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Quasi-compressible materials and numerical locking I

Let Ω Ă Rd denote a bounded polygonal or polyhedral domain
We consider the linear elasticity equations

´∇¨σpuq “ f in Ω,

u “ 0 on BΩ,

where, for µ, λ P R, σpuq is the Cauchy stress tensor,

σpuq :“ 2µεpuq ` λ∇¨uId , εpuq :“ 1
2
`

∇u `∇ut˘

When λÑ `8, numerical locking can be observed
To avoid locking: uniform convergence w.r.t. λ



Quasi-compressible materials and numerical locking II

If Ω convex, in d “ 2 there holds, cf. [Brenner and Sung, 1992],

Nel :“
´

}u}2H2pΩq ` |λ∇¨u|2H1pΩq

¯1{2

ď }f }L2pΩqd ,

Locking-free methods satisfy an error estimate of the form

~u ´ uh~el ď CNelh, C ‰ f pλ, h,uq

Key point: approximation of non-trivial solenoidal fields
Idea: extend the Crouzeix–Raviart space to general meshes
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Admissible mesh sequences I

Trace and inverse inequalities

Every Th admits a simplicial submesh Sh

pShqhPH is shape-regular in the sense of Ciarlet
pShqhPH is contact regular: every simplex S Ă T is s.t. hS « hT

Optimal polynomial approximation (for error estimates)
Every element T is star-shaped w.r.t. a ball of diameter δT « hT

Figure: Admissible (left) and non-admissible (right) mesh elements



Admissible mesh sequences II

Cell centers
We fix a family of points pxT qTPTh s.t.

all T P Th is star-shaped w.r.t. xT

for all T P Th, and all F P FT , dT,F :“ distpxT ,Fq « hT

xT

FPT,F

Figure: Cell center and face-based pyramid PT,F



Admissible mesh sequences III

Figure: Pyramidal submesh Ph :“ tPT,FuTPTh ,FPFT
. Σh :“ tfaces of Phu

Lemma (Shape- and contact-regularity of Ph)
Let Th admit a set of cell centers. Then, if Th is shape- and
contact-regular, the same holds for Ph.



Extending the Crouzeix–Raviart space to general meshes I

Following [Eymard et al., 2010], we consider the space of DOFs

Vh :“ RTh ˆ RFh

Define the gradient reconstruction Gh : Vh Ñ P0
dpPhq

d s.t.

@PT,F P Ph, Ghpvhq|PT,F “ GT pvhq `RT,Fpvhq :“ GT,Fpvhq

where

GT pvhq :“
ÿ

FPFT

|F |
|T |vFnT,F ,

RT,Fpvhq :“ η

dT,F
rvF ´ pvT `GT pvhq¨pxF ´ xT qqsnT,F

Observe that RT,Fpvhq P pP0
dpT qdqK



Extending the Crouzeix–Raviart space to general meshes II

GT,Fpvhq

vF

In the spirit of ccG methods, define Rh : Vh Ñ P1
dpThq s.t.

@PT,F P Ph, Rhpvhq|PT,F pxq “ vF `Ghpvhq|PT,F ¨px ´ xFq

Following [DP, 2012] we let

CRpThq :“ RhpVhqĂ P1
dpPhq



Continuity of face-averaged values I

Figure: Primal mesh faces (thick lines) and lateral pyramidal faces (thin lines)

Lemma (Continuity of face-averaged values)
Assume η “ d. There holds for all vh P CRpThq and all σ P Σh,

xJvhKyσ “ 0.



Continuity of face-averaged values II

σ T
F1

F2

xσ xT

x2

xσ´x2 xT´x2

xσ´xT

Choice of the starting point: xJvhKyF “ vF “ 0 for all F P Fh

For σ P ΣhzFh, there holds with vh P Vh s.t. Rhpvhq “ vh,

xJvhKyσ “ vh |PT,F1
pxσq ´ vh |PT,F2

pxσq
“ vF1 ´ vF2 ´GT pvhq¨pxF1´xF2q ` α1 ´ α2,

with αi :“RT,Fi pvhq¨pxσ´xiq“´
η
d pvFi´vT´GT pvhq¨pxi´xT qq



Continuity of face-averaged values III

Hence,

xJvhKyσ “
´

1´ η

d

¯

pvF1 ´ vF2 ´GT pvhq¨pxF1´xF2qq “ 0

since

α1 ´ α2 “ ´
η

d pvF1 ´ vF2 ´GT pvhq¨px1´x2qq

Clearly, xJvhKyσ “ 0 if η “ d



Link with the classical Crouzeix–Raviart space

Lemma (The matching simplicial case)
Assume Th matching simplicial. Then, for all η ą 0 there holds

CRpThq Ă CRpThq,

where CRpThq denotes the classical Crouzeix–Raviart space on Th.

Proof.

Let vh P CRpThq and set vh :“ ppvhpxT qqTPTh , pvhpxFqqFPFh q

For all T P Th, GT pvhq “ ∇hvh |T and RT,Fpvhq “ 0 @F P FT

Hence, Rhpvhq “ vh, which concludes the proof



Approximation properties I

Lemma (Approximation in CRpThq)
Let η ą 0. For v P H 1pΩq let Ihv P CRpThq be s.t.

Ihv “ Rhpvhq with vh “
`

pπ1
hvpxT qqTPTh , pxvyFqFPFh

˘

.

Then there holds
π0

hp∇hIhvq “ π0
hp∇vq.

Moreover, if v P H 1pΩq XH 2pThq, there holds for all T P Th,

}v ´ Ihv}L2pTq ` hT}∇pv ´ Ihvq}L2pTqd ď Ch2
T}v}H2pTq.



Approximation properties II

Proof.
Let T P Th. Using Green’s formula and since RT,Fpvhq P pP0

dpT qdqK,

π0
hp∇hIhvq|T “ GT pvhq “

ÿ

FPFT

|F |
|T | xvyFnT,F

“
1
|T |

ÿ

FPFT

ż

F
vnT,F “

1
|T |

ż

T
∇v “ x∇vyT .

The second point can be proved as in [DP, 2012].



Approximation properties III

Corollary (Divergence approximation)
For v P H 1pΩqd with ∇¨v P H 1pΩq let vh :“ Ihv and

@T P Th, Dhpvhq|T “ π0
hp∇h¨vhq|T “

1
|T |

ÿ

FPFT

|F |vF ¨nT,F .

For all T P Th, there holds

}∇¨v´Dhpvhq}L2pTq ` hT |∇¨v´Dhpvhq|H1pTq ď ChT |∇¨v|H1pTq.
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A locking-free method on general meshes I

´∇¨σpuq “ f in Ω,

u “ 0 on BΩ

We seek an approximation of the displacement u in the space

U h :“ CR0pThq
d

The discrete problem reads

Find uh P U h s.t. ahpuh, vhq “

ż

Ω
f ¨vh for all vh P U h

with Navier–Cauchy discrete bilinear form

ahpw, vq :“
ż

Ω
µ∇hw:∇hv`

ż

Ω
µp∇h¨wqp∇h¨vq`

ż

Ω
λDhpwqDhpvq



A locking-free method on general meshes II

Lemma (Coercivity of ah)
There holds for all vh P U h of h and of λ,

ahpvh, vhq “: ~vh~
2
el ě µ}∇hvh}

2
L2pΩqd,d .

Remark (Other boundary conditions)

For other bcs, the Navier–Cauchy formulation is no longer valid
Stability then hinges on the discrete Korn’s inequality
(cf. [Brenner, 2004]), which requires to penalize interface jumps
See [DP and Lemaire, 2012] for further details



A locking-free method on general meshes III

Lemma (Weak consistency)
Assume u P U˚ :“ pH 1

0 pΩq XH 2pΩqqd . Then

@vh P U h, ahpu, vhq “

ż

Ω
f ¨vh ` Ehpvhq,

where, for τpuq :“ µ∇u ` pµ` λqp∇¨uqId ,

Ehpvhq :“
ÿ

σPΣh

ż

σ

τpuq:JvhKb nF `

ż

Ω
λpDhpuq ´∇¨uqp∇h¨vhq.

Proof.
Integrate by parts the volumic terms and use ´∇¨σpuq “ f a.e. in Ω.



A locking-free method on general meshes IV

Theorem (Convergence)
Assume u P U˚. Then the method satisfies the locking-free estimate

~u ´ uh~el ď CNelh.

Proof.
Strang’s Second Lemma yields

~u ´ uh~el À inf
vhPU h

~u ´ vh~el ` sup
vhPU hzt0u

|Ehpvhq|

~vh~el
:“ T1 ` T2.

T1: approximation properties of Ih;
T2: continuity of face-averaged values + regularity estimate.



Link with FE: The matching simplicial case

Lemma (Link with the method of [Brenner and Sung, 1992])
Assume Th matching simplicial and consider the following problems:

Find ûh P CR0pThq
d s.t. ahpûh, vhq “

ż

Ω
f ¨vh @vh P CR0pThq

d ,

and

Find uh P CR0pThq
d s.t. ahpuh, vhq “

ż

Ω
f ¨ICRpvhq @vh P CR0pThq

d .

Then, there holds
uh “ ûh.



Link with FV: Numerical fluxes and local conservation I

Lemma (Numerical fluxes)

There holds for all vh , wh P U h s.t. vh “ Rhpvhq and wh “ Rhpwhq,

ahpwh , vhq “

d
ÿ

i“1

ÿ

TPTh

ÿ

FPFT

ΦK,F,ipwhqpvF,i ´ vK,iq,

where, for vectors yT
F1,F only depending on η and on geometric quantities,

ΦK,F,ipwhq “
ÿ

F1PFT

|PT,F1 |

#

µGT,F1pwh,iq¨yT
F1,F

`

d
ÿ

j“1

´

µGT,F1pwh,jq ` λGTpwh,jq
¯

¨ejpyT
F1,F ¨eiq

+

.



Link with FV: Numerical fluxes and local conservation II

Consider the variation: Find uh P Vd
h,0 s.t. for all vh P Vd

h,0,

d
ÿ

i“1

ÿ

TPTh

ÿ

FPFT

ΦT,F,ipuhqpvF,i ´ vT,iq “
d
ÿ

i“1

ÿ

TPTh

|T |fipxT qvK,i

A suitable choice for vh shows flux continuity

@F Ă BT1 X BT2, ΦT1,F,ipuhq “ ´ΦT2,F,ipuhq,

and local conservation on Th

@T P Th, ´

d
ÿ

i“1

ÿ

FPFT

ΦT,F,ipuhq “
d
ÿ

i“1
|T |fipxT q



Numerical example I

u “ p1, 0q

Figure: Closed cavity [Hansbo and Larson, 2003] (λ « 1.666 ¨ 106, µ « 333)



Numerical example II

Figure: Meshes for the closed cavity



Numerical example III
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Figure: Closed cavity problem, coarse meshes



Numerical example IV
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Figure: Closed cavity problem, fine meshes
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Extending the Raviart–Thomas space to general meshes I

Lowest-order Raviart–Thomas space on a matching simplicial mesh:

RT0
dpThq :“ P0

dpThq
d ` xP0

dpThq

The functions in RT0
dpThq have a piecewise constant isotropic

gradient
Key feature: H pdiv; Ωq-conformity,

@vh P RT0
dpThq, JvhK¨nF “ 0 @F P F i

h

Using the above ideas, we extend this space to general meshes



Extending the Raviart–Thomas space to general meshes II

Let
Vh :“ pRTh qd ˆ RFh

We define an isotropic gradient reconstruction by setting

Ghpvhq|PT,F :“ GT pvhq ` RT,Fpvhq @T P Th, F P FT ,

with scalars

GT pvhq :“ 1
d|T |

ÿ

FPFT

vn
FnF ¨nT,F ,

RT,Fpvhq :“ η

dT,F
pvn

FnF ´ vT ´GT pvhqpxF ´ xT qq ¨nT,F



Extending the Raviart–Thomas space to general meshes III

The piecewise affine reconstruction operator is s.t.

Rhpvhq|PT,F pxq “ vT `Ghpvhq|PT,F px ´ xT q @PT,F P Ph

The extended Raviart–Thomas space is obtained letting

RTpThq :“ RhpVhq



Extending the Raviart–Thomas space to general meshes IV

Lemma (H pdiv; Ωq-conformity)
Assume η “ 1. Then there holds for all vh P RTpThq and all σ P Σi

h,

JvhK¨nF “ 0.

Remark (The matching simplicial case)
Unlike the Crouzeix–Raviart case, the assumption η “ 1 is required also if
Th is matching simplicial.



Extending the Raviart–Thomas space to general meshes V

Lemma (Approximation in RTpThq)
Let η ą 0. For all v P H pdiv; Ωq let

Ihv “ Rhpvhq with vh “
`

pπ1
hvpxT qqTPTh , pxvyF ¨nFqFPFh .

˘

Then there holds

Dhpvhq “ π0
hp∇h¨vhq “ π0

hp∇¨vq.

Moreover, if v P H 1pΩqd et ∇¨v P H 1pΩq, there holds for all T P Th
with vh :“ Ihv,

}v ´ v}L2pTqd ` }∇¨v ´Dhpvhq}L2pTq À hT
`

|v|H1pTqd ` |∇¨v|H1pTq
˘

.
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