.

ah(mh’ﬁh) = Z aT(KT’KT)

TeT,
with
ar(wy.vy) = / Ghw, : Ghv, +sr(wpavy)
T

m Above, st is a polynomially consistent local stabilisation

m Pressure-velocity coupling is realised by by, :Qﬁ x P*(7,) = R s.t.

bn(v,,pn) = /D vy pr  with Dl} —ter
TeT,
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Convective and forcing terms |

m Assume, for the moment being, 7, matching simplicial

m The div-conforming velocity reconstruction R; :Q; — RTNK(T) is
s.t.
R;("KT'nTszF'nTF VFE?‘_T,

‘/Rilr ‘W= / vr - w vw e P*"1(T;RY),

T T

m The global counterpart Rﬁ :QI;; — RTN*(7;,) is defined setting
(Rjv,)ir =Rky, VT eT,

= Crucially, it holds, setting (D) = Dk for all T € 73,

RZKh € H(div;Q) and V- Rﬁgh = Dﬁgh forally, € Qﬁ
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Convective and forcing terms Il

m The convective term is approximated by #;, : [Qﬁ]‘?’ — R s.t.

th(mh’zh,gh) = Z tT(ET’KT’gT)
TeT,

where, for all T € 7},
T Wy, vy 2p) = ‘/T G;"(kH)ETR;("KT'R;gT_L G;(k+1)ETR§"§T'R§"KT
m We have the following crucial non-dissipativity property:

th(w,,v,,v,) =0  ¥(w,,v,) €Ut xUF
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Convective and forcing terms Ill

Remark (Implementation of #)

The implementation of 7 does not require the actual computation of
G;(kﬂ). Instead, using its definition, we use the equivalent formulation:

k k
tr (Wr,Vr,2p) = / VYwrRyvy - Ryz, - / Vwr Rz, - Ryvy
T

/(WF—WT) RTZT(R Y, - ATF)
Fefr

_ Z /(WF WT) R vT(RTzT nTF)

FeFr
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Convective and forcing terms IV

m The forcing term &7 : L%(Q; R%) XQZ — Ris s.t.

o) = [ 6o Ry,
m Recalling that f = g + AV, velocity invariance holds:

(g + AV, v,) = 6y(g.v,) + bu(v,. Amfy) Vv, €U
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Discrete problem and main results |

Find (u,,, pn) € Q]Z,o X Pﬁ s.t.

vanp (Eh’Kh) + [h(ﬂhsﬂh’zh) + bh(Kh’Ph) = fh(f’Kh) Vv, € Qﬁ,()’
~by(u,,qn) =0 Van € PX(T5)

Theorem (A-uniform a priori bound on the discrete velocity)

Recalling the decomposition f = g + AV,
lyllin < v gl @ray,

with ||-|l1,» H*-like norm on U} .
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Discrete problem and main results |l

Theorem (A-robust error estimate)

Assume, with & € (0,1) and Cq, , > 0 only depending on Q and on the
mesh regularity, that the following data smallness condition holds:

llgllL2 (@ray < aCq, ov*.
Then, under the additional regularity u € H**%(7,:R?) and p € H (Q),
ey, = Lyl + v~ lpn = mpllzz @) < A

with hidden constant independent of h, v, A, and p, but possibly
depending on Q, o, @, and bounded norms of u.
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Extension to general meshes

m Take now 7}, general polytopal mesh with convex elements
m Let T € 7, Ty a matching simplicial submesh of T, and

RTN(Z7) = {w e H(div;T) : w, e RIN*(1) VreIr},
RTNEK := RTN* N Hy(div; Q)

m The div-conforming velocity reconstruction solves:

Find (RXy,,y) € RTN*(T7) x PK(Z7) sit.
(R¥v,)io = VF nrp)|e Vo € §p, VF € Fr,
/V'th ¢=/D§KT ¢ Vo ePN(TIp),
T T
/R?gr-m+/v-mzp=/vr-m Vw € RTNA (Tr)
T T T

m Optimal A-robust error estimates are obtained for k € {0, 1}
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Lid-driven cavity with modified forcing term |

f=2Vy

Figure: Problem description. We take v = 1073, corresponding to a Reynolds number of 1000
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Lid-driven cavity with modified forcing term Il
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Figure: Mesh pattern for the simplicial version of the scheme and numerical results, including a
comparison with the standard (non-A-robust) HHO method of [Botti et al., 2019]
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(c) Kershaw.

(b) Hexagonal.

Cartesian.

)
Figure: Mesh types used for the polygonal/polyhedral version of the scheme
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Lid-driven cavity with modified forcing term IV
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Figure: 4 =0, Re = 1000 and comparison with the literature
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Lid-driven cavity with modified forcing term V

ug
-1 -08 -06-04-02 0 02 04 06 08 |
1 1
— A= 105, Cartesian, present m.
0.8 A= 105, hexagonal, present m.
- 3-106
0.8 0.6 A =10, Kershaw, present m.
—— 1 = 103, Cartesian, [7]
0.4 o Ghia et al.
+  Erturk et al.
0.6 0.2
0 &
0.4 -0.2
-0.4
0.2 -0.6
-0.8
0 -1
0 02 0.4 0.6 0.8 1
Xy

Figure: 1 =109, Re = 1000 and comparison with the literature (standard HHO method for
A=10% and reference results for 1 =0)
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