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Quasi-compressible materials and numerical locking |

m Let QO — R denote a bounded polygonal or polyhedral domain

m We consider the linear elasticity equations
—Vg(u)=f in Q,
u=0 on 01},

where, for u, A € R, g(u) is the Cauchy stress tensor,

S

(u) :=2pe(u) + AV uly, e(u) = = (Vu+ Vu')

DN =

m When A — +00, numerical locking can be observed

m To avoid locking: uniform convergence w.r.t. A



Quasi-compressible materials and numerical locking Il

m If Q convex, in d = 2 there holds, cf. [Brenner and Sung, 1992],

1/2
Nai= (Julf + WV-ullig) < If |z

Locking-free methods satisfy an error estimate of the form
llw — unlle < CNah, — C# f(X h,u)

m Key point: approximation of non-trivial solenoidal fields

m Idea: extend the Crouzeix—Raviart space to general meshes




Essential bibliography

m Lowest-order methods on general meshes

m Mimetic Finite Differences [Brezzi et al., 2005b, Brezzi et al., 2005a]

Cell centered Galerkin [DP, 2010, DP, 2012, DP et al., 2012]
...and many more

m Linear elasticity and locking

m Crouzeix—Raviart [Brenner and Sung, 1992]
m Stabilized CR/dG [Hansbo and Larson, 2002]
m Mixed MFD [Beirdo Da Veiga, 2010]

® ...and many more

m And, of course, the classical works

m [Crouzeix and Raviart, 1973]
m [Raviart and Thomas, 1977]

Hybrid/Mixed FV [Droniou and Eymard, 2006, Eymard et al., 2010]
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Outline

An extension of the Crouzeix—Raviart space to general meshes
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m Continuity of face-averaged values
m Approximation



Admissible mesh sequences |

Trace and inverse inequalities

m Every 7;, admits a simplicial submesh &,
B (S})hen is shape-regular in the sense of Ciarlet

B (Sp)pen is contact regular: every simplex S T is s.t. hg ~ hy

Optimal polynomial approximation (for error estimates)

Every element T is star-shaped w.r.t. a ball of diameter i1 ~ hyp

Figure: Admissible (left) and non-admissible (right) mesh elements




Admissible mesh sequences Il

Cell centers

We fix a family of points (1) re7; S.t.
m all T € T is star-shaped w.r.t. 7
m forall T €Ty, and all F € Frp, dp g :=dist(zr, F) ~ hyp

Prr | g

Figure: Cell center and face-based pyramid Pr r



Admissible mesh sequences Il|

Figure: Pyramidal submesh P}, := {PTvF}TeTh,Fe}"T' Y 1= {faces of P}

Lemma (Shape- and contact-regularity of Py,)

Let T, admit a set of cell centers. Then, if Ty, is shape- and
contact-regular, the same holds for P},.




Extending the Crouzeix—Raviart space to general meshes |

m Following [Eymard et al., 2010], we consider the space of DOFs
V= RT x R7®
m Define the gradient reconstruction &), : V;, — P4 (P;,)? s.t.
VPr.r€Pr, Gn(Vh)ipr, = Gr(vi) + Ry p(vy) = Gr p(vh)

where

F
Gr(vy) = Z ||T||UFTLT,F7
FE]'-T
n

RT,F(‘Vh) = dT -

[UF — (v + Gr(vp)(Tr — azT))] nT.F

m Observe that R p(vy,) € (PY(T)%)*t




Extending the Crouzeix—Raviart space to general meshes Il

Gr,r(vh)

a

m In the spirit of ccG methods, define %), : V), — PL(T),) s.t.
VPr,r € Ph, ‘ﬁh(wh)‘pTYF(:c) = vp + ®h(wh)\7’T,p'(m —ZTp)

m Following [DP, 2012] we let

[ ER(T3) = Ra(Va)= PU(Ps) |




Continuity of face-averaged values |

T

T 7

VAL

Figure: Primal mesh faces (thick lines) and lateral pyramidal faces (thin lines)

Lemma (Continuity of face-averaged values)

Assume 1) = d. There holds for all v, € €R(T},) and all o € ¥y,

([vn]>s = 0.
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Continuity of face-averaged values |l

Fy

m Choice of the starting point: {Ju,])r = vp = 0 for all F € F,
m For o€ Eh\Fhr there holds with vj, € Vy, s.t. iﬁh(wh) = Up,

(onldo = vnipy p, (o) = Vrpy p, (To)

= VUp, — VRy — GT(\Vh)'(ELH*EFQ) + a1 — oo,

with ag =Ry p,(vp)-(To—%;)=—2 (vp,—vr— Gp(vh)-(Ti—x 7)) U




Continuity of face-averaged values IlI

m Hence,

oeldo = (1= 1) (vr, — v, = Gr(wn)-(Fr,—Fr,)) = 0

since

1 — (Vg = —Q (Upl — Upy, — GT(Wh)'(El—EQ))

d
m Clearly, {Jup])e =0if n = d

ume
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Link with the classical Crouzeix—Raviart space

Lemma (The matching simplicial case)

Assume T;, matching simplicial. Then, for all n > O there holds
CR(Ty) < €R(Tp),

where CR(7},) denotes the classical Crouzeix—Raviart space on T,.

m Let vy, € (CR(IEL) and set vy, := (('Uh<wT>)T€Tha (/Uh(EF>)F€]:h)
m Forall T e 7%, GT(Wh) = Vh'Uh\T and RT,F(‘Vh) =0VFe fT

m Hence, Ry, (vy,) = vp, which concludes the proof O




Approximation properties |

Lemma (Approximation in €R(7))
Let > 0. Forve HY(Q) let T,,v € €R(T},) be s.t.
Thv = Ry (vy) with vy, = ((7r,1lv(.auq~))7ﬂE o (<’U>F‘)F‘E]:h).

Then there holds
(Vi Iypv) = mo (V).

Moreover, if ve HY(Q) n H?(Ty), there holds for all T € Ty,

|v = Zholl L2(zy + |V (0 = Zho)l| L2(7ys < ChZ||v] B2 (1)




Approximation properties |l

Let T € Tj. Using Green's formula and since Rr p(vy) € (PY(T)4)*+,

F
Th(ViZov)r = Gr(ve) = )| ||T|<'U>FnT F
FE.FT

Z J TF = %L Vo ={(Vu)r.

FGJ-'

The second point can be proved as in [DP, 2012]. O




Approximation properties |l|

Corollary (Divergence approximation)

For ve HY(Q)? with V-v e HY(Q) let vy, := T,v and
1
VT €Th, Dp(vn)r = mp(Viop)|r = T Z |Flvpnr p.
FE]‘-T
For all T € Ty, there holds

||V'U_Dh(vh)”L2(T) 4F hT|V~’U—Dh(’Uh)|H1(T) < ChT|V-U|H1(T).
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A locking-free method on general meshes |

—Va(u)=f in Q,

u=0 on 02

m We seek an approximation of the displacement w in the space
U = CRo(Tn)*

m The discrete problem reads

Find up, € Uy, s.t. ap(up,vp) = | frop, forall v, € Uy
Q

with Navier—Cauchy discrete bilinear form

ap(w, v) = JQ thw:thJrJQ u(Vh~w)(Vh~v)+JQ ADp,(w) Dy (v)




A locking-free method on general meshes Il

Lemma (Coercivity of ay)

There holds for all v, € U}, of h and of A,

an(vn, vn) = |oallZ = Bl Vronl 22y

Remark (Other boundary conditions)

m For other bcs, the Navier—Cauchy formulation is no longer valid

m Stability then hinges on the discrete Korn's inequality
(cf. [Brenner, 2004]), which requires to penalize interface jumps

m See [DP and Lemaire, 2012] for further details




A locking-free method on general meshes Il|

Lemma (Weak consistency)

Assume u € U, := (H}(Q) n H3(Q))%. Then
Vo, € Uy, ap(u,vp) = J F-vn + En(vn),
Q

where, for £(u) := pVu + (1 + A)(V-u)lq,

= f ):lve] @ np + f M Dp(w) — V-u)(Vy-vp).

gEX),

Proof

Integrate by parts the volumic terms and use —V-g(u) =




A locking-free method on general meshes IV

Theorem (Convergence)

Assume u € U,. Then the method satisfies the locking-free estimate

llw — upf|er < CNeh.

Proof.
Strang's Second Lemma yields

|En(vn)]

lle — wplle £ inf [|w— vila + sup =% + .
iU oerin\(0} [lvnle
m T;: approximation properties of Zy;
m To: continuity of face-averaged values + regularity estimate. 0l
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Link with FE: The matching simplicial case

Lemma (Link with the method of [Brenner and Sung, 1992

Assume T;, matching simplicial and consider the following problems:

Find 4, € CRo(T3)? s.t. ap,(tup,, vs) = J f-vp, Yo, € CRy(T7)¢,
Q
and
Find uy, € Qmo(ﬁl)d s.t. ah(uh, ’Uh) = J f~Z@R(’U}L) Yoy, € @%0(771)(1
Q

Then, there holds




Link with FV: Numerical fluxes and local conservation |

Lemma (Numerical fluxes)

There holds for all vy, wy € Uy s.t. v = Rp(vr) and wi, = Ra(ws),
n(Wwh, vn) ZZ Z @k ri(wh)(vr,i — VK,i),
i=1 TeT), FEF
where, for vectors y; r only depending on n and on geometric quantities,

D pi(wy) = Z |7DT,F/|{HGT,F’(Wh,i)'ypT",F

F'eFp

d
+ 2, (HGT F(Whj) + AGr(wh, J))‘ej(yg’,F'ei)}'

j=1




Link with FV: Numerical fluxes and local conservation Il

m Consider the variation: Find uy € Vg o s-t. forall vy, € Vg o0

d d
2 Z Z Q1 ri(up)(vr; — vr) = Z Z | T|fi(zT)vE i

i=1 TeT, FeFr i=1TeT,

m A suitable choice for v, shows flux continuity
VF C (9T1 M 8T2, (I)Tl,F,i<Uh) = _(PTQ,F,i(Uh)y

and local conservation on 7,

VT € Th, —Z D1 @rpa(un) = Z|T|fz xT)

1=1 FeFr

uuuuuuuuuuuuuuuuuuuuu



Numerical example |

Figure: Closed cavity [Hansbo and Larson, 2003] () ~ 1.666 - 10°, u ~ 333)




Numerical example |l
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Numerical example Ill
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Figure: Closed cavity problem, coarse meshes
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Numerical example IV
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Figure: Closed cavity problem, fine meshes
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Extending the Raviart—Thomas space to general meshes |

m Lowest-order Raviart—Thomas space on a matching simplicial mesh:

RT3(Th) := Py(Th)? + 2Py (Th)

m The functions in RTY(7;) have a piecewise constant isotropic
gradient
m Key feature: H(div;2)-conformity,

Yoy, € RTY(T7), [ve]mp =0  VFeF)

Using the above ideas, we extend this space to general meshes




Extending the Raviart—Thomas space to general meshes ||

m Let
Vy, = (RTh)d x RF?

m We define an isotropic gradient reconstruction by setting
Sn(Va) Py, i= Gr(vh) + R p(vh) YT €Ty, FeFr,

with scalars
1

G . g
(V) a7 F; VpNp T R,
.

(v;inp — v — GT(Wh)(fF - fBT)) ‘nr.F

RT,F(Wh) = d:F

)




Extending the Raviart—Thomas space to general meshes Ill

m The piecewise affine reconstruction operator is s.t.

Ru(Vi) Py p(2) = v + Bu(va)p, (2 —2T) VPR €Ph

m The extended Raviart—Thomas space is obtained letting

[RI(T0) = Ru(Vs) |




Extending the Raviart—Thomas space to general meshes |V

Lemma (H (div; §2)-conformity)

Assume 1) = 1. Then there holds for all vy, € RZ(T},) and all o € i,

[vp]-mp = 0.

Remark (The matching simplicial case)

Unlike the Crouzeix—Raviart case, the assumption 1) = 1 is required also if
Tr is matching simplicial.




Extending the Raviart—Thomas space to general meshes V

Lemma (Approximation in RE (7))

Letn > 0. For all ve H(div; Q) let
Inv = Rp(vy) with vy, = ((W}Lv(mT))Teﬁ, (<v>}<"n}«‘>f«‘6]:h.)
Then there holds
Dy(vh) = mh(Va-vs) = mh(V-v).

Moreover, if ve HY(Q)? et V-v e HY(Q), there holds for all T € Ty,
with vy, :== Iyv,

H’l) = 'UHL2(T)‘1 a4 HV’U = Dh(’vh)HLz(T) < hp (|'U|H1(T)d aF |V"v‘H1(T)) .
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