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References used in this presentation

m For hybrid high-order (HHO)
m [Di Pietro, Ern, and Lemaire, 2014]
m complements: [Di Pietro and Ern, 2015¢c, Di Pietro and Ern, 2015a]
m For mixed high-order (MHO)
m [Di Pietro and Ern, 2013]
m complements: [Aghili, Boyaval, and Di Pietro, 2014]
m Links with other methods
VEM [Beirdo da Veiga, Brezzi, Cangiani, Manzini, Marini, Russo, 2013]
HOM/NCVEM [Ayuso de Dios, Lipnikov, and Manzini, 2014]
H (div; 2)-conforming VEM [Beirdo da Veiga, Brezzi, Marini, Russo, 2014]
HDG [Cockburn et al., 2009, Lehrenfeld, 2010]
MHM [Harder, Paredes, Valentin, 13]



Mesh

Definition (Mesh regularity)

We consider a sequence (7Tj)res of polyhedral meshes s.t., for all h € H,
Tr, admits a simplicial submesh ¥}, and (Tp)nen is

m shape-regular in the sense of Ciarlet;

m contact-regular: every simplex S c T'is s.t. hg ~ hp.

Main consequences
m Trace and inverse inequalities
m Optimal approximation for broken polynomial spaces
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Setting

m Let Q c R? d > 1, be a bounded connected polyhedral domain

m For a given f € L?(2), we consider the model problem

—Au=f inQ,
u=0 on 0,

m The weak formulation reads: Find u e V := H}(Q) s.t.
a(u,v) = (f,v) YoeV

where a(u,v) := (Vu, Vv)
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DOFs and reduction map |

Sloxe

Figure : Degrees of freedom (DOFs)

m For k > 0 and all T € T}, we define the local space of DOFs

l@mex{XP%w%

FeFr

m The global space is obtained enforcing single-valuedness at interfaces

Ww{xﬂm%{xwﬂﬂ}
TeTh FeFp



DOFs and reduction map Il

m For a collection of DOFs v, € U} we use the underlined notation
vy, = ((vr)rem, (vF)Fer,)
mForall TeTy, vre Qrf”p denotes its restriction to Ql‘f s.t.
vp = (vr, (vF)Fers)
m Finally, we define the local reduction map % : H'(T') — U} s.t.

l’% LU (7‘1']%1}, (W;C:'U)FGFT)
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Local potential reconstruction |

m Let T € 7;,. The local potential reconstruction operator
k k k+1
pr:Ur— I[Dd+ (T)

is s.t. for all v € U} and w e PETH(T), §, phovy = §, v and

(VngTa Vw)r = (Vur, Vw)r + 2 (vp —vp, Vwnrp)p
FE]:T

= —(vr, Aw)r + Z (vr, Vwnrr)r
FE]:T

k+1+d)

m SPD linear system of size ( e



Local potential reconstruction |l

Lemma (Approximation properties for p’}f})

For all v e H**2(T), it holds

lo = p¥Lolr + hrl|V (0 = prLro) |z < hyt 2ol meve ().

m Let ve H**2(T). Since Aw e PE™H(T) and Vuwpnrp € P5_ (F),

(VphsIho, Vw)r = — (75, Aw)r + Z (mhv, Vwnre)p
FeFr

= 7(1"3 Au])T + Z (/Ua V’w'n'TF)F = (V'U, VU})T

FeFr

m Hence, p?l’} is the elliptic projector on ]P’SH(T) since

(Vo — VphIho, Vw)r =0 Ywe PEY(T)
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Stabilization |

m Define, for T' € T}, the stabilization bilinear form s}}ho as
hho k ( pk
s7'(ur, vr) Z h 7TF PTUT —up), Tp(Prop —vr))F,
FE]'-T

with local potential reconstruction Pg : U% — PETY(T) s.t.

kok
Pfug = vp + (prog — 7o)

where vr is corrected using the highest-order part of pkv,.
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Stabilization I

Lemma (Stability and continuity)
For all T € Ty, define the H'(T)-like local seminorm

lozliz = IVorlz + D) hp'lor —vr[3-

FE]:T

Then, for all v € UL, it holds that

”yT”iT = HVpIYC“QTH% + S%hO(QTvyT) = HQTH,T'

~~

=lurl ¢



Stabilization Il

Lemma (Consistency of s4°)

For all T € Ty, and all v e H**2(T), it holds

, O \
{IVD5 Lo — Vol + 4 (Lo, i)} < WS ol ey,

m We have
|7k (PrLpo — wgo)lp = |np (5o — 7hphLio + pilio — wo) | g
= |7k (P Lo — v) + 75 (v — prLpo) |
< |k (Lo — 0) || F + |75 (v — PhIho) |
S (|Tp\PriT F T bripV)lF

—1
< by PPk Lo — o7

m The result follows from the approximation properties of pk.
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Stabilization IV

m One could wonder why we did not use, in place of shho
Jjr(up, vp) 2 hp (ur — up,vr —vF)F
FE]'—T

m This choice yields in fact similar stability and boundedness results

m However, jr has suboptimal approximation properties w.r. to p4

gr(L5v, I50) " < W o] gessory,
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Discrete problem |

m We define the local bilinear form ar on Q]% X Q’% as

ar(up,vy) = (Vp§ur, Vo§or)r + 5 (up, vr)

m The discrete problem reads: Find u;, € QQO s.t., Yy, € QZVO,

an(wy, vp) = Z ar(ur, vy) = Z (f,vr)r,

TeTh TeTh

with QZ,O = {yh eUl |vp=0YF e }"}f} incorporating bcs



Discrete problem Il

Lemma (Well-posedness)

The map Uy, 3 v, — v}, i= Srer, luali 1 is @ norm on Uy, and

&
lwnl3 1 < anlvn,vn) < lusli s Vv, € Uy, o-

As a consequence, the discrete problem is well-posed.

16
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Error estimates |

Theorem (Energy-norm error estimate)

Assume u € H}(Q) n H*+2(Q). With @y, € U}, o s.t. Gy = Iiu VT € Tp,

Hyh - @h |a,h < h/k+1”UHHk+2(Q).

Corollary (Energy estimate for pk.u;)

With %y, € PETY(Ty) s.t. iy p = pluy for all T € Ty, it holds

[V (u—@n)| < h* ful gesao)-



Error estimates I

Theorem (Supercloseness of the potential)

Further assuming elliptic regularity and f € H*(Q) if k = 0, we have

1/2
ur — r|3 < WP PN,
T

TeTh

Corollary (L?-error estimate for pXu;.)

With i, € PET(Ty) s.t. iy = phuy for all T € Ty, it holds

Hu = ?\I}LH < thrQNk.



Local conservation and numerical fluxes |

m Let T € Ty, vr € PE(T). Partial integration yields

(f,vr)r = —(Au,or)r = (Vu, Vor)r — Y, (Vunre,vr)r
FE]'—T

m Hence, denoting by @7z (u) := —Vu-nrp the conservative flux,

(VU, VUT)T + Z ((I)TF(U),UT)F = (f, 'UT)T
FeFr

m Our goal is to identify a discrete counterpart of this relation for HHO

m The difficulty comes from the coupling among faces in sh°
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Local conservation and numerical fluxes Il

m Define the auxiliary bilinear form ar : Qljﬁ X Q§ — R s.t.
ar(up,vp) = (Vp§ur, Vohor)r + jr(up, vr)

where jT(yT,yT) = ZFG]—'T h;l(wT — WF, VT — vF)p

m For all T € 7}, we define the isomorphism Qkf : Q}‘f — Qkf s.t.,

ar(hur,vr) = ar(ur, vp) + jr(up,vp)  Yop e Uk

m We also introduce the discrete gradient G. : US. — VPR1(T) s t.

Gr = V(proch)
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Local conservation and numerical fluxes IlI

Lemma (Discrete local conservation and convergence for cku)

The solution u;, € Q’fb,o satisfies, for all v, € Qi,o and all T € Tp,

(gljc‘ﬂTvva)T + Z (@}%}%)(QT%UT —vr)r = (f,vr)T,
FE]:T

with conservative numerical flux ®819 : UX — P%_ (F) s.t.

DR (uy) = —Ghupnrr + bt [(wp — (chup)r) — (wr — (g'%gT)T)] .

Additionally, Ghuy is optimally convergent.



Variable diffusion |

m With v diffusion tensor, assume (7, )nen compatible with v

m Let us briefly consider the Darcy problem

-V (vVu)=f in
u=0 on 0f)

m In weak form: Find u € H}(Q) s.t.
a(u,v) == (wVu, Vuv) = (f,v) Vv e H(Q)
m We include built-in homogeneization in p’%

(v Vpvr, Vw)r = (vVor, Vw)r + Z (vp —vr, Vwvnrr)r
FeFr
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Variable diffusion 1l

Lemma (Approximation properties of p’}f})

There is C independent of hy and v s.t., for all v e H*+2(T), it holds
with o = % if v is piecewise constant and o = 1 otherwise,

lv = prLyolr + bV (v - prLro)lr S pFhE 2 vlszr,

with heterogeneity/anisotropy ratio pr = vr/vh = 1.



Variable diffusion Il

We modify the local bilinear form as follows:

au,T(vaﬂT) = (VVPI;“HT: Vp’;’ET)T + Su,T(ﬂqwﬂT)

where, Ietting Vrp = HnTF'VT'nTFHLﬁ(F)y
1%
Su,T(HT7QT) = 2 %(W;C?(PZIEHT - UF),”?’(PZ&QT - UF))F
FeFr F

Theorem (Energy-error estimate)

Assume that w e H**2(Ty,). Then, with 4, and o as above,

iy, — |

1/2

] 2(k+1

V,hs{zu%pwhﬁ >|u|z+2,T} |
TeTh
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In summary

Dimension-independent construction on general polyhedral meshes

(]
m Arbitrary order (including k = 0)
m Naturally handles variable coefficients
m Possibility to incorporate advection robustly for 0 < Per < 4+
m [Di Pietro et al., 2014b]
Extension to a locking-free method for linear elasticity
m [Di Pietro and Ern, 2015b]

m Conservative fluxes obtained via element-wise post-processing



Hybrid high-order
Mixed high-order
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Mixed high-order methods

m With v diffusion tensor, assume (7;)nen compatible with v

m Define the spaces
3= H(div;Q) U:= L*9)
m The mixed Darcy problem reads: Find (o,u) € ¥ x U s.t.

(vlo, )+ (u, V-T) =0 VreX
(V.o,v) =—(f,v) YoeU

m We separate the constitutive law from the equilibrium equation



DOFs and reduction map |

SF2L0

Figure : Flux DOFs for MHO

m Let, for kK > 0, 1'"% = VTVIPZ and define the local spaces of DOFs

L S S GI
FeFr
m The global space has single-valued flux unknowns at interfaces

EZ:={ X rl}} x{ X P’;_l(F)}, Ur == X P4(T)

TeTy FeFy, TeTy
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DOFs and reduction map Il

m Let an element T € T}, be fixed. For s > 2, we set
SHT) = {1 e LT | V-T e L*(T)}

m The reduction map I% 1 : £7(T) — X% is s.t., for all 7€ B7(7),

(I 7)1 = vr Vo, (I 77)p = mh(Tnp) VF € Fr,

where v € P (T') solves the following Neumann problem:

(vrVov,Vw)r = (1, Vw)r Yw e PE(T)



Local flux reconstruction |

m The discrete divergence Dk : B — Uk is s.t., Y(Tp,v) € T4 x Uk,

(DT, v)r = —(Vo,7r)r + Z (v, TFeTF) P,
FEJ:T

where e7p = nrp-ng

m By construction, we have the commuting property

=+ (1) V5 13(T)



Local flux reconstruction Il

m The consistent flux reconstruction Qﬁ];f’l D YA I‘i}+1 is s.t.
k k+1
VT e X, Crh Ty = vV

where v e PEH(T) solves: For all w e PET(T),

(€ 1y, Vw)r = (br Vo, Vu)r = —(w, Dirg)r + Y, (w,Trere)r
FeFr

k+1+d)

= SPD linear system of size ("} 1]

[ Q?’l is polynomial-preserving up to degree k + 1:

vreTit, &N Is ) =T




Discrete (v~ !, -)pr-product and stabilization

1

m We define the following (v, )p-product on 3.

Hr(ar,Tr) = (V}lcl%HQTa 6I%HIT)T + Sr(er,T7),

where positive definiteness is ensured by the stabilizing bilinear form

h
Sr(op, )= ), Vi(( von) e —or, (C T me — )R
FeFr TF

m S7 enjoys polynomial consistency up to degree (k + 1):

Vo € F§+17 ST(L;,T(O')vlT) =0 V€ lec“




Discrete problem

m Find (g, un) € ZF x UF s.t., Y(1),,vn) € ZF x UF, VT € Ty,
Hr(op,7r) + (up, DfTr)r =0
(Dhar,vr)r = —(f,vr)r

m Well-posedness follows from coercivity + LBB

m In what follows, we establish a link with HHO



Mixed hybrid formulation |

m For simplicity, let us take v = I; in what follows

m We enforce single-valuedness at interfaces by Lagrange multipliers in

Ay = X A,

FeFy
with

Ak {P§_1<F> if F e 7,
F =

~ o} if FeFb

m Recalling the definition of QZ,O from HHO, we can rewrite

Upo=Ur x A}




Mixed hybrid formulation Il

m Define the bilinear form Br € ;? X Q’% s.t.,

Br(tp,vr) = (vr, DbTy)r — Z (vP, TrF)F
FG]:T

m Introducing the fully discontinuous flux space

~ k
. k
3, = X Xr
TeT

<k <k
we look for (&, u;) € ), x UN sit., V(1,,,v,) € ), x UF, VT € Ty,

Hr(ar, 1)) + Br(tr,ur) =0

Br(ar,vr) = —(f,vr)r




Potential lifting |

m We define a potential lifting & : U} — X% st for all 7, € X%,

Hr(shvp,77) = —Br(tp,vr)

m Using the definition of D’} and partial integration, we have
Br(zr,vr) i= (vr, Dfzy) = ) (v, 7rr)r
FeFr

= —(Vur,7r)r + 2 (vr —vF, TrF)F
FeFr



Potential lifting I

m Using the previous relation, and letting G : U% — IP’ZH(T) be s.t.
G i= ¢t o gl

we have from polynomial consistency: Vv, € Uk, Yw € ]P’ZH(T),

(G}%QT, Vw)T = (VUT, Vw)T + Z (UF — v, VU)”ILTF)F
FeFr

m Comparing with HHO, it is readily inferred that

Glur = Vihur




Primal formulation and link with HHO

m Let us go back to the mixed-hybrid formulation
m By definition of 6%, the constitutive law rewrites

op =Shu, VT eT,

m The equilibrium equation thus becomes: Vv, € Qlfho, VT € Ty,

_BT(gl%QT?QT) = (fa UT)Ta

or, by definition of ¢kv,, letting s (up, vy) := Sr(shus, ko),

Hr(shup, shor) = (Vpiup, Vohor) + s§° (up,vr) = (fvr)r

~—

::a?ho (up,vr)

m Thus, after hybridization, MHO ~ HHO
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Variants of HHO

mletTeT, k—1<I1<k+1, and consider the local space

URt = PYy(T) { X P§_1<F>}

FeFr

m In all the cases, convergence rates as for the original HHO method
m We have that

m [ =k — 1 yields HOM (up to variants in stabilization)
m=Fk yields the original HHO method
m [ =k + 1 yields a new HDG-like method



Bridging HOM and HHO |

m A (minor) extension of [Ayuso de Dios et al., 2014] bridges HHO
and HOM when

V:Id

m For a given T' € T}, define the local space

lef’l = {ap e H'(T) | VgpnrePi_(F)VF e Frand Ap e P4(T) }

m We next study the relation between VTk’l and Q%l



Bridging HOM and HHO Il

m Let O :Qi}’l — Vqlf’l be s.t. &1 (vr) solves the Neumann problem

A®p(vr) = vp — 1}|d<L v — Fng L UF>

with

Vor(vr) pnrr =vr VF € Fr, J Pr(vy) = J ur
T T

m Clearly, both &7 and I%': V' — UR! are injective

m Therefore, f}"[ : V;f*l — Q’}’Z is an isomorphism and we can identify

k,l Kl
VT ~ QT




Bridging HOM and HHO IlI

m Define the computable projection TT&F! - Vb — PE+L(T) st

k.l
kg = phlilo

m For all F € Fr, one can readily verify, with 6% ¢ := 7o — 7k,

kol pk,l k,l k.l
T (P Ly — (L' e)r) = 61p( o — @) VeV
m Therefore, the HHO stabilization is a least-square penalty of

0rp (5 o — )
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Bridging HOM and HHO IV

m Define on lef’l X VTk’l the local bilinear form

ar(i, @) = (VIE Y, VIE o)1 + 374, ¢)

with stabilization bilinear form

Z hp Y6Fr( Hk+1¢ v), 5TF(H§“+1<P*SD))F

FeFr

m Then, using Vkl ~ le with wp = ll;:lw and vp = ll}’lga,

‘5T(¢’<P) = ar(wp,vr), sr(¢Y, ) = sr(wy, vy) ‘
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Thecasel =k + 1

m Let k = [+ 1in UY' and leave pk unaltered. Then, PJ becomes
kol k k+1 k ,
Ppvp = vr + ppup — mp' ppog = ur

m Hence, the stabilization bilinear form sp simply rewrites

dg 1
38 (up, vp) == ) ,T(W]E(HT —up), 7 (1 —vp))F
F
FG.FT
m This yields a (new) HDG-like method based on the local spaces

V(T) = VPP H(T),  W(T) =Pit(T)
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