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Polytopal meshes |
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Figure: Admissible meshes in 2d and 3d, and HHO solution on the agglomerated mesh
(example taken from [DP and Specogna, 2016])



Polytopal meshes I

Definition (Mesh regularity)

We consider a refined sequence (7})scr of polytopal meshes s.t., for all
he A, T, admits a simplicial submesh T, and (%)) e is

m shape-regular in the sense of Ciarlet;

m contact-regular, i.e., every simplex S C T is s.t. hg ~ hr.

Main consequences [DP and Ern, 2012]:

m Trace and inverse inequalities

m Optimal approximation for broken polynomial spaces
See also [DP and Droniou, 2017a, DP and Droniou, 2017b]
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Key properties for convergence

m For linear problems, we follow the Lax—Richtmyer's principle:

consistency = (stability <= convergence)

m As in the FE analysis, we need some key properties:
m Approximability
m Asymptotic consistency
m Stability

m For non linear problems, compactness is also required



A paradigmatic example: The p-Laplace problem

m In what follows, we focus on problems set in Wé'p(Q), p e (1,4)

m Consider as an example the p-Laplace problem: Find u:Q — R s.t.

f in Q

—div(o(Vu)) =
u=0 on dQ,

where f € L”,(Q), p = ]%, and 0:RY > RY is s.t.
o(t) =72t

m In weak formulation: Find u € Wy (Q) s.t., for all v € WS”’(Q),

/QG(VM)-VVZ/QfV

m See [DP and Droniou, 2017a] for more general Leray—Lions operators



Discretisation of Leray—Lions type problems

Conforming Finite Elements

m p-Laplacian, a priori [Barrett and Liu, 1994]
m A priori and a posteriori [Glowinski and Rappaz, 2003]

Nonconforming FE for the p-Laplacian [Liu and Yan, 2001]
Mixed Finite Volumes for Leray—Lions [Droniou, 2006]

Discrete Duality FV, d =2 [Andreianov, Boyer, Hubert, 2004-07]
Mimetic FD [Antonietti, Bigoni, Verani, 2014]

Hybrid High-Order (HHO) for general Leray—Lions operators

m Convergence by compactness [DP and Droniou, 2017a]
m Error estimates [DP and Droniou, 2017b]
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Projectors on local polynomial spaces

At the core of HHO are projectors on local polynomial spaces
m For X element or face, the L?-projector ﬂg’l (LX) = P(X) is s.t.

(ng’lv—V,W)X =0 for all w e P/(X)

For T € 9, the elliptic projector 77:;‘1 :WUH(T) — PYT) is s.t.

(V(ﬂ}’lv— v),Vw)r =0 for all w e P/(T) and (n}’lv—v, )r=0

Both projectors have optimal approximation properties in P/(T)



Computing L?-gradient projections from L?-projections

m Let now T € 7}, be fixed. For ve W"!(T) and ¢ € C*(T)?, we have

m Specializing this formula to ¢ € P¥(7), we can write

(7' Vv,0)r = (7" v, dive)r + Y. (v, ¢-mrr)r,
FE:Q.T
since divg € P*"(T) C PX(T) and ¢ p-nrr € PX(F) for all F € Fr

m Hence, n(;’va can be computed from n?‘kv and ﬂg’kv, FeJr
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Computing L?-gradient projections from L?-projections

m Let now T € 7}, be fixed. For ve W"!(T) and ¢ € C*(T)?, we have

m Specializing this formula to ¢ € P¥(7), we can write

(2 Vv, 0)7 = —(m) v, dive)r + Y (1p"v, o-nrp)p,
F€<QT

since divg € P*"(T) C PX(T) and ¢ p-nrr € PX(F) for all F € Fr

m Hence, ng’va can be computed from n?‘kv and ﬂg’kv, FeJr

[ n}‘kHv can be computed specializing to ¢ = Vw € VP (T)
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DOFs and interpolation

k=0 k=1 k=2

Figure: Q’} for k€ {0,1,2}
m For k>0 and T € .9}, we define the local space of DOFs
Uk = PX(T) x ( X HD’%F))
FeZr
m The local interpolator I% : WhI(T) — Uk is s.t.

0.k 0,k
ZI}V = (7", (%" ViF ) Fezr)

m (Degree k inside T: local conservation, L>-convergence for k = 1)



Local reconstructions and approximability

= We define the gradient reconstruction G% : Uk = PK(T)? s.t.

(Givr, 9)r = —(vr,dive)r+ Y, (ve,@nrr)r Vo € PHT)?
FE:?T

m We also need the potential reconstruction 7™ : Uk — PKI(T) s.t.

(Vrl;+lyT7VW)T = —(VT,AW)T + Z (VF7VW'I1TF)F Yw € Pk+] (T)d
FE-Q?T

m Prescribing that (rA"'v; —vr, 1)7 =0, we have for all v e WHI(T),

kgk Ok gk, o Lk+]
Grlpv=1m;"Vv, rl} Iv=m"""v

m Approximability of smooth functions through Gl} and r]}H follows
m Similar ideas are ubiquitous in POEMS (HDG, (nc)VEM,...)
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Asymptotic consistency |

m Define the following global space with single-valued interface DOFs:

Uf = ( ><Pk<T>> x ( X P"(F))
T, FeZy,

m Boundary conditions are strongly enforced considering the subspace
Q’,‘ho = {yh ceUf 1 vp=0 VFE?}I’}
. 1p
m We also define the W,,"-like norm |[v,[[{ , , := Lre 7, [l [} , 7 where

1—
||ET“[17,,;_T = ||VVT||11;(T>C1 + Z hy pHVF_VTHI;j(F) VT € 9,
FeJrp
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Asymptotic consistency |l

m A global gradient reconstruction is obtained setting, for all v, € Qﬁ,
(Giv)r =Gy, VT e,

m Define &, : W7 (div; Q) — [0, +c0) s.t., with (vj) 7 == vy VT € F,

(V) = sup

Xhegz‘();llyh H l.p,h=1

[ (Ghuy+vidivy) ‘

m Asymptotic consistency holds in the form of a discrete global IBP:

lim& () =0 Yy e W (div;Q)
h—0

m Moreover, one can prove that

W) SH Wiy g0 YW € WP (divi Q) NWE (7,)¢
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Stability through a boundary difference seminorm |

m We seek stability in the form of the uniform norm equivalence

H2h||1ph ~ |G}, J1||p ) + ‘!h‘[l},p‘[fn |b1|[17,p,h = Z |XT11)
TeI,

p.T

m To inspire stabilisation terms, the seminorm should scale like &};:
k k+1 Lp k+2,
vlipn S llwriz gy Vv € W (Q)NWETSP ()

m A paradigmatic choice is (cf. A. Ern’s talk)

1—
vrli = FZUJ; hy " \[(8Fr = S )vr I )
err

with high-order difference operators

0,k 0.k
5TVT =Ty ('];HKT—V’/‘)’ 6TFVT =T (rI;HVT—VF) VF € Fr

16
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Stability through a boundary difference seminorm ||

Crucially, we have the discrete Sobolev embeddings

Lemma (Discrete Sobolev embeddings)

For any Lebesgue exponent q s.t.

1§f1§1)*i=dd,”p if1<p<d,
1 <g< oo ifp>d,

k
we have for all v, € Uio

HVh”L‘I(Q) S CHEh”Ler

where a < b means a < Cb with C only depending on Q, p, k, ¢ and p.



Compactness

Lemma (Discrete compactness)

Let (vj)hew bes.t., forall h € 7, ||v||1pn < C for a fixed C € R. Then,

there exists v € W(g P(Q) s.t., up to a subsequence as h — 0,
. [L,p*) ifl<p<d,
m v, — v strongly in L1(Q) for all g €
h gly (Q) 4 {[17_*_%) ifp>d;

m Giv, — Vv weakly in LP(Q)".

Remark (Alternative compact gradients)

This result extends to any gradient 97 : U% — Gz s.t. PY(T)? € Gr and,
for all v, € U% and all ¢ € Gr,

(“1vr9)r = —(r,div)r+ ) (ve,9-n1r)F.

FeZr

This is true, in particular, for Gy = VP**1(T) and G = P/(T)¢, 1 > 0.



An HHO scheme with external stabilisation

m Define, for all T € .9}, the function A7 : Q]; XQ]; — R s.t.

Arlur.vy):= [ o(Ghur)-Ghvy+srlur.vy)

with stabilisation contribution inspired by |-|{ 7 s.t.

slurvr)i= ¥ b [ (8he = 8F)url (8 — 8 ur (85— )y

FeZr

m The HHO scheme for the p-Laplacian reads: Find u;, € Qﬁyo s.t.

An(uy,vy) = Z Ar(ur,vr) :/fvh Vv, EQ];{,_,()
TeT, Q
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Well-posedness and convergence

Theorem (Well-posedness and convergence)

There exists a unique solution to the HHO scheme with a priori estimate

L
sl S U7
Moreover, denoting by (u,)nen € (Qﬁyo)he o the sequence of discrete
solutions on ()hesr it holds, as h — 0,
. [1,p*) ifl<p<d,
m uy, —> u strongly in L1(Q) for all g €
" gly in L9(Q) 1 {[1,+oo) ifp > d;
» Gu, — Vu strongly in LP(Q)“.

No regularity on the exact solution beyond W(;"’(Q) required!



Convergence rates

Theorem (Convergence rates)

Further assuming u € W*t27(Q) and o(Vu) € W12 (Q)4, it holds:

k
(| Lyu _Eh”l,ph S

k1 L L

hk+1|u|Wk+zp(Q)+h*1 <u Wiz (@ +|G(Vu)| k+1p (Q)d) ifp>2,

h<k+l |u|Wk+2p( Q) +hk+1 |G(Vu)|wk+1,p/(g)d ifp <



Numerical examples

T
e

Figure: Triangular, locally refined, and predominantly hexagonal meshes

m Trigonometric solution (p > 2)
u(x) = sin(27x ) sin(27x; )
m Exponential solution (p < 2)

u(x) = exp(x; + mxy)



Numerical examples

Trigonometric solution, [|Iu—u, |1 pn v b, p€{2,3,4}

’—o—kzo k=1 ——k=2 —A—k=3 +k:4‘

100
0! / 10! f/*/,./f*/J
102
e 10 . . .//
1076 10 - 5 10 . .
5 ‘
B 3 B 3
1 1
T T
1071 i _ R 1072
10713 107! 10703 1072410722 1072 1071 10710 10714 10712
10° 10°
10!
10!
102
102
107
10
100 1
10! ,'
10! : )
- A - 573
P A : s
P A % '
102 23 23
102 s 2 A
T T

1015 10! 1005 102410722 10-2 10-"% 10-1€ 1014 1012

Figure: |[I8u—up|1 i versus h.
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Numerical examples

Exponential solution, |[ZXu—uy |15 v h, p =3/

’—o—kzo k=1 ——k=2 —4 k=3 +k:4‘

/4
/2
/a

.
10723

.
10713 10! 10703

o Mku— gl pn versus h.

1

15/
3
3
3
3

5/a|

n
/2
/4

1072410722 1072 1071810716 10714 10712

24 /52



Analysis tools for polytopal discretisations of nonlinear problems

Application: The incompressible Navier—Stokes equations

A stable gradient reconstruction
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The steady incompressible Navier—Stokes equations

m Letting v € R% (extension to variable v is possible), f € L*(Q)¢, and
U:=H)(Q), P:=L3Q),
the INS problem in d € {2,3} reads: Find (u,p) € UX P s.t.
va(u,v) +t(u,u,v)+b(v,p) = /Qf-v YeU,
—b(u,q) =0 Vq € P,

with bilinear forms a and b and trilinear form ¢ s.t.
a(u,v)::/ Vu:Vv, b(v,q) ::—/(divv)q7 t(w,u,v)::/ vIVuw
Q Q Q

m We use the matrix-product notation: Vyw = <):J‘-1:] wjajvi>1 .,
<i<



Some related works (among many on the subject)

DG, artificial compressibility flux [Bassi et al., 2006]
DG, agglomerated meshes [Bassi et al., 2012]
DG, analysis by compactness [DP and Ern, 2010]

HDG, error estimates [Nguyen, Peraire, Cockburn, 2011,
Cesmelioglu, Cockburn, Qiu, 2016]

VEM, H(div)-conforming [Beirdo da Veiga, Lovadina, Vacca
2016-2017]

HHO, Stokes [Aghili, Boyaval, DP, 2015, DP, Ern, Linke, Schieweck,
2016]

HHO, Navier-Stokes [DP and Krell, 2016]



Discrete spaces

k=0 k=1 k=2

Figure: Local velocity space Q’} for k€ {0,1,2}

m We consider the vector version of the HHO discrete space
m Let a polynomial degree k > 0 be fixed and set

Ui = ( X lP”‘(T)d) x < X P"(F)">

TeT, FeZy,

m We account for BCs on u and the zero-average constraint on p in

Ul o= {gheg’,; Ly =0 VFegf,?}, PL =P ) NL2(Q)



Gradient and divergence reconstructions

Let a mesh element T € .}, be fixed
For [ >0, the gradient reconstruction G} : U% — P/(T)?*¢ is s t.

(GITET,T)T: 7(VT,diVT)T+ Z (vF,TnTp)p VTEPI(T)dXd
Feﬂr

This time, we also allow [ # k (I =2k used in the convective term)
The divergence reconstruction D% : U — P¥(T) is s.t.

Dy = u(Gy)

Global versions are defined setting

(Glvp)ir =Gy, (Djvy)ir:=Dkvy VT € G,
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Viscous term

m The viscous term is discretized as before by means of

an(wy,vy) 1:/QG’;‘,£/1:G'ﬁzh+sh(uh,zh),

m Variable viscosity can be treated following [DP and Ern, 2015]
m Tools for non-Newtonian fluids are available in [Botti et al., 2016]



Pressure-velocity coupling

m The pressure-velocity coupling is realized through the bilinear form

by(vy,qn) := —/QDﬁthh

m Crucially, by, satisfies the following (uniform) inf-sup condition

Van € Py, Nanllrze) < sup by (w4, qn)
vi€UR ool =1

m Valid on general meshes for d € {2,3}!
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Convective term |

m For all w,u,v € U with divw = 0, we have

1 1
t(w,u,v):/vTVuw:E/vTVuw—E/uTva
Q Q Q

m This skew-symmetric version emphasizes that ¢ is non-dissipative:

tw,v,v) =0
m Inspired by this remark, we set
th(Wp,up,vp) - 2/ Vi Gl wy — 2/ u, G}y wi,
m By design, 1, is also non-dissipative: For all w;,,v;,

th(Wps ¥y, vy) =0



Convective term |l

Remark (Implementation)

In practice, one does not need to actually compute G%k. Simply write

(W, Uy, V) = Z tr(wr,uz,vy),
TeI,

where, for all T € .9,

1
tr(Wy g, vy)i=— Z/uTVvaT+2 Y [ (wrpvr)wrngr)
FG)OZT

2/ VuTwaf ) /vF ur)(wr-nrr).

Feﬁ



Discrete problem |

= The discrete problem reads: Find (u,p;) € Uj o X P} stt.

vap(wy,vy) + tn (W, wy, ) + ba(Vy, pn) :/Qf"’h vy, € Ujyo,

—by(uy,q1) =0 Vi € P§

m When using iterative solvers, static condensation can significantly
reduce the number of unknowns at each iteration



Discrete problem Il

Theorem (Existence and a priori bounds)

There exists a solution (w;,,p,) € U% o x PX such that

leallin S VT Iz @0 lnllz@) S Wllz@e + V21122 )

Theorem (Uniqueness of the discrete solution)

Assume that the right-hand side verifies

fll (e < CV?
with C > 0 small enough. Then, the solution is unique.

Key tool: Discrete Sobolev embeddings with p=2 and p=4



Convergence |

Theorem (Convergence to minimal regularity solutions)

Denote by ((w;,,ppn))nenr € (Q’,‘ho X Pﬁ)hejf the sequence of discrete
solutions on () e It holds, up to a subsequence, as h — 0,

[1,4e0) ifd=2,

m u;, — u strongly in 17 (Q)? forp € {[1 6) i3
) I = ’.

» G¥u, — Vu strongly in L*(Q)4*4;
w s (uy,up) —0;
m p;, — p strongly in L*(Q).

Moreover, if the exact solution is unique, the whole sequence converges.

Key tool: Compactness of discrete gradients
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Convergence |l

Theorem (Convergence rates for small data)

Assume uniqueness for both (u;,,p,) and (u,p). Assume, moreover, the
additional regularity (u,p) € H**2(Q)? x H**1(Q), as well as

fll 2y < CV?

with C > 0 small enough. Then, we have the following error estimate:

Ml = pll 2y S B A (o)

||"h—

with A (u,p) = (1+v il ) o + v~ Il

Key tools: Non-dissipativity, discrete Sobolev embeddings



Numerical example: Kovasznay flow
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Figure: Cartesian mesh family, errors versus h, k € {2,3}
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Figure: Hexagonal mesh family, errors versus h, k € {2,3}



Figure: Triangular mesh family

Numerical example: FVCA 8 steady 2d test |
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mesh #

w, — L1

EOC

(o5, — u]

EOC

EOC

woBA W

15.67
1.65
8.8-1072
9.69-1073
2.31-1073

0
2.67
4.14

2.3
2.06

0.41
1.46-1072
6.85-107%
3.64-1073°
45.107°

0
3.96
4.33
3.06
3.01

4.98
3.72
2.81
2.94

Table: Triangular mesh family, v =103, k=1
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Numerical example: FVCA 8 steady 2d test |l

“s = .,,§=?
E;g ,,éi‘a..:

Figure: Deformed quadrangular mesh family

mesh # | |lu, —Fulli,  EOC lun—ull EOC | |p—pul EOC
1 3.69 0 9.65-1072 0 0.18 0
2 3.55 6-1072 | 4.7-1072 1.09 0.11 0.72
3 0.23 4.02 2.53-1073 432 | 494-1073 444
4 4.17-1072 2.52 2.58-107%  3.34 | 546-107%  3.18
5 8.33-1073 2.34 247-107° 341 | 5.84-107° 322
6 1.97-1073 2.09 285-10°° 312 | 6.65-10°° 3.14

Table: Deformed quadrangular mesh family, v =103, k=1



Analysis tools for polytopal discretisations of nonlinear problems

Application: The incompressible Navier—Stokes equations

A stable gradient reconstruction
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Internal stabilisation

m Let us go back to the p-Laplace model problem
m Can stability be embedded into the gradient reconstruction?

m We would like a stable gradient reconstruction ¢}, s.t., replacing

Wé’p(Q) <—Q’;l70, u<—u, v<vy, V9,
in the weak formulation: Find u € Wé’p(Q) s.t.,
/ & (Vu)-Vv = /fv Yo e WP (),
Q Q

we obtain the convergent scheme: Find u;, € Q’;LO s.t.

/Q (G huy)- Gy, = /Q o Yy, GQIZ,O

m Inspired by Gradient Discretisations [Droniou et al., 2017]



Key properties

We seek ¥4, s.t., for all T € 9, |G vy :GI}ET—FSTET and

(S1) L?-stability and boundedness. For all v € U% it holds that
1/2
||ST!THL2(T)d >~ vrliar = ( Z h;1||(5chF— SITC)VT”%,Z(F))
FeFr
(S2) Orthogonality. For all v, € U% and all ¢ € P¥(T),
(STKTa ¢)T =0
(S3) Image. If p#£2, St is piecewise polynomial on a partition &1 of T

Lemma (Properties of ¢;-based schemes)

Under (S1)—(S3), approximability, asymptotic consistency, stability, and
compactness are verified. Moreover, the triplet (Qﬁo,yh — v, Yy) is a
convergent Gradient Scheme.
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Stable gradient reconstructions: An inspiring remark

m Setting 8% 7 := VA" — G, we have for all ¢ € PK(T)?

0=—((8% 7~ V& )vr.0)r+ Y (85 — 8 )vr, d-nre)r

FeZr




Stable gradient reconstructions: An inspiring remark

m Setting 8% 7 := VA" — G, we have for all ¢ € PK(T)?

0= —((51%] — V& vy, 9)7+ Z (8 — 8F vy, -nrr)r

FeZrp

m Let now Sy O PX(7)? and define the residual %7 (v;;-) : S — R s.t

Rr(vrin) = —((8yr = V&) vr.mMr+ Y ((8fr — 8f)vy. nnrr)r

FE:@T

m For Sy large enough, the Riesz representation of % (v;;-) can
control |v7|i 2.7, and is therefore a good candidate for St
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Stable gradient reconstructions: An inspiring remark

m Setting 8% 7 := VA" — G, we have for all ¢ € PK(T)?

0= —((51%] — V& vy, 9)7+ Z (8 — 8F vy, -nrr)r

FeZrp

m Let now Sy O PX(7)? and define the residual %7 (v;;-) : S — R s.t

Rr(vrin) = —((8yr = V&) vr.mMr+ Y ((8fr — 8f)vy. nnrr)r
FE:@T

m For Sy large enough, the Riesz representation of % (v;;-) can
control |v7|i 2.7, and is therefore a good candidate for St

m This can be interpreted as a lifting of the boundary differences on Sy
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Lifting on a Raviart—Thomas—Nédélec subspace |

T

A

Prr
gr = {PT]:  Fe 9\7‘}

m Assume T star-shaped w.r. to xr € T with (d — 1)-simplicial faces
m These assumptions can be relaxed at the price of a heavier notation
m We consider the following choice:

Sy = RT+ (27) 1= {n € LX(T) : Myp,, € RTH! (Pry) VF € fJT}




Lifting on a Raviart—Thomas—Nédélec subspace Il

m The Riesz representation Sy of Z(v;;-) can be computed face-wise:

Srvr =Y Srrvy
Feﬁr

where, for all F € %7, Stryvy is s.t., for all n € R']I‘HI(PTF),

(S7rvr, e = — (8.7 — V& )Wvr, )1 + (85 — 8 vy, nonzr)F

m The properties (S1)—(S3) are verified by construction
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Numerical examples
Trigonometric solution, [|Iu—u, |1 pn v b, p€{2,3,4}
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Figure: Trigonometric solution,

|l§u7gh\|1_,,,’h versus h. R



Thank you!
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