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A (not so simple) model problem |

m Let Q c R3 be an open connected polyhedral domain that does not
enclose any void

m Let a current density fecurl H(curl; Q) be given

m We consider the problem: Find the magnetic field o : Q — R3 and the
vector potential u : Q — R? s.t.

o—curlu=0 in Q, (vector potential)
curlo = f in Q, (Ampere's law)
diva =0 in Q, (Coulomb’s gauge)
uxn=0 on 4Q (boundary condition)

m The extension to variable magnetic permeability is straightforward
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A (not so simple) model problem Il

m In weak formulation: Find (o, u) € H(curl; Q) x H(div; Q) s.t.
/O'-T—/u-curlrz() V1 € H(curl; Q),
Q Q
/curla-v+/divudivv=/f-v Vv € H(div; Q)
Q Q Q

m Well-posedness hinges on the exactness of the following portion of the
de Rham complex:

H(curl: Q) == g (div; Q) —2 12(Q) —23 (0}

m This exactness property is also needed at the discrete level!
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Some approximations of the de Rham complex

m Classical Finite Element methods on standard meshes
m Mixed Finite Elements [Raviart and Thomas, 1977, Nédélec, 1980]
m Whitney forms [Bossavit, 1988]
m Finite Element Exterior Calculus [Arnold, 2018]
" ...

m Low-order polyhedral methods:

m Compatible Discrete Operators [Bonelle and Ern, 2014]
m Discrete Geometric Approach [Codecasa, Specogna, Trevisan, 2009]
m Mimetic Finite Differences [Beirdo da Veiga, Lipnikov, Manzini, 2014]

High-order polyhedral methods:
m VEM [Beirdo da Veiga, Brezzi, Dassi, Marini, Russo, 2016-2018]
m Discrete de Rham (DDR) methods

m References for this presentation:

m Precursor works on DDR [DP et al., 2020, DP and Droniou, 2020]
m DDR complexes with Koszul complements [DP and Droniou, 2021]
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The Finite Element way

Local spaces

Key idea: define subspaces that form a discrete complex

Let T ¢ R? be a mesh element and set, for any k > —1,
PK(T) := {restrictions of 3-variate polynomials of degree < k to T}

m Fix k > 0 and write, denoting by x7 the barycenter of T,

PK(T)3 = grad P**(T) @ (x — x7) x PK1(T)?

Gk (r) Gk (T)
= curl P (T)3 @ (x — x7)PF1(T)

R (T) R (T)
m Define the trimmed spaces

NX(T) = GK(T) @ G (T)  [Nédélec, 1980]
RT*(T) = RX(T) ® R&*1(T)  [Raviart and Thomas, 1977]
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The Finite Element way
Global FE complex

Figure: Conforming tetrahedral mesh of the unit cube (clip)
m Let 7, = {T'} be a conforming tetrahedral mesh of Q and let k > 0
m Local spaces can be glued together to form the global FE complex

R (7)) 5 N7 2 7T 5 PR(T) — (0)

m This procedure only works on conforming meshes!
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The Finite Element way

Shortcomings

Approach limited to conforming meshes with standard elements
= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
= the element shape cannot be adapted to the solution

The implementation of high-order versions may be tricky
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The discrete de Rham (DDR) approach |

Figure: Examples of polytopal meshes supported by the DDR approach
m Key idea: replace spaces and operators by discrete counterparts:

k
Lgrad, h

G Ci D 0
5 k — 5 k 5 k k
R Xgrad,h X Xdiv,h — PX(Tn) — {0}

—curl,h

m Support of general polyhedral meshes and high-order (1)
m Exactness proved at the discrete level (directly usable for stability)

m Seamless implementation of high-order versions

9/41



The discrete de Rham (DDR) approach Il

m The fully discrete spaces are spanned by vectors of polynomials

m Polynomial components attached to geometric objects to emulate
m full continuity for the approximation of H!(Q)
m continuity of tangential traces for the approximation of H(curl; Q)
m continuity of normal traces for the approximation of H(div; ()

m Selected so as to enable the reconstruction of consistent

m discrete vector calculus operators
m (scalar or vector) discrete potentials
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Introduction and motivation

Discrete de Rham (DDR) complexes

Key properties

B Application to magnetostatics
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The two-dimensional case

Continuous exact complex
m With F mesh face let, for ¢ : F — R and v : F — R? smooth enough,
rotr g := 0_a,(gradg q) rotp v = dive (0-xnV)

m We derive a discrete counterpart of the exact local complex:

gradg rotg

R — HY(F) £55 H(rot; F) =5 L2(F) — = {0}
m We will need the following decompositions of P*(F)?:

PX(F)? = grad, P (F) @ (x —xp) P (F)

G~ (F) Gk (F)
=rotr P*1(F) @ (x — xp) P L(F)

R¥(F) REK(F)

12/41



The two-dimensional case
A key remark

m Let g € P*(F). For any v € PX(F)?, we have

/Fgl‘adFlI'V=—/Fq divpv + Z ‘UFE‘/I;QV)F(V'”FE)

Ec&EF
ePk-1(F)

=—/F7T]¢<>f;~qdiVFv+ Z wFE/EmaF(V'"FE)

Ec&EF

with ﬂ];;}p L?-orthogonal projector on P*~1(F)

m Hence, grad g can be computed given n’;;}pq and qoF

WFE = 1
tE nRrE
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The two-dimensional case

Discrete H'(F) space

LJ
k=0 k=1 k=2

Figure: Number of degrees of freedom for Ké‘md g for k €{0,1,2}

m Based on this remark, we take as discrete counterpart of H'(F)

Xt =10, = (ar.qor) = ar € PLF) and gor € PE Er)

m The interpolator !{g‘rad‘F :CF) - X{g‘radf is s.t., Vg € C°(F),

Z{g(rad,Fq = (ﬂé'{iq,CIaF) with

”];’jé‘(QOF)\E = ”]f;iq\E VE € Er and gor(xv) = q(xv) YV € Vi
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The two-dimensional case

k
Reconstructions in Xg]rad rl

m For all E € EF, the edge gradient G]fE :K{g‘rad,F — PK(E) is s.t.

G4, = (qor)|g

m The full face gradient G XgradF

/FGQQF'V=—/F'f1FdiVFV+ Z wFE/E(JaF(V'nFE)

EES[-‘

m By construction, we have polynomial consistency:

Gk (Igmd rq)=gradpq Vg e P(F)

— PK(F)?iss.t., Vv € PK(F)?,
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The two-dimensional case

. . k
Reconstructions in X, - I

KL XE s = P s st Y € ROA(F),

‘/F)’;f—”gﬁ, divevr =—/FG1k:gF'VF+ Z wFE/E({oF(VF "NFE)

EEE/F

m The scalar trace y

m Well defined since divy : RE¥*2(F) =N P*1(F) is an isomorphism

m Also in this case, we have polynomial consistency:

Vi Ihaard) =q Vg€ P(F)
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The two-dimensional case
Discrete H(rot; F) space

AN AN
O

k=1

Figure: Number of degrees of freedom for Xfurl g for k €{0,1,2}

m We reason starting from: Vv € N*(F) == G*(F) @ G“**1(F),

Ll‘ot,,~vq:Lv- rotp g — Z wa/(v E) qE quPk(F)

— Ecép ——
eR*(F) ePr(E)

m This leads to the following discrete counterpart of H(rot; F):

k ) .
XewlF = {KF = (VR,F»";Q,F’ (VE)EeEr)

v F € REU(F), v o € ROK(F), v € PR(E) VE € & }
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The two-dimensional case

Reconstructions in Xf |

url, F

m The face curl operator CK : X* . — P¥(F) is s.t.,

curl,F

‘/Cll\w;KF q:/VR,F"POth_ Z wFE/VEq Vg € PX(F)
F F E

EESF

m Define the interpolator I* :HY(F)? - XX

=rot,F “—cur!
k — k-1 c,k k
Lrv= (”R FV> g pY (ﬂP,E(le ‘tE))EesF)'

[ C}; is polynomially consistent by construction:

Cr(IL, pv) =totpv Vv e N*(F)

LF St Vv e HY(F)?,
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The two-dimensional case

Reconstructions in Xcmrl gl

= The tangential trace y¥ . : X& . — PX(F)?is st
V(re, wr) € PH(F) x ROK(F),

/,
/ YerYE - (rotprp +wp)
F

k
:/CFKI«‘ rr + wFE/vErF+/vRF WFr
F EES}L

m Well-defined owing to P*(F)? = R¥(F) @ Rk (F)
m Also in this case, we have polynomial consistency:

7, F(—curl FY) = ﬂ’;)’Fv vy € NK(F)
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The two-dimensional case
Exactness of the local two-dimensional complex

Theorem (Exactness of the two-dimensional local DDR complex)

If F' is simply connected, the following local complex is exact:

7grarl E

7F Cllf‘ k 0
R : gradF : —curlF > P (F) ? {O}’

where G : X Xk wlF 1S the discrete gradient s.t., Vq = "

—grad,F “—grad,F’

Gha, = (m 1 (Gra,), 75 (Gra,), (GEG )Eeer)-
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The two-dimensional case
Summary

k
LI

3 k QII(’ k CIIS“ k 0
R Xgrad,F 1 Xcurl,F — PHF) — {0}

Space ‘ V (vertex) E (edge) F (face)
Xgraa r | © PEE) PL(F)
X PHE)  REHF) xR (F)
PE(F) PE(F)

Table: Polynomial components for the two-dimensional spaces

m Interpolators = component-wise L2-projections

m Discrete operators = L2-projections of full operator reconstructions
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The three-dimensional case |
Exact of the local three-dimensional complex

—grad, T,

Ly L xk Q§} k Qé} k DF ok 0
R Xgrad,T Xcurl,T X — P (T) — {0}

=div,T
Space |V E F T (element)
Xgrad,T R Pk_l(E) Pk_l(F) Pk—l(’[‘)
Xy PEE)  REF) xREK(F)  REL(T) x ROK(T)
i PEEF) G“H(T) x 6°H(T)
Pk(T) pk(T)

Table: Polynomial components for the three-dimensional spaces

Theorem (Exactness of the three-dimensional local DDR complex)

If the element T has a trivial topology, this complex is exact.
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Commutation properties

Lemma (Local commutation properties)

It holds, for all T € Ty,

Gr (L% ar9) =Ly p(gradg) Vg e C'(T),

g; (!meTv) = L’jiv’T (curly) Vv € H*(T)?,
Dy (L%, 7w) = mj 1 (divw) vw e HY(T)3.

The above properties imply the following commutative diagram:

C2(T) 224 ¢=(T)3 —uly o=(T)3 vy o (T)

k k k .
llgrad.T llcurl,’l' l’div.’l' \L‘T
k k k

G C D
Xk Ty x*k =T ch(liv,T T Pk(T)

“—grad,T Zcurl,T
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The three-dimensional case
Local discrete L2-products

m Emulating integration by part formulas, we define the local potentials

k+1 . vk k+1
Pgrad,T . Kgrad,T - P (T)’

Pty XA o PR,

curl,7 * Zcurl,T

P<kliv,T : Lﬁiv,T — PX(T)?

m Based on these potentials, we construct local discrete L2-products

()_CT,}’T).,T = / Perxp -P.,TyT +SeT ()_CT,yT) Ve € {grad, curl, div}
2 - Y b

consistency stability

m The L?-products are polynomially exact
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The three-dimensional case
Global complex

Let 75, be a polyhedral mesh with elements and faces of trivial topology

Global DDR spaces are defined gluing boundary components:

k k k
Xgrad, h’ Xcurl, h’ Xdiv, h

m Global operators are obtained collecting local components:

k. yk k k. yk k k. yk k
Gl Xpaan = Xewrrr G Xewrn = X Pi i Xy 2P (Tn)
m Global L2-products (-, )., are obtained assembling element-wise
m The global DDR complex is

k k
Loaan Gy

c Dy, 0
R s — oy — X, — PO = ()

—gra —curl,h
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Discrete de Rham (DDR) complexes
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B Application to magnetostatics
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Exactness |

k
lgrad, h

Dy 0
gradh 1 Xcurlh —> Xd1vh — Pk((ril) — {0}

Theorem (Exactness properties)

For any connected polyhedral domain Q c R3, it holds

IfanR=KerGy,  ImDj = P*(Tp),
ImGk c KerC¥,  ImCK c KerDf.

Moreover, denoting by (bg, b1, bo, b3) the Betti numbers of Q, we have

b1 =0 = ImGj =Ker C},
by =0 = ImC} =Ker Dj.
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Exactness I

m Let us give an idea of the proof of Imgz = Keer’
[ Imgﬁ c Ker Dfl follows by the corresponding local property

m We prove Ker D/;l c Imgﬁ in two steps. Lety, € KerD/;l. Then:

H k — Ck
m Local exactness gives 7 € lcurl,T st. vy =Crap forall T €7,

m The local vectors are then glued together

To glue together local vectors, we use the fact that the mesh can be
topologically assembled by a succession of the following operations:

This is only possible since Q does not enclose any void (b5 = 0)!
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Discrete Poincaré inequalities

Ille.n, ® € {grad, curl, div}, denotes the norm induced by (-, -)e,» ON X’:h

Theorem (Poincaré inequality for the curl)

Assume by = 0. Let (KerC )L be the orthogonal of Ker Ch in Xcurl , for
an inner product with norm equivalent to ||-||cur1,n uniformly in h. Then,

Cl;, (Ker Cy, Kyt — Ker DX is an isomorphism.

Further assuming b, = 0, there exists C > 0 independent of h, and
depending only on Q, k and mesh regularity, such that

1Y lewtn < CINCHY,ldiv.n , € (Ker CK)*.

Similar results can be proved for the gradient and the divergence
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Consistency
Primal consistency of discrete vector calculus operators and potentials

Theorem (Consistency of the potential reconstructions)
It holds, for all T € T, and all (q,v,w) € H**?(T) x H*(T)? x H (T)? s.t.
curly € H*(T)3 and divw € H*(T),
||G§ (lgmd,TCI) —gradgl[z2(r)s < 71§+1|61|Hk+2(r)’
ICF (s 7v) — curlvll2(rys < A | curlv| a7 )s,
ID7 (L

W) —divwllzzry S AE div wl e r)s.

iv,
Moreover, for all (q,v,w) € H**2(T) x H™ax(k+1.2) (T3 5 gk+1(T)3

k+1 k k+2
||Pg;;d,T (Zgrad,TCI) —qlle2r) S hr+ |Q|H’<+2(T),
k k k+1
”Pcurl,T (!curl,Tv) - v”Lz(T)3 5 hT+ |V|H(k+152) (T)3>

k k K+l
1Py 1 (!div,Tw) —wlL2rys < hy' Wl gk (7).
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Consistency
Adjoint consistency of discrete vector calculus operators

Theorem (Adjoint consistency for the curl)

Let Ecurtn ¢ (CO(Q)% NHp(curl; Q)) x XX . — R be s.t.

—curl,h

o k k k
Eeurl,h(W,),) = Z [(ldiv,TWITsQTKT)div,T - /T curlw - Pcurl,TKT] .
T<T,

Then, for all w € C°(Q)3 N Hy(curl; Q) s.t. w € H**2(7;)3:
vy, € Xk

Zcurl,h’
|8mﬂ,h(w,gh)| < A (|w|H’<+1(‘77,)3 + |W|Hk+2(‘77,)3)

X (12wt + 152, i) -

Similar results can be proved for the gradient and the divergence
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Discrete problem |

m Continuous problem: Find (o, u) € H(curl; Q) X H(div; Q) s.t.
/0-1‘—/u~curl‘r=0 V1 € H(curl; Q),
Q Q
/curla . v+/divu divy =/f-v Vv € H(div; Q)
Q Q Q
m The DDR scheme is obtained substituting
(Zh’zh)curl,h — / o-T

H(curl; Q) « Xcurlh (Ch‘z'h,vh)dIV ho— / curlt - v

H(d1V§Q)<_Xdiv,h /Dkw <_/d1vw divv
o h=h

/f""—/f'Pdiv,hKh
o o
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Discrete problem Il

m The DDR problem reads: Find (o,.u,) € Xfurlh Xlsiv p St
(Zhv zh)curl,h - (!h’gﬁzh)div,h =0 Vlh e x*

Zcurl,h’

k k k _ k
(ghgh’lh)div,h + '/Q Dyu, Dy, = lh(Kh) Vv, € Xdiv,h

m Stability hinges on the exactness of the portion

ck Dk
k h k h X 0
X — X — P*(Tn) — {0},

“curl,h =div,h

which requires by =0
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Analysis |

Theorem (Stability)

Let Q c R? be an polyhedral connected domain s.t. by = by = 0 and set
An((gp uy), (T50,)) = (T Tpowth — (g, €Ty )divn
+ (gzgh’lh)diwh + / Dﬁlh le(&h-
Q

Then, it holds uniformly in h: ¥(o,.u,) € Xfurl’h X Xﬁiv,h,

Ah ((gh’ Zh)’ (Ih’ Kh))
(@), w)lln < sup
(" ’Kh)egurl,h Xlﬁav,h \{(0.0)} I (Ih ’ Kh) ll

: . k k
with | (2, v ) = 17,120 5 + 1CRT R+ 125155 s+ ID5Y 4172 -
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Analysis |

Theorem (Error estimate for the magnetostatics problem)

Assume b1 = by =0, o € C%(Q)® N H*2(7;)3, u € C°(Q)3 x H**2(7;)3,
and set

. k k
(e),.&,) = (o), — L 0.1y, — Ly, u).

Then, we have the following error estimate:

liCe, &,)llln < hk+1(| curl &l g (759 + 10| oo (7 9

aF |u|Hk+1(77!)3 ar |u|Hk+2(771)3),

with hidden constant depending only on Q, k, and mesh regularity.
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Numerical examples
Meshes
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Figure: Mesh families used in the numerical tests
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Numerical examples

Convergence in the
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Conclusions and perspectives

Novel approach for the numerical solution of PDEs relating to the de
Rham complex

Key features: support of general polyhedral meshes and high-order

m Novel computational strategies made possible

m Natural extensions to variable coefficients and nonlinearities

Applications (electromagnetism, incompressible fluid mechanics,.. .)
Formalization using differential forms (ongoing)

Development of novel complexes (e.g., elasticity)
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