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Model problem

m Let Q c RY, d € {2, 3}, denote a polytopal domain
m For f € L2(Q), we consider the Poisson problem

—Au=f in Q,
u=>0 on 9Q,

which is a simplified model of the viscous terms in Navier—Stokes
m In weak form: Find u € U = Hé (Q) s.t.

a(u,v) ::/Vu~Vv=/fv VveU
Q Q
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Finite Elements
m Simple idea: Replace U « U, c U and solve for uy € Uy, s.t.

a(up, vp) = / fn Vv € Uy
Q
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Finite Elements
m Simple idea: Replace U « U, c U and solve for uy € Uy, s.t.

a(up, vp) = / fn Vv € Uy
Q

Figure: Example of Finite Element mesh in dimension d =2 and d =3

m With several limitations:
m The construction of Uy, requires a matching simplicial mesh of Q...
... making local mesh adaptation cumbersome
The mathematical construction lacks physical fidelity. . .
...leading to a lack of robustness in certain regimes
What about non-linear problems?
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Key ideas

m Define a local reconstruction r.lk,“ for each T € 7},

m Fix a space of unknowns Q;‘I making the reconstructions computable

m Assemble a discrete problem as in FE from the local contributions
ar (u,v) ~ a (ryuy, ryttv,) + stab.

m See the monograph [DP and Droniou, 2020] for an introduction:

1.

The Hybrid High-

Order Method for
Polytopal Meshes
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Features

D "\
ik

Figure: Examples of supported meshes M;, = (7;,, 7,) in 2d and 3d

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k = 0)
Physical fidelity leading to robustness in singular limits

Natural extension to nonlinear problems

Reduced computational cost after static condensation
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Projectors on local polynomial spaces

m With X € 7, U %, the L?-projector 7TX : L%(X) = PY{(X) is s.t.
‘/X(ﬂ%lv —v)w =0 for all w e PL(X)
m The elliptic projector 7r - HY(T) — P(T) is s.t.
‘/T V(ﬂ}‘lv —v)-Vw =0 for all w € P(T) and /T(ﬂ}’lv -v)=0

m Both have optimal approximation properties in P/(T)
m See [DP and Droniou, 2017a, DP and Droniou, 2017b]
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Computing ﬂ;’k-ﬂ from L2-projections of degree k

m Recall the following IBP valid for all v € H'(T) and all w € C*(T):

/Vv~Vw=—/vAw+ Z /va-nTF
T T F

Fefr

Specializing it to w € P¥*1(T'), we can write

‘/Vn;’kﬂv.Vw = —/ rr;’kvAw+ Z /n?p’kvVW -nTF
T

T Ferp F

m Moreover, it can be easily seen that

‘/7:(7T7I~’k+lv _ V) — ‘/T“(ﬂ';:k+lv _ 7_[(7):/(‘}) =0

1,k+1 k

0, 0.k
m Hence, 7;;""'v can be computed from 7;"v and (7" Vv)pcs !
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Discrete unknowns

Figure: Q.I; for k € {0,1,2}
m Let a polynomial degree k > 0 be fixed

m For all T € 73, we define the local space of discrete unknowns
Q; = {KT = (vr, (VF)Fes) @ VT € PX(T) and vp € PX(F) VF € ?'T}

m The local interpolator !éﬂ HY(T) — Q; is s.t., for all v e H'(T),

k. ._ [ 0k 0,k
I = (np"v, (72" V) Fer )
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Local potential reconstruction
m Let T € 7;,. We define the local potential reconstruction operator
it U — BT

st., forall v, € Q;, fT(r?lvT —vr) =0 and

‘/TVréfﬂvT Vw:—‘/Tv -Aw + Z /VFVW nrr VwePk+1(T)

FeFr

m It holds i+ o Ik = n} k41 i e., the following diagram commutes:

Ik
HY(T) —— U¥

ﬂ.ll.‘kﬂ
rk+1
T

Pk+1 (T)

11/48



Stabilization |

m We would be tempted to approximate

ap (u,v) ~ ap (rku,, rktty )

m This choice, however, is not stable in general. We consider instead

ar (up,vy) = ap (rF up, 13 vp) 457 (g, vy

m The role of sr is to ensure ||-||1.7-coercivity with

1
2 . 2 2 k
“KTHI,T = ”VVT”T + § _h lve _VTHF VKT € QT
Ferr ' F
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Stabilization |l

Assumption (Stabilization bilinear form)

The bilinear form sy : g; X g; — R satisfies the following properties:
m Symmetry and positivity. sy is symmetric and positive semidefinite.
m Stability. It holds, with hidden constant independent of 4 and T,

1
ar (vp,vp)? = vyl Vv, € Uf.
m Polynomial consistency. For all w € P¥*1(T) and all Vr € g;y

ST (!;W’KT) =0.
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Stabilization ||

m For all T € 73, sy can be obtained penalizing the components of
k (. k+1
I (’”T KT) —VYr
m An example is
-2 0,k_k+1 0,k _k+1
st (W, vy) = hy /(JTT rr W —wr)(np r vy = vr)

" h_ /(no k A+1_ _ WF)(T(O k k+1KT —vr)
Fefr
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Discrete problem

m Define the global space with single-valued interface unknowns
Uy = {Zh =((vDres,» VF)Fer,) :
vy € PX(T) VT € 75, and vr € PX(F) VF € ﬂ}
and its subspace with strongly enforced boundary conditions
Upo={v,€U; : v =0 VFeF}

m The discrete problem reads: Find u,, € Qﬁ o St

an(uy,v,) = > ar(up,ve) = ) /fvT Vv, €U,
T

T €7y, T€Tn

m Well-posedness follows from coercivity and discrete Poincaré
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Convergence

Theorem (Energy-norm error estimate)

Ifu € HY(Q) N H**2(7,), the following energy error estimate holds:

k+1
IV (”h Uy

k
- u)” + |£h|s,h < h +1|M|Hk+2(771)

k+1

with (ri*u,) i = rktu,

for all T € 75, and |gh|3h = Xreq, st (up. ur).

5 )
Theorem (Superclose L“-norm error estimate)

Further assuming elliptic regularity and f € H (7) if k =0,

with NO = ”f”Hl({ﬁz) and Ny = |u|Hk+2(7;l) fork > 1.

Il

k+1
h 4

—ull s W N,
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Numerical examples

2d test case, smooth solution, uniform refinement

I I I I I I L
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I I I I I I I
1021 1022 102 10-18 10-16 1014 10-12

Figure: Energy (left) and L2-errors (right) on triangular (top) and hexagonal (bottom) mesh

sequences for k =0,...,4
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Numerical examples |

3d test case, singular solution, adaptive coarsening

Figure: Fichera corner benchmark, adaptive mesh coarsening [DP and Specogna, 2016]
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Numerical examples Il

3d test case, singular solution, adaptive coarsening
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(a) Energy-error vs. Nyofs (b) L2-error vs. Npqof

Figure: Error vs. number of DOFs for the Fichera corner benchmark, adaptively coarsened meshes
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Basics of HHO methods

Application to the incompressible Navier-Stokes problem
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Features

Capability of handling general polyhedral meshes
Construction valid for both d =2 and d =3
Arbitrary approximation order (including k = 0)
Inf-sup stability on general meshes

Robust handling of dominant advection

Local conservation of momentum and mass

Reduced computational cost after static condensation

k+d-1

Ndof,h =d card(?’hi)( d-1

) + card(7)
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HHO for incompressible flows

MHO for Stokes [Aghili, Boyaval, DP, 2015]

Pressure-robust HHO for Stokes [DP, Ern, Linke, Schieweck, 2016]
Péclet-robust HHO for Oseen [Aghili and DP, 2018]

Darcy-robust HHO for Brinkman [Botti, DP, Droniou, 2018]
Skew-symmetric HHO for Navier-Stokes [DP and Krell, 2018]
Temam's device for HHO [Botti, DP, Droniou, 2018]

Curl-curl formulation [Beirdo da Veiga, Dassi, DP, Droniou, 2022]
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The incompressible Navier—Stokes equations

mletv>0, feL?(Q)9 U:=H}(Q)?, and P := L2(Q)
m The INS problem reads: Find (u,p) e U X P s.t.

va(u,v) +t(u,u,v)+b(v,p) = / f-v Vv eU,
Q
—b(u,q) =0 Vg € L*(Q),

with viscous and pressure-velocity coupling bilinear forms

a(w,v) = /va Vv, b(v,q) = —/Q(Vv) q

and convective trilinear form

d d
t(w,v,z) = L(w-V)v-z=ZZ/gzwj(8jvi)zi

i=1 j=1
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Discrete spaces |

Figure: Local velocity space Q;‘. for k € {0,1,2}

m For k > 0, we define the global space of discrete velocity unknowns

Q’Z = {Kh =((vr)res,» VF)Fes,) -

yr € PX(T) VT € T; and vp € PK(F)? VF e ﬁ}

m The restrictions to T € 7j, are Q; and v, = (vr, (VF)Fes)
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Discrete spaces |l

m The global interpolator I¥ : HY(Q)4 — UX is s.t., v € HY(Q)4,

k k
!flv = ((ng’ v)Tefr,,,(ﬂ% V)Fes,)
m The velocity space strongly accounting for boundary conditions is
U= (v, € U8 s v =0 VFe7)
m The discrete pressure space is defined setting

Py =P(T,) NP
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Viscous term

m The viscous term is discretized by means of the bilinear form a;, s.t.
an(u,,v,) = > ar(up,vy)
TeT,

where, letting rk+ : UK — PK*1(T)9 as for Poisson component-wise,

ar Wy, vy) = (Vrkthw  Vrktly Oy +sp(wy,vy)

with sy satisfying similar properties as in the scalar case

m Variable viscosity can be treated following [DP and Ern, 2015]
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Divergence reconstruction

m Let £ > 0. Mimicking the IBP formula: ¥(v, q) € H'(T)? x C*(T),

/T(V-V)q=—/Tv-Vq+ /(v nrr) q

we introduce divergence reconstruction D; :Qéﬁ — PYT) s.t.

/TD[fKT q:_/TVT'V61+ /(VF nrr) q VqeP(T)

Fe¥r

Fefr

m Forallv e HY(T)?, Dk (1kv) = ﬂ?fk(V'V), i.e., the following
diagram commutes:

HY(T)? —— LX(T)

k 0,k
b e
k

Ut~ BT
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Pressure-velocity coupling |

br(¥y>qn) == Z /TD’;KT qr

TeT,

ﬂ

Lemma (Uniform inf-sup condition)

There is B > 0 independent of h s.t.

Van € Py, Bllgnllrz) < $ = sup bn (v, qn)-

Yn EQE,O’ ||Kh [l1,n=1
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Pressure-velocity coupling Il

m Let g, € PX(7;). The continuous inf-sup gives Vg, € Hé(Q)d s.t.
=Vevg, =qn and vy, g1y S lgnllzz (@
m We next write
0100y == [ (F%4) @5 = 00,000) = b Livaye )

where we have used 705 (V-v,,) = DKIXv,, for all T € 7,

m Using the definition of the supremum followed by
v ln S Pl Vv e HY(T),
we obtain
a2 o) < SIZEva llin < Syl @ < Slanllz )

Stability result valid on general meshes and for any k > 0
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Convective term: A key remark |

m We have the following IBP formula: For all w,v,z € H'(Q)?,

'/Q(w~V)v-z+/ﬂ(w'V)z-v+/Q(V-w)(v-z)=/ﬁé(w-n)(wz)

m Using this formula with w =v =z = u, we get

t(uuu)—/(u Vu - u—W+§W/

mass eq.

m Reproducing this non-dissipation property is key!
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Convective term: A key remark Il

m The discrete velocity may not be divergence-free (and zero on Q)

m We can used as a starting point modified versions of t:

*(w,v,2) :=%/g(w-V)v-z—%/g(w-V)z-v

or, following [Temam, 1979],

" (w,v,z7) = L(w-V)v~z+%/g(V-w)(v~z)—%Ag(w-n)(v~z)

m / and /"™ are non-dissipative even if V-w # 0 and v 5q # 0
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Directional derivative reconstruction

mletw, € Q§ represent a velocity field on T

m We let the directional derivative reconstruction
k k k d
GT(KTQ ) ZQT — PY(T)

be s.t., for all z € PX(T)¢,

/Gé(ir:,zr) 4
T

:/(WT'V)VT'Z"' /(WF nrr)(ve —=vr)-z
T

Fefr
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Discrete global integration by parts formula

We reproduce at the discrete level the formula:

/Q(w~V)v~z+/g(w-V)z-v+/g(V-w)(v~z)=/ag(w-n)(v-z)

Proposition (Discrete integration by parts formula)

It holds, for all WiV %, € Qi

Z/ GKwyivy) zr +vr - GT(wT,zT)+D Fwoor - zr))
T €T,

/(WF RE)VE - ZF — /(WF nrp)(VE —vr) - (ZF —27)-
FeFp

7*671 P‘e?%

The term in red reflects the non-conformity of the method.
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Convective term |

tm — . . 1 . .
" (w,v,2) ._/Q(w V)v z+2/Q(Vw)(v z) VYw,v,zeU

m Inspired by 1", we set

1 ‘
IR IEAESY /Gé(mT;zT)~ZT+— > /TD%ka(vr-ZT)

Tefﬁ, T 2T =
+— Z Z /(WF nrp)(ve —vr) - (Zr —27)
7'E7Z Fefr

m The second and third terms embody Temam's device
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Discrete problem |

m The discrete problem reads: Find (u,,, p;) € Q’; o X Pz s.t.

vap(u,,v,) +th(w,. u,,v,) +bp(v,, pp) = / fvn Vv, € Qlli,o’
Q

~bn (. qn) =0 Van € PX(75)

m Optionally, upwind stabilisation can be added through the term

vz = 0 Y [ pPerewe) e ez -21)

h
Teh, Ferp YF I'F

m Weakly enforced boundary conditions can also be considered

m Conservative fluxes can be identified
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Well-posedness |

Theorem (Existence and a priori bounds)

There exists a solution (u,, pp,) € Qfl o X Pi such that
ety Il < v I oy and llpnll < (I lza@pe + V21 122 gy )
with hidden constants independent of both h and v.

Theorem (Uniqueness of the discrete solution)

Assume that it holds with C independent of h and v and small enough,

Ifllz2(@a < CV2.

Then, the solution is unique.
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Convergence |

Theorem (Convergence to minimal regularity solutions)

It holds up to a subsequence, as h — 0,

pE[l,+0) ifd=2,
p € [1,6) ifd=3;

u Vhrﬁ”gh — Vu strongly in L2(Q)d><d'.

m uy, — u strongly in L?(Q)? for {

s (uy,u,) = 0;
m p, — p strongly in L%(Q).
If the exact solution is unique, then the whole sequence converges.

Key tools: Discrete Sobolev embeddings and Rellick-Kondrachov
compactness results in HHO spaces from [DP and Droniou, 2017a]
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Convergence |l

Theorem (Convergence rates for small data)

Assume the additional regularity u € W*+*14(7;)4 N H**2(7;,)¢ and
p € HY(Q) n H*1(Q), as well as

11l 2@ < CV?

with C independent of h and v small enough. Then, it holds, with hidden
constant independent of h and v,

k 0.k
viw, = Lyullin+Ilpn =7, pllz @

k+1
< h i (V|u|Hk+2(771)d + ||u||W1,4(Q)d|u|Wk+1,4(7;l)d + |p|Hk+1(7Z,)) 5
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Convergence rate: Kovasznay flow

m Following [Kovasznay, 1948], let Q = (-0.5, 1.5) x (0, 2) and set
2 2\%
Re = (2v)7}, A:=Re - (Re® +4n°)?
m The components of the velocity are given by
A .
u1(x) = 1—exp(Axy) cos(2mxs), us(x) = o exp(Axy) sin(27xs),
and pressure given by
1 A
p(x) = -3 exp(24x1) + 5 (exp(41) = 1)

m We monitor the errors

— k — 0,k
e, =u, —Lu, € =Pph— TP
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Convergence rate: Kovasznay flow
Weakly enforced BC, no stabilisation, Re = 40

Ndof Nnz leplly,n EOC ller, ”LQ(Q)d EOC lenliz 2 q) EOC Tass Tsol
k=0
97 1216 1.07e+00 - 3.93e-01 - 6.80e-01 - 2.68e-02 2.31e-02
353 4800 1.70e+00 -0.67 9.58e-01 -1.28 2.79e-01 1.28 3.41e-02 3.71e-02
1345 19072 1.44e+00 0.24 3.89e-01 1.30 1.32e-01 1.09 6.68e-02 8.04e-02
5249 76032 8.77e-01 0.72 1.18e-01 1.72 4.93e-02 1.42 2.15e-01 3.52e-01
20737 303616 4.78e-01 0.88 3.23e-02 1.87 1.49e-02 172 8.07e-01 1.95e+00
82433 1213440 2.46e-01 0.96 8.32e-03 1.96 4.08e-03 1.87 3.19e+00 1.47e+01
k=1
177 4256 1.02e+00 - 7.27e-01 - 2.69e-01 - 1.44e-02 1.60e-02
641 16768 4.20e-01 1.28 1.66e-01 213 4.96e-02 2.44 3.59e-02 4.25e-02
2433 66560 1.40e-01 1.58 2.66e-02 2.64 8.60e-03 253 1.09e-01 1.70e-01
9473 265216 4.06e-02 1.79 3.55e-03 291 1.29e-03 274 4.62e-01 1.10e+00
37377 1058816 1.03e-02 1.97 4.37e-04 3.02 1.79-04 2.85 1.91e+00 5.64e+00
148481 4231168 2.61e-03 1.99 5.46e-05 3.00 2.96e-05 2.60 7.07e+00 3.32e+01
257 9152 5.50e-01 - 3.16e-01 - 1.20e-01 - 2.23e-02 2.33e-02
929 36032 7.58e-02 2.86 2.46e-02 3.68 6.03e-03 4.31 6.11e-02 7.47e-02
3521 142976 1.23e-02 2.62 1.84e-03 3.74 3.69e-04 4.03 2.41e-01 3.90e-01
13697 569600 1.70e-03 2.86 1.12e-04 4.03 3.63e-05 3.35 1.02e+00 2.21e4+00
54017 2273792 2.21e-04 2.95 6.87e-06 4.03 3.84e-06 3.24 3.62e+00 1.17e+01
214529 9085952 2.80e-05 2.98 4.28e-07 4.00 3.72e-07 3.37 1.40e+01 6.76e+01
k=5
497 34976 6.48e-03 - 1.76e-03 - 1.02e-03 - 1.23e-01 7.22e-02
1793 137600 7.07e-05 6.52 1.34e-05 7.04 4.58e-06 7.81 4.06e-01 2.95e-01
6785 545792 1.28e-06 5.79 1.10e-07 6.94 4.40e-08 6.70 1.51e+00 1.56e-+00
26369 2173952 2.20e-08 5.87 8.84e-10 6.95 5.86e-10 6.23 5.67e+00 8.48e+00
103937 8677376 3.56e-10 5.95 7.20e-12 6.94 7.42e-12 6.30 2.28e+01 5.14e+01
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Lid-driven cavity |

Figure: Lid-driven cavity, velocity magnitude contours (10 equispaced values in the range [0, 1])
for k =7 computations at Re = 1,000 (left: 16x16 grid) and Re = 20,000 (right: 128x128 grid).
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Lid-driven cavity
Re =1,000
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Figure: u; along the vertical centerline, us along the horizontal centerline
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Lid-driven cavity

Re = 10,000
u
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1 1
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Figure: u; along the vertical centerline, us along the horizontal centerline
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Three-dimensional lid-driven cavity

Figure: Three-dimensional lid-driven cavity, Re = 1000, streamlines
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Lid-driven cavity

uy
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Figure: 3D Lid-driven cavity flow, horizontal component u; of the velocity along the vertical

centerline x1, x3 = % and the vertical component uy of the velocity along the horizontal centerline

x2,x3 = 3 for Re=1,000, k =1,2,4
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Lid-driven cavity

uy
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Figure: 3D Lid-driven cavity flow, horizontal component u; of the velocity along the vertical

centerline x1, x3 = % and the vertical component uy of the velocity along the horizontal centerline

x2,x3 = 3 for Re = 1,000, k = 4,8
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