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Broken polynomial spaces on general meshes
Admissible mesh sequences

Sobolev embeddings



»

»>

Avoid remeshing (e.g. in subsoil modeling)
Improve domain/solution fitting
Improve performance (fewer DOFs, reduced fill-in)

Nonconforming/aggregative mesh adaptivity

Figure: Near wellbore mesh



General meshes Il
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Figure: NACA0012 airfoil, computational mesh (left) and Mach number
contours (right) following [Bassi et al., 2012]
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Admissible mesh sequences for h-convergence |

» Let Q c RY be an open connected bounded polyhedral domain

» Let (Th)negc be a sequence of refined meshes of Q

» For k = 0 we define the broken polynomial spaces

PE(Th) == {ve L?(Q)|VT € Th, vjr € P§(T)}

Figure: Mesh T}, with polygonal elements and nonmatching interfaces
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Admissible mesh sequences for h-convergence Il

Trace and inverse inequalities
» Every T admits a simplicial submesh Gy,
» (Sn)negc is shape-regular in the sense of Ciarlet
» Every simplex S c T is s.t. hg =~ ht

Optimal polynomial approximation (for error estimates)

Every element T is star-shaped w.r.t. a ball of diameter 61 =~ hy

Figure: Admissible (left) and non-admissible (right) mesh elements
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|| dG,p-norms

Figure: Notation for an interface F € Fi,

» For Fc 0Ty n 0T let

{v}:= % v +vm). M=y -

» We introduce the discrete WP (T}, )-norms

/v
1
[Vlacp = <|VhV|EP(Q)d + Z hP L |[M]|Ep(p))
FeT, VF
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Sobolev embeddings in P¥(7})-spaces |

Discrete Sobolev embeddings [DP and Ern, 2010]
Let k > 0. For all g such that
> 1<q\p*::—p_iif1<p<d
»r1<qg<ooifd<p<oo

there exists 0}, g such that

Yvn € P§(Th), [VilLa(a) < 0p,qVhllac,p

Proof.
» For p=1use [vhr1s(q) S [Vhlev S [Vhldc
» For 1 < p < d use L'*-estimate for [vy,|*, Holder's and trace
inequalities
» For d < p < oo use the previous point together with the
comparison of broken W1P (T}, )-norms O
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Sobolev embeddings in PX(7},)-spaces Il

» In the Hilbertian case p = 2 we have the usual

1/2
[VlaG = (||th|§2( at Z |[[V]]|L2(F)>

FES:h_

» An important Sobolev embedding is the Poincaré inquality

Yh € PK(Th)  [vkli2(a) < 022[Vh]de-
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The SWIP-dG method
Darcy flow through heterogeneous media
Poroelasticity
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Motivations and goals

Darcy flow through heterogeneous anisotropic media
> [DP and Ern, 2011a]

» Convergence to nonsmooth solutions in faulted media

» [DP and Ern, 2011b]

» Darcy flow through deformable porous media
» [DP, 2011b]
» Reactive transport with singular interfaces (not detailed)
» [Gastaldi and Quarteroni, 1989]
» [DP et al., 2008]
Important references for weighted averages
» [Stenberg, 1998]
» [Hansbo and Hansbo, 2002]

» [Heinrich and Pietsch, 2002, Heinrich and Nicaise, 2003]
» [Burman and Zunino, 2006]

v

v

u]
o)

I

i
ht
n
)
0
?)



The heterogeneous Darcy problem |

—V-(kVu) =fin Q, u=20on2dQ
» There is a partition P s.t.
kePY(Po) with0 <k <k <K

» For all h € H, T} is compatible with P

» We seek an approximate solution 1}, € V}, with

Vi == PX(Th), k>1

Find up € Vi s.t. an(un, vi) = {4 fvn for all vi, € Vy,
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The heterogeneous Darcy problem I

Figure: P and compatible mesh (stratigraphy of a sedimentary bassin)



The heterogeneous Darcy problem IlI

aSP(w, vp,) ::J KVhW-Vpvy — Z f{KVhw}-nF[[vh]]
Q Fe&"h F

— Z JF[[W]]{KV}LV}L}'HF—F Z J;:hl]:[[w]][[vh]]

Fedy, Fedy

Error estimate (SIP, [Arnold, 1982])
Assume w eV, = H(I,(Q) N H%(Pa). Then, 3C # C(h, k) s.t.

K .
[u — unllgg < Cmax (1, —) inf |Ju—vn|dc,«
K/ vheVy

This estimate is not robust w.r.t. the heterogeneity of k

[m] = = =

u
N)
yel
)



The SWIP method |

Figure: Notation for an interface F € Fi,

» For Fc 0Ty n 0T and (w1, wp) >0, wy +wy =1 let
M}w = W1V, + WaviT,

» For wy = wy = % we recover the standard average {Vv}



The SWIP method Il

aS (w, vp,) ::f KVaw-Vivy — Z J{thw}wK-nF[[Vh]]
o) Fegn VT

Y jFﬂwn{thvh}wK-nw D L n 2 ]

FESth Fe&"h

» Weighted averages + harmonic mean in penalty

Qo = P Pm + 5rn@m Ve =200

K1+ K2 K1+ K2 K1+ K2

» Data-dependent energy norm on H!(T3)

2. i 2 K
V112 = 2 VrvlR2 e + Dres, NI
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The SWIP method IlI

Properties of a3 [DP and Ern, 2011b]
Let Vi := Vi + Vi and assume u € V... Then,

» Consistency. There holds

swip

YV € Vi, a;"®(u, vi) = {5 fvn,

» Coercivity. There exists Cgty # Cesta(h, k) s.t.

Vv € Vh, aiNip(Vh,Vh) = Csta|||"h|||2|<

» Boundedness. There exists Cpng # Cpng(h, k) s.t.

V(W, vi) € Vien x VEE, " (w, vi) < Cong W[l . Vi «-
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The SWIP method IV

Error estimate (SWIP, [DP et al., 2008])
Assume u eV, = Htl)(_Q) N H2(Pg). Then, 3C # C(h, k) s.t.

llu —unff« < C inf flu—vnlls
vhevh
Convergence rate
If, moreover u € H**1(Pn), 3C # C(h, k) s.t.

—1/21 &
I —unl S CR/2h ulppespgy)-

» Nonconsistent for k = 0 except on k-orthogonal Ty,

» Minor modifications allow to treat the case

we H3(Q) n HY?F€(Pg)
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Convergence of the SWIP method to nonsmooth solutions

» However, in general we only have [Nicaise and Sandig, 1994]

we WP (Po) = ue HP¥(Po), a=1+d(3-1) >0

» Optimal convergence rates for d =2 [DP and Ern, 2011a]

» Convergence by compactness for d > 2

K1 K2

Figure: Faulted medium, ue H?(Pq), *1/k, = 30
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Discrete compactness |

» For Fe F1, and 1 > 0 the local lifting solves

| kB = | Blmbanr Vo e Py
» The global lifting is defined as
Rh V) i= 3ty (B])

Fedy,

» For all 1 > 0 we define the gradient
G}Lw(v) i=Vhv— R}L,w(v)

» The subscript w is omitted if w; = wo =1/2

u]
o)

I

i
ht
n
)
0
i)



Discrete compactness Il

Compactness [DP and Ern, 2010]

Let (Vi) hegc be a sequence in (IPE(‘J'}L))he}f, k>0
Vh e X, [vhllag < C # C(h).
Then, dv e H%(Q) s.t., as h — 0, up to a subsequence
Vi >V in L2(Q),

G}i(vh) — Vv for all 1 = 0 weakly in L?(Q)9.

Proof.
» Kolmogorov criterion to prove compactness in L1(Q)
» Sobolev embeddings to prove compactness in L%(Q)

» Asymptotic consistency of G} yields regularity of the limit

O
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Convergence to minimal regularity solutions

Convergence [DP and Ern, 2011a]

Let (un)nesc denote the sequence of discrete solutions on the
admissible mesh family (T )negc. Then,

up - u  strongly in L2(Q),
Vhun — Vu  strongly in [L2(Q)]9,

|uh|J — 0.

Proof.

Use the equivalent form for a;Wip: Forle {k —1,k},

(i) = [ GH o, (4n) G, () + s ),

with si.(+,-) = 0.

|
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Motivations and goals

» Darcy flow through deformable porous media
» [DP, 2011b]

» Robustness w.r.t. in the heterogeneous case

» Robustness w.r.t. incompressibility of both the medium and
the fluid (not detailed here)

» Important references
» [Wihler, 2006]
» [Phillips and Wheeler, 2008]
» [Ern and Meunier, 2009]
» [Girault et al., 2011]
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Biot's equations

—V-o(w)+Vp = in Qx(0, t§),
codip+V-(diu) — V-(kVp) = in Qx(0, t§),
(u,p)=0 on 0Qx(0, tg),

(u(0), p(0)) = (w0, po)  in Q,
where o(w) :=2upe(w) + A(V-w)lg and €(w) := % (Vw + th).
» Assume cg > 0, A, 1, and Kk positive but heterogeneous

» Let 6t = tg/N denote the time step and set t™ := ndt
» For 1 <n < N we seek (up,pjy) € Up xPy, with

Up :=PL(Th)d  Pr=PLi(Th)
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A SWIP-dG method for the elasticity operator |

en(w,v) = JQ on(w)en(v)

Y JF {onwW)}<IVIDr ® nf + W] ® ne:{on(W)})

FeFn

+ 3 | 1 DD + Ne(bDie(ED)

FeFy,

+ Y | T

Fedn

=] 5 = = El= Da¢



A SWIP-dG method for the elasticity operator Il

Properties of ey, [DP, 2011a]
Let Up, := P4 (Th)? and U,y == Up + [H(Q) n H?(P)]9. Then,
» Coercivity. There exists Cgta # Csa(h, A, ) s.t.

Yh € Un,  en(vi,vn) = Catallvhll%a.
» Boundedness. There exists Cpng # Cpng(h, A, 1) s.t.
Viw,vi) € UsunxUpn,  en(W, Vi) < Cong|[Wll i, s [[Vill wa-
» For a discrete Korn inequality see [Brenner, 2004]

» Locking-free on conforming simplicial meshes since

CR(Th )Py (Th)
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Displacement-pressure coupling
b (Vh, qn) J Vh-Vhgn +

J[[Vh]] nE{qn}
Fedy,
—f D? (vi)gn,
o)

D%(vh) :
Discrete stability for by, [DP, 2007]
There is 0 < 3 # (h) s.t., for all g1, € P,

(G2 (vn))
Bllanl,

where |qh|g

sup h(Vh, qn) + [anle,
vretp\for  [vrllds
2iresi, §r NElan]



The discrete problem |

Forn > 1, find (up, pft) € Uy x Py s.t. for all (vi, gn) € Uy xPy,,

en(upy, vi)+bn(vi, pr) = (fh, vi)

(C05t Ph.qn)—b (5( )uh qn) + GSWIP(PEv qn) =0

Discrete stability
Assume f e C1(L%(Q)9). Then,

R 7 + colPREz(0) + D) StIPRIIE < Cexp(tr),

n=0

where C depends on the mesh regularity parameters, on u, and
inearly in [[uo|l%. . IIPoll2. and [£[2: 12 a)-
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Convergence

Convergence

Assume u € C2(U) n C1(H?(Pq)9) and p € CO(P,) n C3(L%(Q)).

Then, there exists C # C(h, A, k) s.t.

N_ N N_ N
™ = upfla + P~ = Prllizo)

N 2
+ (Z 5t[lp™ —p‘ﬁllli) < C(h + 8t).

n=0

Second order in time can be proved using the BDF2 operator 6&2)
instead of the BE operator 69) (cf. [DP and Ern, 2011b, Ch. 4])
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Numerical examples |

»Let Q=(—1,12 tf=1,co=A=pn=1, and

{1 if x >0,
K =

¢ otherwise
» We consider the following analytical solution in d = 2:

— — — -1
u; = e %%y, Uy = —e~ txy?, pe = e~ tcos(k%x)
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Numerical examples Il

102
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h (5t scales as h?)

Figure: h-convergence, heterogeneous case
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Cell centered Galerkin methods

Incomplete polynomial spaces

Incompressible Navier—Stokes

DA



Motivations and goals

» Design consistent dG methods with 1 DOF per element
» Work on general polyhedral meshes as in dG methods

» Formulation of FV and lowest-order methods suitable for
FreeFENM-like implementation

» See [DP, 2010, DP, 2012] and also [Botti and DP, 2011]
» Important references

» [Aavatsmark et al., 1994-11]

» [Edwards et al., 1994-11]

» [Eymard, Gallouét, Herbin et al., 2000-11]
» [Brezzi, Lipnikov, Shashkov et al., 2005-11]
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Admissible mesh sequences
Cell centers

We fix a set of points (xT)1e7, s.t.

» all T € Ty, is star-shaped w.r.t. xT

» for all T € Ty, and all F € Fy, dist(xT,F) = hr

XT




Discrete space

1) Fix the vector space of DOFs, e.g.,
Vi =R, vh = (V1) TeT, € RTH
2) Reconstruct an asymptotically consistent gradient
Gt Vi — PY(TR)4
3) Reconstruct a broken affine function

VT eTh, Rnlvn)r(x) = v 4+ Gnl(vn)ir(x — x71)

Use as a discrete space in dG methods

Vi€ = Rn(Vh) < Py(Th)

u
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Application to heterogeneous diffusion

Find un € V8 s.t. for all vi, € VI8 a})"P(un, vi) = {4 fvn

» Consistency, coercivity, and boundedness hold a fortiori since
Vi® < PY(Th)
» Fewer DOFs since
dim (Vi) = dim(P%(Th))

» Optimal convergence rate for u e H?(Pq)

» Aubin-Nitsche trick yields optimal L2-convergence
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A gradient reconstruction based on Green’s formula

VF

» Observe that, for all vy, € [P?i(‘J'h) and all T € T,

1
G (vr)T = . DT Flao vn} —vr)nrr
d FeFr

> Let (vi, v ) € R xRIn. For all T € Ty, we set

Z [Fla— ( TInTF

o = o,
FeFT
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Trace interpolation

» The trace unknowns (Vr)reg, can be expressed as linear

combinations of the cell unknowns (v1)teg,

» For the heterogeneous case cf. [Agélas, DP, Droniou, 2010]
[m] = =



Application to the incompressible Navier—Stokes equations |

—vAu+ (wViu+ Vp =1 in Q,
Vu=0 in Q
u=2~0 on 0Q),
{Pya =0.

» We consider a discretization based on the following spaces:
Up = VB9, Pri=PY(Th)/R
» The discrete problem reads: For all (v, qn) € Up xPp,

swip

A (Un, Vi) + th(in, W, Vi) + br(vi, pr) :JQ fvp

—bh(un, gn) + sh(ph. qn) =0

[m] = =
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Application to the incompressible Navier—Stokes equations Il

thlwou )= [ v Tnuvie 3 [ (wharld-)

Fe&”

J (Vhw)(uv) — = Z J[[w]] np{u-v}

Fe&"

» Extension of Temam's device to broken spaces

» Non-dissipative since

th(Vh, Vi, V) =0 Vv € Up

» Asymptotically consistent for smooth and discrete functions




Application to the incompressible Navier—Stokes equations Il

Lemma (Alternative expression for t},)

For all wy,, uyn, vi € Uy, there holds

1
th(Wh, un, vn) :J W62 (Wni)Vhi + 5 f D% (W) (un-vh)
Q Q

i % 2 JF([[Wh]]'"F)([[uh]]-[[vh]]).

FeFi
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Application to the incompressible Navier—Stokes equations 1V

Lemma (Existence of a discrete solution)

There exists at least one discrete solution (up, pn) € Xh.

Convergence

Let ((un, Ph))nesc be a sequence of approximate solutions on
(Th)hegc. Then, as h — 0, up to a subsequence,

Up — U, in [L2(Q)]¢,
Vhun — Vu,  in [[2(Q)49,
[unly — 0,
Ph— P, in L*(Q),
[prlp — 0.

If (u,p) is unique, the whole sequence converges.
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Numerical examples |
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Figure: Convergence results for the Kovasznay problem
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Numerical examples Il
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Thank you for your attention!

Mathematical
Aspects of

Discontinuous
Galerkin Methods
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Vanishing diffusion with advection
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The SWIP method for vanishing diffusion with advection |

V- (—kVu+pu) +pu=1~f in Q, u=0 ondQ
» Let B e WE®(Q)]4, 1> 0 with 0 < pp < p— 1/2V-p and
0 < k<K<K,

» The exact solution u may have singularities [DP et al., 2008]
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The SWIP method for vanishing diffusion with advection II

Characterization of the exact solution
» Flux continuity [-«xVu+ Bu]-ng =0 on J*
» Potential continuity [u] =0on J*t

Goal: Automatic detection of singular interfaces

[m] = =




The SWIP method for vanishing diffusion with advection Il

af (w, vi) = @ (w, vi) + @ (w, viy) + J vy
Q

Energy norm error estimate
Using SWIP diffusion + upwind advection, 3C # C(h, k) s.t.

H|u_uhH‘dar S C H‘u_whmdar,*,

inf
WhHEVL

with |[|-|[|gar inf-sup norm and ||-||dar,« continuity norm.

» Kk =0 = [Johnson & Pitkdranta, 1986]
» 3 =0, k>0 = [Arnold, Brezzi, Cockburn, & Marini, 2002]
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A FreeFEM-like library for lowest-order methods on general meshes



FreeFEM-like implementation in a nutshell

// 1) Define the discrete space

typedef FunctionSpace<span<Polynomial<d, 1> >,
gradient <GreenFormula<LInterpolator> >
>::type CCGSpace;

CCGSpace Vh(Ty);

// 2) Create test and trial functions
CCGSpace::TrialFunction uh(Vh, "uh");
CCGSpace::TestFunction vh(Vh, "vh");

// 3) Define the bilinear form
Form2 ah =
integrate (A11<Cell>(T}) ,dot (grad(uh),grad(vh)))
-integrate (Al1<Face>(Jy) ,dot (N(),avg(grad(uh)))* jump(vh)
+dot (N(),avg(grad(vh)))*jump (uh))
+integrate (Al1<Face>(JTy) ,n/H()* jump (uh)* jump (vh));

// 4) Evaluate the bilinear form
MatrixContext context (A);
evaluate(ah, context);

DA



Linear combination |

» Elements of arbitrary shape may be present

» The linear operators &}, and Ry, have unconventional stencil
» data-dependent (cf. L-construction)

» non-local (neighbours are involved)

» We cannot rely on reference element(s) + table of DOFs
» Instead, global DOF numbering + embedded stencil



Linear combination Il

Linear operator with embedded stencil «\~~» LinearCombination

» Let [ © V}, denote the stencil of a discrete linear operator
» A LinearCombination 1c" = (I, T1)1¢; implements

1c"(vp) = ZTIVI + 1€ Ty

el

» 1€ {0,...,2} denotes the tensor rank of the result

» Algebraic composition of LinearCombinations is available



Linear combination Il

// Cell unknown vy as a linear combination (11 is the global DOF number)
LinearCombination<0> vT = Term(Iy,1.);

// Linear combination corresponding to &%t
LinearCombination<1> GT;
for (Fe Jy)
{

// Face unknown vg (possibly resulting from interpolation)

const LinearCombination<0> & vF = Ty .eval(F);
F

oo ve s

ITla

}

(vF-vT)nrr;

// Actually perform algebraic operations on coefficients
GT.compact () ;

. . . . grn
Figure: Implementation of the Green gradient &7}
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Linear combination IV

1lc" =1cj +1c)

It "l
01 _12
T I
I=10; Ul ! = !
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FE-like assembly

Operator stencils | and J «~wtable of DOFs

» Let up, vh € V}Cfg and observe that

L (KViun)r+(Vavn) 1 e [Tl ley-ley
s At = (|T]y TV,I'TuJ]IeI],]eJJ

where 1c, = (], Tu,j)jes and lcy = (I, Ty, 1)1er
» The assembly step reads

A, J) — A(l, J) + Ay
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