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The two-phase Stefan problem |
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Figure: Enthalpy-temperature function 8 displaying latent phase-change heat

m Let 3 € Lip(R; R) be strictly increasing in R~ and R*\(0, 1)

m Let O < R?, d e {2,3}. We seek the enthalpy u: Q — R s.t.

oru—V(VB(u)=f inQx(0,T)
u(-,0) =uy in Q
B(u) =0 on dQ x (0,T)



The two-phase Stefan problem Il

m Assume ug € L2(Q) and f € L2(0,T; L*(€2)), and define the spaces
X :=L*0,T; Hy(Q)), Z:=H"0,T;H ()
m The weak formulation reads: Find uw € Z with 5(u) € X s.t.
u(-,0) =ug in Q,

and, for a.e. s€(0,7),

Ol 5),0) + (VB(u(,9)), Vi) = (f(-,8),0) Ve Hy(Q)




The two-phase Stefan problem IlI

The quantity V3(u)-n«) may jump across the phase interface
I(t) = {xeQ: Bu)(x,t) =0}

This can hinder the design and analysis of discretization methods
Local time-step and mesh refinement needed to accurately track I(t)

Lack of smoothness can prevent convergence of nonlinear iterations

A common solution consists in considering a regularized problem

B« fe with . € C'(R) and B, > ¢ > 0




The two-phase Stefan problem IV
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Figure: Example of regularized, strictly-increasing enthalpy-temperature function S

The regularized problem reads: Find u€ € Z with f.(u€) € X s.t.

ut(-,0) = B (B(ug)) in Q,

and, for a.e. s€(0,7),

[0 (,5),9) + (VB[ (,5)), V) = (f(5),¢) Ve HY(S)]




Numerical resolution

Fix K% and 70. Set € « €g t < 0, n « 0, u) « HO(B;Ol(ﬁ(uo)))
while t" < T do
Setn<«—n+1, K" « K" 1, 77 « 7771, u;:’e’o — u’;_l

e[S e
v 1 Blanin h i s empor s |
—

Setk<—0andu"€0<—u —Le

-

Set k < k + 1 and update uh’s’k = \I/(u:‘e’k_l,T",IC")

until ’ Nonlinear iterations stopping criterion ‘

Adapt the regularization parameter e

until ’ Regularization stopping criterion ‘

Adapt the time step 7"

until ‘ Time-space balancing criterion ‘

Locally adapt the space mesh K™

until ‘ Space refinement criterion ‘

Set uj « uZ’E’k, and t" — "L 4 77
end while

Quadrature adaptation could also be included



A few references

m Stefan: Residual-based estimates with space adaptivity [Picasso, 1995]
m Stefan: Adaptivity with space-time balancing [Nochetto et al., 1991]

m Rigorous a posteriori analysis for nondegenerate parabolic
problems [Verfiirth, 1998a, Verfiirth, 1998b]

m Pioneering work on degenerate parabolic problems [Nochetto et al., 2000]

A posteriori estimates by flux balancing [Prager and Synge, 1947]
m A posteriori-based adaptive stopping criteria [Jirdnek et al., 2010]

DP, Vohralik, Yousef (2015).

Adaptive regularization, linearization, discretization, and a posteriori error
control for the two-phase Stefan problem.

Math. Comp., 84(291):153-186.



Error measure

m Let up, € Z with S(up,) € X, and let R(up,) € X’ be s.t., Vp € X,

(R(unr), ¢)x,x

= 0w —unr), ) + (V(B(u) = Blunr)), Vip)} (s)ds
0
m The norm of the residual in the dual space X’ is given by

[R(unr)llxr = sup  (R(unr), 9)x:,x
PeX, [lellx=1

m We consider the following problem-specific measure:

IR ()l + o — wne (- 0) |20 |




General assumptions |

m Let {7"}1<n<n © RYE be a sequence of time steps s.t.
n
t0:=0, t":=>7" Vi<n<N, T=t"
=1
m Let {K"}o<n<n denote a family of matching simplicial space meshes
m The mesh K" is used to march in time from "1 to t”

m For the actual computation of the estimators, we will assume that

forall1<n < N, K" ! and K™ share a common submesh "~ 17
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General assumptions ||

Assumption (Approximate enthalpy)

The approximate enthalpy up, is s.t.
Unhr € Z7 atuh'r € L2(OaT7 L2(Q))7 B(uhT) € X7
and, for all 1 <n < N, unrr, is affine in time on I, := (t"~', ™).

Assumption (Equilibrated flux reconstruction)

For all 1 < n < N, there is an equilibrated flux t] € H (div; Q) s.t.

(V'f;Z, 1)}( = (fn - 6tu7,§7, 1)K VK e K".
We denote by t; the piecewise affine in time space—time function s.t.

thrin, ==t V1<n<N.



A basic a posteriori error estimate |

Theorem (Basic a posteriori error estimate)

Under the above assumptions, we have the fully computable bound

IR (o)l + llwo = une (- O)llzz-1(0) < n + e |

where, denoting by f the piecewise constant in time projection of f,

7= 2[ S (o + i ®)2 At +1f = Fllxe.
In gern

with residual, flux and initial condition estimators given by (Cp x = 7"")

M,k = Cp,xhillf" — duupr — V47| 120,
0w,k (t) = [[th + VB(unr (1)l 2x) L€ In,

me = |luo — unr (5, 0)|| g-1(q)-



A basic a posteriori error estimate ||

m Inserting i((f, ) + (thr, V«p)) and using Green's Theorem, we get

T

Rlun) @y = [ (£~ Fop)
+ _LT { (f — Otupr — Vetnr, ) —(tnr + VB (uns), V(p)}(s)ds
=%(t)

m Using the equilibrated flux property, we can estimate

KeKn

= > (f" = dwh, — Vti, o — 5 0)k
KeKm™

< Z Cp xchi ||f" = dvup, — Vil Vel k)
KeKm™

—
="R,K

m Conclude using the definition of ||-||x/ and the Cauchy-Schwarz inequality



Bounding the temperature and enthalpy errors |

In practice, one may want to control more standard error measures

m Let up, € Z be s.it. B(up,) € X. Classically, we have that

— 1w = une) ()1 0) + 18(w) = Bluns)ll72(0,7:22 (@)

Lg
< 75(31 (H'R,(uh.,.)Hg(/ + HUQ - uhT('aO)H2H*1(Q))

m An a posteriori estimate readily follows using the previous theorem

Owing to the factor €T, this estimate is not accurate for large T

A sharper bound can be obtained by a finer analysis



Bounding the temperature and enthalpy errors Il

Theorem (An improved bound for the temperature and enthalpy errors)

It holds for all up, € Z s.t. B(up,) € X,

L
jﬁ\l(u = tune) ( Dll-1 (@) + 18(w) = Bune) L2 0 7:12 (@)

Lgs

< 2{(2(3T — 1)Juo = unr (- 0)[[Fr-1(qy + IR (unr) 1%

T t
v2 [ (IRl + [ IR ) dt},
0 0

with, fort € [0,T], X; := L?(0,t; H}(Q)).



Bounding the temperature and enthalpy errors Il

Corollary (A posteriori estimate for the temperature and enthalpy errors)
It holds,

L
ill(u —une) (, D lE-1() + 18(w) = Blunr)|Z2(0, 72 (@)

< L;{(% — )i +n° +2 (Z Zn:(nl)QJr >, ian{Z(nif})},

with nic and n as above and, for all1 < n < N,

"= {J > (nﬁ,x+n§,K(t))2dt} +11f = fllxr,

In Kefcn

where, for all 1 <1 < N, J,; = an SIL et=3dsdt.

The term in red can be made as small as needed by refining K°!
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Distinguishing the error components |

mFor1 <n<N,let,:=(t""1t") and set
X, = L*(I; HY (), Z,:= H'(I,; H1(Q))
m We localize in time the dual norm of the residual setting

IR (unr)lxy, =

sup {(0(u = unr), ) + (V(B(u) — Bunr)), Vi) } (s)ds

PEXn, H‘PHanl In

m Clearly, for any up, € Z with S(up,) € X, it holds

IR (unr) 1% = Z IR (unr)l%;,

16



Distinguishing the error components ||

k .
m Let u;“" the current possibly nonconverged guess for uj_

m The affine in time function uZ’:’k on O x I, is s.t.

n,ek t— tnil

n,ek n— ., .
up (1) = (L= p()uy '+ p(t)uy ", p(t) == =

m We estimate ||R(u;"")||x; distinguishing the various error sources

17 /38



Distinguishing the error components Il|

Assumption (Adaptive setting)
Forgiven1 <n<N,e>0, and k >

m The approximate enthalpy u;* k is s.t.

upk e z, oo e LA(I,; L3(Q)), BlupeF)e X,
m There exists an equilibrated flux t}°* € H(div; Q) s.t.
(V)" Vg = (f* — du)" 1) VK e K"

1°9% € [L2(Q)]¢ is the available linearized approximation of the flux:

I ~ VBe(u(, "))

m II™ is an operator used for interpolatory numerical integration.



Distinguishing the error components IV

m To distinguish among error components, we split the flux estimator
n,e,k t) = tn V n,e,k
npx (8) = Ity + VB(up ")z

m We identify flux differences representative of each error component

m Other components could be estimated besides those considered here

19/38



Distinguishing the error components V

Theorem (A posteriori estimate distinguishing the error components)

Under the above assumption, it holds,

k k N k k Jk 7
IR xr < miek + miaesk ek ek L pmek g fly,

where, for all K € K",

77:];;6]’? o n,e,k + Hln,e,k +tn7€’k”L2(K)7
k k k
Mo i () 1= IV (AT B(up 2" (1)) — VAT Buy " NllLz(ky,  t€ In,

nqd K
V(I Bup*)) = V(I Be (up ) L2 k)

n,e,k .
I e (ugy %)) = 1"

reg7

nek,

(
“WU=H(W$th VI Bup S ) 2y € In,
v(
hn K (

‘LZ(K)7

and the corresponding global versions are obtained setting

2
n,e,k f n’;ék(t)> dt
In gexcrn ’



An a posteriori-driven adaptive algorithm

Fix K% and 70. Set € « €g t «— 0, n « 0, uf) « HO(B;Ol(ﬁ(uo)))
while t" < T do
Setn<«n+1, K" « K" 1, 77 « 7771, u;:’e’o — u’;_l

e[S e
e 1 Blnin h o s empor s |
—

Set k < 0 and u"’e'o — uy

repeat {INGHRGAHIRATSEaRe])
Set k «— k + 1 and update u;, niek \I/(u:‘e’kfl,T",IC")

n, e,k n,ek nek n,e,k

Compute 93", Mg Mhidg ™+ Min

n—1,e

until
Adapt the regularization parameter €
until
Adapt the time step 7"
until
Locally adapt the space mesh K™

until

Set uj « uZ’E’k, and t" — "7t 4 7
end while
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Setn<«n+1, K" « K" 1, 77 « 7771, u;:’e’o — u’;_l

e[S e
e 1 Blnin h o s empor s |
—

Set k < 0 and u"’e'o — uy

v (GHRARERGRY)
Set k «— k + 1 and update u}, nek lI/(uz‘e’kfl,

n, e,k n,ek nek n,e,k

Compute 93", Mg hidg” » Mhin

n—1,e

)

. n, ek n, e,k n, e,k n,e,k n, e,k
until ’ 7]lin < F““ ("]<p + "]tm + nqd + r]iefB

)

Adapt the regularization parameter €
until
Adapt the time step 7"
until
Locally adapt the space mesh K™

until

Set uj « uZ’E’k, and t" — "7t 4 7
end while
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n, e,k n,ek nek n,e,k

Compute 93", Mg hidg” » Mhin

n—1,e

o men ek o ek L nek k
until ’ Min” " < Tl (0" + 00" + 00377 + nies ™) ‘

Adapt the regularization parameter €

n,ek ws,k)

1,6,k n,ek
ul‘ltll ' o < FTPEZ (nspe + ntm + nqd

Adapt the time step 7"
until
Locally adapt the space mesh K™

until

Set uj « uZ’E’k, and t" — "7t 4 7
end while
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Set k < 0 and u"’e'o — uy

-

n—1,e

Set k «— k + 1 and update u}, mek \I/(u;“e’kfl,r

n, e,k n,ek nek n,e,k

Computen v Nem 0 Mreg .+ Min

nKm)

ad

. ek n,e,k n,e,k k
until ’ s < T (0% + it + 0 + s

)

Adapt the regularization parameter €

n,ek ws,k)

1,6,k n,ek
ul‘ltll ' o < FTPEZ (nspe + ntm + nqd

Adapt the time step 7"

n,e k n,ek n,e k
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An a posteriori-driven adaptive algorithm

Fix K% and 70. Set € « €g t «— 0, n « 0, uf) « HO(B;Ol(ﬁ(uo)))

while t" < T do
Setn<«n+1, K" « K" 1, 77 « 7771, uZ’E’O — u’;_l

e[S e
e 1 Blnin h o s empor s |
—

Set k < 0 and u"’e'o — uy

-

n—1,e

Set k «— k + 1 and update u}, mek \I/(u:‘e’kfl,r

n, e,k n,ek nek n,e,k

Compute 93", Mg hidg” » Mhin

nKm)

Nsp qd

o omek ek k k k
until ’ i < T (0" + 00" + 037" + Mics’

)

Adapt the regularization parameter €

n,ek ws,k)

rL e,k n, e,k
until g S Freg (mp + Mem T Mga

Adapt the time step 7"

n,e k n,ek n,e k

until ‘ YtmTsp < Mg Ft:mn

Locally adapt the space mesh K™

n,ek n,ek n
Nep. P gy iy forall K1, Ko € K

until

Set uj « uZ’E’k, and t" — "7t 4 7
end while
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Efficiency

Assumption (Polynomial potential and fluxes and approximation)

Assume

e

ek - g o g o g 9 0o n—1,n.
m u,*" piecewise affine in time, piecewise polynomial in space on K ;

n,e,k n,e,k - . . . n—1,n .
m 1 and t,°“" piecewise polynomial in space on K ;
m With nys 1 and nges o classical residual-based estimators,

n n,ek n,e, k12 n 2 n 2
T Z ||1h + th ||L2(K) s (nres,l) + (nres,Q)

Kefkcn—1n

Theorem (Global efficiency)
Then, under the above assumptions, it holds using the adaptive algorithm

n,e,k

Moo+ Mm - T Tgd +heg T S IR lxy, +1F = fllxy,-



Application to a FE-FV discretization |

m We apply our strategy to an implicit FE-FV discretization

m For 1 <n <N, let T™ be a matching simplicial mesh of 2 and set
Vit = {on € CO(Q); onir eP1(T) VT eT"}

m We denote by II" the usual Lagrange interpolation operator on V"

m Let u) € VU be a suitable approximation of 571(8(uo)), e.g.,

up, = T1°(871 (B(uo)))



Application to a FE-FV discretization |l

Figure: Primal mesh 7", dual mesh D™, dual element D and local tercial mesh K p

Forall1 <n < N, given uZ_l, T™ and €, we seek u;,"“ € V" s.t.

n,e n-—1
Up, Up,

( )p — (VI (Be(up))np, )op = (f".1)p VD e D™

™n




Application to a FE-FV discretization lI

m The above problem can be rewritten as the nonlinear AE system

MnUn,e . TnKnﬂe(Un’E) — " + anl o Hn,E’

where

m ™ accounts for the forcing term
B (M"U™¢ — G"1)/r™ is the discrete time derivative
m H™¢ accounts for boundary conditions

m To solve it, we linearize the second term and approximate

ﬁg(Un’E’k) ~ 66(Un,e,k—l) + ﬁé(Un’e’k_l)(Un’e’k o Un,e,k—l)



Application to a FE-FV discretization IV

m The enthalpy appearing in the estimate (with uZ’"’e BC lifting)

nek
Up,

Z Unek¢ +u ,e)

EED” i

m The corresponding linearized flux is

eti=vo Y {8

EeDmn:i

nek 1)+55( nek 1)(Ug,e,k

_ Ug’é’kfl) } b5




Application to a FE-FV discretization V

""—'."\D
N
~

I

m Let D be an internal dual cell and set
RTNx(Kp) := {vi e RTIN(Kp); vimnp = —17"np VF e Kb}

m We seek t]"“" ¢ RTNy(Kp) and gy, € P(Kp) s.t.

(tZ’€7k + IZ’E’k,Vh)D — (qh, V~Vh)D =0 Vvue RTNN,O(ICD),
(V3" n)p = (f" = o™, dn)p = 0 Vo € P§(Kp)

m Compatible and well-posed problem (cf. [Boffi, Brezzi, Fortin, 2013])

m For boundary dual cells, we solve a Neumann—Dirichlet problem



Numerical examples: Stopping criteria |
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Figure: Spatial, temporal, regularization, and linearization error estimators vs. number of Newton

iterations for a fixed mesh, time step, and regularization parameter



Numerical examples: Stopping criteria Il
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Numerical examples: Balancing criteria |
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Figure: Space-time balancing errors vs. space/time overrefinement



Numerical examples: Balancing criteria |l

Estimate

Sol_exact approach
6

Figure: Top: error distribution. Bottom: enthalpy distribution. Left: actual. Right: estimated.
User-depedent parameters for stopping criteria: T'jj, = I'reg = 0.1



Numerical examples: Balancing criteria |ll
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: Error distribution for I'jj, = I'yeg = 0.1. Left: actual. Right: estimated



Numerical examples: Overall performance
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Figure: Error estimator ™ vs. cumulated Newton iterations at each time step (time steps are
identified by markers). Left: global stopping criterion. Right: local stopping criterion



Numerical examples: Overall performance Il
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Figure: Adaptive vs. uniform refinement. Top: dual norm. Bottom: energy-norm. Left: error and
estimators. Right: effectivity indices. Dual norms are approximated solving an auxiliary problem
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A posteriori-driven algorithms for (multi-phase) flows |

DP, Flauraud, Vohralik, Yousef (2014).

A posteriori error estimates, stopping criteria, and adaptivity for multiphase compositional
Darcy flows in porous media.

J. Comput. Phys. 274(163-187).

DP, Vohralik, Yousef (2014).

An posteriori-based, fully adaptive algorithm for thermal multiphase compositional flows in
porous media with adaptive mesh refinement.

Comput. and Math. with Appl. 68:12(2331-2347).

DP, Ern, Granet, Kazymyrenko, Riedlbeck (2016).

Stress and flux reconstruction in Biot's poro-elasticity problem with application to a
posteriori-driven adaptive resolution.

In preparation.
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A posteriori-driven algorithms for (multi-phase) flows I
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Figure: A posteriori-driven adaptive resolution for the compositional Darcy model. Cumulated
linear solver iterations as a function of stopping criteria
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