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Model problem |

m Let Q c RY, d € {2,3}, be a bounded, connected polyhedral domain
m For f € L?(Q;R9), we consider the elasticity problem

-V-(o(-,Vsu)) = f in Q,
u=20 on 0Q,

with o : Q X Rg}ﬁg - Rg}fﬁ possibly nonlinear strain-stress law and

1
Viu = 3 (Vu + VuT)

m In weak form: Find u € U := H}(Q)9 s.t.

a(u,v) = /QO'(-,VSu):VSv = /Qf-v Vv elU
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Model problem Il

Example (Linear elasticity)

Given a uniformly elliptic fourth-order tensor-valued function
4
C:Q—>RY forae xeQandall 7eRP4,

og(x,t)=C(x)r.
For homogeneous isotropic media, C(x)t = 2ut + Atr(t)l,.
Example (Hencky—Mises model)
Given 1:R—>Rand u: R — R, for a.e. x € Q and all T € Rxd,
o(t) = 2u(dev(t))rly + A(dev(T)) tr(T)1y,

where dev(r) = tr(t?) — d~! tr(1)%.
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Model problem IlI

Example (Isotropic damage model)

Given the damage function D : R% — (0,1) and C as above, for a.e.
x € Q and all T e R4,

o(x,7)=(1-D(r))C(x)t.

Example (Second-order model)

Given Lamé parameters u, A and second-order moduli A, B,C, for all
T € Rdxd

o (1) = 2ut + Atr(t) + At? + Btr(r®)I, + 2B tr(t)t + C tr(1)1,.
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References for this presentation

Linear elasticity [DP and Ern, 2015]
Nonlinear elasticity [M. Botti, DP, Sochala, 2017]
Uniform local Korn inequality [L. Botti, DP, Droniou, 2018]

Low-order, global Korn inequality [M. Botti, DP, Gugliemana, 2019]
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Regular mesh sequence

Definition (Regular mesh sequence)
For any h € H, let My, = (T, Fr) with
m 7, set of polyhedral elements;
m ¥, set of polygonal faces.
The mesh sequence (Mp,)neq is regular if
m It admits a shape regular matching simplicial submesh i, =(Ty, Tn);
m ForanyT €7, andanyte I st. tCT,

I’lT = hT.
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L?-orthogonal projectors on local polynomial spaces

m Let a polynomial degree k > 0 be fixed
m With X € 7, U7, the L2-projector 7TX - L*(X;R) — PX(X;R) is s.t.

/(ﬂ'X v—v)w =0 for all w € P*(X;R)

m Vector and tensor versions are defined component-wise
m Optimal W*-P-approximation properties in [DP and Droniou, 2017a]
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Strain projector |

m Let a polynomial degree [ > 1 and an element T € 7, be fixed
m The strain projector 7% : HY(T;RY) — P/(T;RY) is s.t.

/ Vo(x'y —v):Vow =0 Vw e PY(T;RY)
T

and rigid-body motions are fixed enforcing

/n'Tv—/ /ssﬂTV—/VssV
T

m For [ = 1, we find the elliptic projector of [DP and Droniou, 2017b]

8/38



Strain projector Il

Theorem (Optimal approximation properties of the strain projector)

Denote by (Mp)nert = (Tn, Frn)nest @ regular mesh sequence with
star-shaped elements. Let an integer s € {1,...,l + 1} be given. Then,
for all T € T, all v € H(T;R%), and all m € {0,...,s},

N -
v = 25V |gmrgay S hy " Vgs @ ra)-

Moreover, if m < s — 1, then, for all F € ¥,

Ny s—m-1
|v — ﬂ;;'v lem(F,]Rd) < hT 2 |v|HS(T;Rd)-

Hidden constants depend only on d, l, s, m, and the mesh regularity.
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Strain projector |lI

m It suffices to prove (cf. [DP and Droniou, 2017b]): For all T € 7,
||V7l';;~’1V||L2(T RAxd) < |v|H'(T:E&") ifm>1
||7TT Viip2erray S W2 ray + hrvlgigpay i m=0
m To prove the first relation, we insert in’%o(vssﬂ'?lv) and write
1
| V5, V||L2(T;Rd><d)
< ||V7TT v —al (V»ﬂT V)llp2(rpaxay + [E (Vs¥)l L2 (r;maxay

m For the term in red, we need local Korn inequalities to write

N
Vas'y - (Vesﬂr W2 paxay S V7 V||L2(T [Rdxd)

where the hidden constant should be independent of T’
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Strain projector IV

Lemma (Uniform local Korn inequalities)

Denoting by (Mp)neq a regular mesh sequence with star-shaped
elements it holds, for all h € H and all T € Ty,

IVy =77’ (VesW)llr < IVsvllr - Vv € HY(T;RY),
with hidden constant depending only on d and the mesh regularity.

Crucially, the hidden constant above is independent of 7!
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Computing displacement projections from L2-projections

m For all v € HY(T;R¥) and all T € C®(T; R%*4) it holds

sym

‘/T‘st:‘z':—‘/T‘v-(V~T)+ Z /Fv-TnTF

Fefr

m Specialising to T = Vow with w € PK*Y(T; RY), k > 0, gives
/Vsﬂ‘;’“]v:vsw = —‘/ﬂ;)-’kv-(V'sz) + Z / nOF’kv~VSwnTF
T T FeFr F
m Moreover, we have
1 0,k 0,k
v— nTv Vssv:—z (n'F’ V@®NTF — RTF QT v)
T 2 F
eFfr

&,k+1

m Hence, 77" 'v can be computed from ng’kv and (ﬂ%kV)Fe(]»‘T!
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Computing displacement projections from L2-projections

m For all v € HY(T;R¥) and all T € C®(T; R%*4) it holds

sym

‘/T‘st:‘z':—‘/T‘v-(V~T)+ Z /Fv-TnTF

Fefr

m Specialising to T = Vow with w € PK*Y(T; RY), k > 0, gives

/Vsﬂ‘;’“]v:vsw :—/ﬂ%/‘v-(V-VSw)+ Z /nOF’kv~VSwnTF
T T

Fe¥r F

m Moreover, we have

1 ) .
/v—/n'T v, /TVSSv:5 Z ‘/F(nOF’l‘v®nTF—nTF®7r0F’l‘v)

Fe¥r

m Hence, n;’k”v can be computed from ng’kv and (ﬂ%kV)Fe(]»‘T!

dxd )

sym

m The same holds for ng’k(VSv) (specialise to T € PK(T; R
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Discrete unknowns

k=0 k=1 k=2

Figure: Q.’; for k € {0, 1, 2}
m Let a polynomial degree k > 0 be fixed
m For all T € 75, we define the local space of discrete unknowns

Qi = {KT = (7, (VF)Fer)
vr € PK(T:RY) and v € PX(F;RY) VF € GfT}

m The local interpolator I% : HY(T;RY) — Uk is s t.
Ly = @y, (xp V)per) Vv € HY(T;RY)
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Local displacement and strain reconstructions |

m We introduce the displacement reconstruction operator
k+1 Uk N Pk+1(T Rd)

s.t., for all y, € U% and all w € PK*{(T; RY),

Avsp§+1KT:VSw=_‘/I:VT'(V'VSW)+ Z /FVF’VsW'lTF

Fefr
and
/P]}HKT—/VT, /V«pr vr=3 Z/(VF@WTF nTF®VE)
FeFr

m By construction, the following commutation property holds:

piIky = n‘;k” vy € HY(T;R%)
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Local displacement and strain reconstructions |l

m For nonlinear problems, qu’;“ is not sufficiently rich

m We therefore also define the strain reconstruction operator
k . g7k k(. pdXxd
G; 7 : Ur — PY(T; R

such that, for all T € PX(T; RE),

‘/TG(:,TKT:Tz_‘/VI (V1) + Z /Vﬁ “TRTF

Fefr

m By construction, it holds:

Gt iy =ny (Vov) vy e HY(T;RY)
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Local contribution |

. k k
ar(u,v) = ar(uz.vy) = / (G pup):Gg vy +sr(ug.vy)
T

Assumption (Stabilization bilinear form)

The bilinear form sy : Q'} X Q§ — R satisfies the following properties:
m Symmetry and positivity. sy is symmetric and positive semidefinite.
m Stability. It holds uniformly: For all v,. € U%,

k 2 2
||Gs,TKT||L2(T;Rdxd) +sr(vpvy) = lvrllsr
where ||v.[|2 == || Vsv7 |2 + hetllve —vrll?
Yorllgr s¥T L2(T;R4%d) Fefr "'F F T L2(F;R49)

; ; k+1 k
m Polynomial consistency. For all w € P***(T) and all y,. € Uy,

sr(Lhw,v,) = 0.
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Local contribution Il

Remark (Polynomial degree)

Stability and polynomial consistency are incompatible for k = 0.

Remark (Dependency)

sy satisfies polynomial consistency if and only if it depends on its
arguments via the difference operators s.t., for all Yy € Q’}

k 20k k41
07y, = Ty (pr Yr — vr),
k . 0,k k+1
OrpVy =mg (py vy —Vvr) YF € 7.

Example (Classical HHO stabilisation)

Y
st(Uy.vy) = Z . / (617("FET - 6§"ET) : (6];FKT - 6§"KT) 0
Fefr F JF
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Discrete problem

m Define the global space with single-valued interface unknowns
Us = v, = (n)rer, 0p)per,) -
yr € BXT)? VT € T, and vy e PK(F)? VF e ﬁ}
and its subspace with strongly enforced boundary conditions
Ul = {r, €U s v =0 Ve

m The discrete problem reads: Find u, € Qi A

e = Y arpp) = Y [ for v, < U,

TeT, TeT,
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Global discrete Korn inequalities |

Lemma (Global Korn inequality on broken polynomial spaces)

Let an integer | > 1 be fixed and, given v;, € P!(7,;RY), set

1
2 . 2 2
Waliin = 102l sqaa + D G NA1E NG o oy
F
FeFp,

Then it holds, with hidden constant depending only on Q, d, I, and p,

IVivullLzpaxa S IVallag.n-
(Q)

Proof.
Introduce the node-averaging operator on 9i;, and proceed as in Lemma
2.2, Brenner, 2003]. |
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Global discrete Korn inequalities Il

Corollary (Global Korn inequality on HHO spaces)

Assume k > 1. Then it holds, for all y, € Qi,o' letting v, € P*(T;; RY)

be s.t. (vp)r :=vr for all T € 7, and with hidden constant as above,
Vallz@ya + IVevalliz@yaxa S vy, llen
with ||y, |2, =2 llvll2
Yhllen TeT, Wrllg T

Remark (Other boundary conditions)

Extensions to other boundary conditions are possible.
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Existence and uniqueness |

Assumption (Strain-stress law/1)

The strain-stress law is a Carathéodory function s.t. o°(-,0) = 0 and there

exist 0 <o <T s.t., forae. x € Qand all 7, € RE,
lo(x,7)| < T|7|, (growth)
o(x,7):T > o)’ (coercivity)
(o(x,7)—0o(x,n)):(r —n) = 0. (monotonicity)

Remark (Choice of the penalty parameter)

A natural choice is to take the penalty parameter s.t.

y € [o,T].
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Existence and uniqueness ||

Theorem (Discrete existence and uniqueness)

Let (Mp)neqt denote a regular mesh sequence with star-shaped elements
and assume k > 1. Then, for all h € H, there exist a solution u, € Qfl a
to the discrete problem, which satisfies

luyllen < 11f1lL2@ira)

with hidden constant only depending on Q, o, v, o, and k.

Moreover, if o is strictly monotone, then the solution is unique.
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Convergence and error estimate

Theorem (Convergence)

Let (Mp)neqt denote a regular mesh sequence with star-shaped elements
and assume k > 1. Then, for all g € [1,+) ifd =2 and g € [1,6) if
d =3, as h — 0 it holds, up to a subsequence, that

up > u strongly in LQ(Q;Rd)'
Glg,h!h — Vsu  weakly in LQ(Q;Rdxd)‘

If, additionally, o is strictly monotone,
G]Sf,hgh — Vsu Strong/y n Lz(Q; Rdxd)

and, the continuous solution being unique, the whole sequence converges.

Proof.

Inspired by GDM [Droniou, Eymard, Guichard, Herbin, Gallouét,
2018] o
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Error estimate

Assumption (Strain-stress law/2)

There exists o,,0* € (0,+) s.t., for a.e. x € Q and all 7,5 € R

Sym’
lo(x,7) — o(x,n)| < o*|t —1, (Lipschitz continuity)
(o(x,7) = o(x,0):(t — ) > o]t — % (strong monotonicity)

Theorem (Error estimate)
Let (Mp)neqt denote a regular mesh sequence with star-shaped elements
and k > 1. Then, ifu € H**>(7;;R?) and o (-, Vsu) € H* (T, R*4),

k
|Gg pu), — Vsull 2 qmaxay + [ty lsn

< pltl (|u|Hk+2((rh;Rd) + |o(., Vsu)lHk“('E;RdXd)) D

with hidden constant only depending on Q, k, o, o, o*, o, v, the mesh
regularity and an upper bound of || f || 2q.r4)-

24/38



The lowest-order case |

m For k = 0, stability cannot be enforced through local terms

m We therefore consider a,° : Uj) x U} s.t.

1 . : 1 1
a, (u,,v,) = an(®,,v,) +in(P,u,.p,v,)

with jump penalisation bilinear form

)= 3 i [l

Fef,
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The lowest-order case |l

m Consider, e.g., isotropic homogeneous linear elasticity, that is
o(t) =2ur + Atr(t)ly with 2u—-dl” >a >0
m Coercivity is ensured by Korn's inequality in broken spaces:
ally,lIZ, < a@,.2,) Vv, €Uy,

where

=

2 llon == (193 + 124f2,)
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Error estimates |

Theorem (Energy error estimate, k = 0)

Let (Mp)neq denote a regular mesh sequence. Then, if u € H*(7,;RY),

1
IVipuy, — Vull2qpaxa + Uy, ls.n
-1
< ha (|u|H2(7;1;Rd) + |0-(Vsu)|H1(‘771;Rd><d)) 9
with hidden constant independent of h, u, of the Lamé parameters and

of f. This estimate can be proved to be uniform in A.

Remark (Star-shaped assumption)

We do not need the star-shaped assumption for k = 0, since the strain
projector coincides with the elliptic projector, whose approximation
properties do not require local Korn inequalities.
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Error estimates I

Theorem (L>-error estimate)

Under the assumptions of the above theorem, and further assuming
A >0, elliptic regularity, and f € H'(7;;R?), it holds that

Iphey, — w2 < B21F (g ma)

with hidden constant independent of both h and A.
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Convergence |

m Consider the Hencky—Mises model with ®(p) = u(e™ + 2p) and
@ = A+ u, so that

o (Vou) = (A - p) + pe” 9T ex(Vau) Iy + p(2 — e~ 4V V)V
B Weset Q=(0,1)2, u=2, 1=1, so that
u(x) = (sin(rxy) sin(mxz), sin(rxy ) sin(rxs))

m f is inferred from the exact solution
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Convergence |

Table: Convergence results on the triangular mesh family. EOC = estimated order of convergence.

h Vet = Vo puy, || EOC |l u—uy||  EOC
k=1
3.07-1072 5.59 - 1072 — 7.32-1073 —
1.54 - 1072 1.51-1072 1.9 1.05-1073 2.81
7.68-1073 3.86-1072 1.96 1.34-1074 2.96
3.84-1073 1.01-1073 1.93 1.7-107° 2.98
1.92-1078 2.59 -107% 1.96 2.15-1076 2.98
k=2
3.07-1072 1.3-1072 — 1.47-1073 —
1.54 -1072 1.29 -1073 3.35 6.05-107° 4.62
7.68-1073 2.11-1074 2.6 5.36 - 1076 3.48
3.84-1073 2.73-107° 2.95 3.6-1077 3.9
1.92-1073 3.42-107° 3.00 2.28 -107% 3.98
k=3
3.07-1072 2.81-1073 — 2.39 1074 —
1.54 -1072 3.72-107* 2.93 1.95-107° 3.63
7.68 -1073 2.16 -107° 4.09 5.47 1077 5.14
3.84-1072 1.43-1076 3.92 1.66 - 1078 5.04
1.92-1073 9.51-1078 3.091 5.34 -10710 4.96
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Convergence |

Table: Convergence results on the hexagonal mesh family. EOC = estimated order of convergence.

h Vo - V. pu, || EOC  |la%*u -uyll EOC
k=1
6.3-1072 0.22 — 2.75 1072 —
3.42-1072 3.72-1072 2.89 3.73-1073 3.27
1.72-1072 7.17-1073 2.4 4.83-107 2.97
8.59-1073 1.44 -1073 2.31 6.14 -107° 2.97
4.3-1078 2.4-107% 2.59 7.7-1076 3.00
k=2
6.3-1072 2.68 - 1072 — 3.04-1073 —
3.42-1072 7.01-1073 2.2 3.56 - 1074 3.51
1.72-1072 1.09 -1078 2.71 3.31-107° 3.46
8.59-1073 1.41-107* 2.95 2.53-1076 3.7
4.3-1073 1.96 - 107 2.85 1.72-1077 3.89
k=3
6.3-1072 1.11-1072 — 1.08-1073 —
3.42-1072 1.92-1073 2.87 9.29-107° 4.02
1.72-1072 2.79-107% 2.81 6.13-1076 3.95
8.59 -1072 2.54 -107° 3.45 2.88-1077 4.4
4.3-1073 1.61-1076 3.99 1.24-1078 4.55
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Numerical examples |

on
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Figure: Shear and tensile test cases

(1,1)

on =0
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Numerical examples |l

(a) Linear (b) Hencky—Mises (c) Second order

Figure: Tensile test case: Stress norm on the deformed domain. Values in 10°Pa
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Numerical examples IlI

(a) Linear (b) Hencky—Mises (c) Second order

Figure: Shear test case: Stress norm on the deformed domain. Values in 104Pa
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Numerical examples IV

T T T T T T T T
| |—® k=1 Triangular 121550 {-|—e—k =1 Triangular 13,192
-+- k =1 Voronoi ! -+~ k=1 Voronoi
—e— k = 2 Triangular —e— k = 2 Triangular
-+- k =2 Voronoi -+- k =2 Voronoi
| —e— k = 3 Triangular 21544 [|—e—k = 3 Triangular 3188
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Figure: Energy vs h, tensile and shear test cases, linear model
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Numerical examples V

—e— k =1 Triangular

.
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Figure: Energy vs h, tensile and shear test cases, Hencky—Mises model
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HHO implementations and more

Code_Aster https://wuw.code-aster.org (EDF)

Code_Saturne https://www.code-saturne.org (EDF)

HArD::Core2D https://github.com/jdroniou/HArDCore2D (J. Droniou)
POLYPHO http://wuw.comphys.com (R. Specogna)

SpaFEDte https://github.com/SpaFEDTe/spafedte.github.com (L. Botti)
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HHO implementations and more

Code_Aster https://wuw.code-aster.org (EDF)

Code_Saturne https://www.code-saturne.org (EDF)

HArD::Core2D https://github.com/jdroniou/HArDCore2D (J. Droniou)
POLYPHO http://wuw.comphys.com (R. Specogna)

SpaFEDte https://github.com/SpaFEDTe/spafedte.github.com (L. Botti)

Coming soon:

D. A. Di Pietro and J. Droniou
L J The Hybrid High-Order Method for Polytopal Meshes
Design, Analysis, and Applications
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