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In a nutshell |

m In the context of petroleum reservoir engineering, numerical
simulation is used to predict oil production and to plan exploitation

m Modelling the flow of several fluids through a porous medium leads
to highly nonlinear and computationally expensive problems

m Goal significantly reduce simulation time

m ldea use a posteriori error estimators to make smart online choices



In a nutshell 1l

Fix M and 79. Set t” <— 0, n < 0 and set the initial solution X .
while t* <t do
Setn <+ n+1, M™ — M= 7 pn—1
repeat { Equilibration of spatial and temporal errors }
Set k+ 0 and X0 « X7t
repeat { Newton iterations }
k+ k+1and i+ 0. Set A0 = a k=t
Set up the linear system
repeat {| Algebraic iterations |}
Set i =i+ 1 and perform one iteration of the algebraic solver

n,k,i n,k,i n,k,i n,k,i
Compute 7sp™", e Mgy 0 Malg

until | stopping criterion
until | stopping criterion

Adapt the time step 7™

until ‘ time-space equilibration ‘

Set A7+ XM and 17 171 4o
end while



In a nutshell 111
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The compositional Darcy model |

m Let two sets of phases P and components C be given

m We define for all p € P and all ¢ € C the relevant subsets

Cp,:={c€eC; cispresentin p}, P.:={pe€P; cis presentin p}

| H20 | COz | Na | CrHi
w| v [ x [ x] x
h| X | v | v ] v
o| X | v |v| v

Figure: Example of a two-phase, three-component flux



The compositional Darcy model [l

m Formulation inspired by [Coats, 1980, Eymard et al., 2012]
m The unknowns of the model are

P P
X = (Sp)per = S
(Cp.c)pep.cec, (Cp)pep

m We define for all p € P the phase pressure as
P,(P,S) = P+ P. (S)
m The (average) phase velocity is given by Darcy's law

vy = —A(VE, + ppgV2)



The compositional Darcy model Il

m Let 2 denote the space domain and tg > 0 the simulation time

m Conservation of the quantity of matter: For all ¢ € C,

[Oude + V@, =g in Qx (0,t)|

with g. source piecewise constant in space-time and

l(: = ¢ Z Cpspcp,c‘a (I)(t = Z {‘b;u: = VpCp,(:vp}7

pEP. PEPe
m Initial and boundary conditions

1(0)=12in Q, ®.nqg=00n9Q x (0,tp)



The compositional Darcy model [V

m Saturation of the pore volume
s,
peEP

m Partition of the matter into components

> Cpe=1 VpeP

ceCyp

m Thermodynamic equilibrium relations close the system



A classical finite volume scheme |

m We consider a popular fully implicity finite volume discretization
m The numerical fluxes are based on phase-upwind and two-point fluxes

m On phase-upwind cf., e.g., [Brenier and Jaffré, 1991]



A classical finite volume scheme Il

m We consider a partition (t")o<n<n of (0,%r) with
n
thZTi >0 Vi<i<n
i=1

m We denote by (M™)o<n<n a sequence of meshes of Q with
M = {M}

m The discrete unknowns are, for all M € M",

ng

X o= (X)) memn,  Xyp = M
(Cp,M)PEP



A classical finite volume scheme IlI

m For each phase, the discrete phase pressure is given by
oot (Prps Siy) = Pip + Pe, (Syy) VM € M*
m The discrete phase velocity is given by, for all 0 C OM NOL,

Fparo(XRg) = ol 228t [PR oy — Py + pp o9 (2m — 21)]

while F}, p1.0(X}y) =0 if o C 00



A classical finite volume scheme IV

m Discrete conservation of the quantity of matter: For all c € C,

MO e + 3 Fenro (X3 = [Mlggar VM € M?
0'65

with
M d)ch p]\/[’ pIM)SpMC e, M

PEP.

and molar component flux

F‘(:4A\!4(7</X),,\I/[> = Z {F]).(:.;\[.U(XJ\Y/[) = VgCZZ&M;Fp,E\J,U(XJ\l/[)}
PEPe

m Closure laws are enforced cell-wise
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= [Di Pietro et al., 2013b] (stopping criteria + parameter selection)



Fully computable upper bound |

Assumption (Weak solution)

There exists a weak solution X such that
m Forallp e P, Py(P,S) € X := L*(H*(Q))
m ForallceC, 1. €Y := H' (L*(Q)) and ®. € [L?(L*(N))]¢
m The following equality holds for all p € X and all c € C:
ty tp
(0l )(6) = @ Vo O} et = [ ()01t

0

m The initial condition and the closure equations hold

We equip the space X with the norm

N 1/2
llellx == {Z/ > ||‘P|§(,Mdt} » Nl nr == ehal lellin + IVl
n=1"1

n MeM™



Fully computable upper bound Il

REREE

ceC pEP

m Dual norm of the residual

ty
N.:=  sup / {(Oele=0klcsnr, ) (t) — (Be=P. sy Vip) (8) } dt
0

PeX,|lellx =1

with @ = Zpgpc Vp(Pp.hrs Shrs Cp.ir ) CpoehrUp (L, 117, Cpoir)

m Nonconformity in X:
) tp 9 1/2
Nyi= it {5 [ 10000 - Wl O] e}
#pEX ceCp 0

with \II%C(SO) = VP(Pp,h'm ShT? prhf)cp,c,h"'Avso



Fully computable upper bound Ill

Theorem (Fully computable upper bound)
The following guaranteed upper bounds hold:

N 1/2
Ne < { Z/I Z (B p,c + 0B o (2))” dt} Ve e,
n=1

n MeM™n

N 1/2
Ny < { DD / > (n;;c,M,p,c(t)fdt} vpeP,
ceCpn=1"1In premn

with estimators given by, for all ¢ € C and all M € M",

N ane = Cp aha||gen — O lenr — V-OF 4 lar,
ne () = |O2, — P ()]0,
e, M,p,e(t) = [[¥p,c(Pp,nr) () — Cp,c(PBp,nr) @)l Vp € Pe.

where, for all c € C, ©¢; € RTN(M") s.t.

| (g8 = OFlenr — V-OL, ar =0 VM € M". |




Linearization and algebraic resolution |

m Solving the discrete problem amounts to zeroing the residuals

n noy\ . lc,]w (XICI) - l:,;/[l ny_ n _
Rl (X)) = |M|———>—=+ Z Fento (X)) —|Mlgear =0

i,n
o€y,

n

m The Newton method generates a sequence (X/T\L/’lk)kzo by solving

9 R

e () (it~ ) + R () =0

M’'emMn



Linearization and algebraic resolution |l

m The resulting linear system can be solved by an iterative linear solver

m The residuals at Newton iteration k and linear solver iteration 7 read

n,k—1 n,k,i _ gn—1
o, M (XM ) + EC,]\J lc,]\/f + Fn,k,i |M|qn
§ : c,M,c — c,M>»

i,n
oEEY,

Ry = M|

<,

n

n,k,i - . .
where Foyisisa linearized component flux



Linearization and algebraic resolution Il

Corollary (Time-localized a posteriori error estimate)

For a given time step n, Newton iteration k, and linear iteration i we have

)

1/
n n,k,i n,k,i n,k,i 2
NE < { /1 Z (nR,M,c + npiare(t) + WNA,M,C) dt} Ve e,

n MemMmn

1/2
T [ 3 ki) wep.
ceCp

where 171'\’]’:’}‘\4 . Is related to the nonlinear accumulation term.



Distinguishing the error components |

n,k,i

m We decompose the component flux reconstruction @€ RTN(M™) as

@'n,k,i = en,k,i N + en,k,i + Gn,k,i

c,h disc,c, lin,c,h alg,c,h

= The discretization flux reconstruction ®3;%* , € RTN(M") is s.t.

disc,c,
(O5s" nmar, Vo = Foaro (X

m The linearization error flux reconstruction (’)ﬂ’;fih € RTN(M") is s.t.

(O, 1)o = FIS = Feon o (X557

lin,c,h

The algebraic error flux reconstruction @:1‘;’;,1 € RTN(M") is s.t.

n,k,i . n,k,i
(®ig e, Dom = =Ry

alg,c,



Distinguishing the error components ||

m Space error estimator

1/2
Sk, . Sk Ky Sk, Sk, 2
L () = n:{,Mic+|@:;isc;7h—(I>zih:<t")|M+{ > e ®) }
pEP.

m [ime error estimator

n,k,i . n,k,i/,n n,k,i
Nemoar,e(8) 7= (1@ (") = @030 (6) ||

c,ht c,ht
m Linearization error estimator

n,k,i

koo NiX)
gy - H(-);iln,(ih,MH + nNA,M,C

hin,M,c *
m Algebraic error estimator

ki . n,k,i
n:lg,]f/[,a = H@;‘lgéhHM



Distinguishing the error components IlI

Corollary (Distinguishing the different error components)

The following estimate holds:

1/2
Nn S { Z (ngp’k 'L + n:lmkcl + nﬁnkcz + n:.]gk, 'L) } ’

ceC

with estimators given by

1/2
n,k, k,
nSIL L= 4/ Z (n:p,ll/} c(t) 9
In premrn
1/2
i ={af T i } ,
n MeMn
1/2
n,k,i n,k,i 2
nllnc T {ZTTL Z (nlin,M,c) } ’
MeMmM™
1/2
n,k,i n,k,i 2
7']alg @ T {27-” Z (T]alg,M,c) }
MeMmMn™



A fully adaptive algorithm

Fix MO and 79. Set t° + 0, n 0 and set the initial solution X .
while ¢ < ¢F' do

Setn <« n+1, M® «+ M1, 77 =L

repeat { Equilibration of spatial and temporal errors }

Set k< 0 and x™°0 « a1,

ht hT
repeat { Newton iterations }
k4« k+1and i+ 0. Set x,F0 .= x/ k1
Set up the linear system
repeat { Algebraic iterations }
Set ¢ =i+ 1 and perform one iteration of the algebraic solver

C n,k,i n,k,t n,k,i n,k,i
ompute 1sp ™" Nem s Tin 1 Malg

until

until
Adapt the time step 7™

until

Set X7« XF and ¢ < 71 4o
end while



A fully adaptive algorithm

Fix M9 and 7. Set t° +— 0, n < 0 and set the initial solution Xi?r'
while ¢ < ¢F' do
Setn <+ n+1, M™ — M= n =1

repeat { }
Set k + 0 and X,:L_,LO — st
repeat { }

k< k+1and i< 0. Set X0 = k!
Set up the linear system
repeat {

}

Set ¢ =i+ 1 and perform one iteration of the algebraic solver

C n,k,i n,k,e  n,k,g  nk,
ompute Nsg " M 0 My o Nalg

until
Adapt the time step 7"
until

Set A7+ XM and 7 ¢l 4,
end while



A fully adaptive algorithm

Fix MO and 7. Set t° < 0, n < 0 and set the initial solution X
while ¢ < ¢F' do

Setn <+ n+1, M"?

repeat {

ML -l

Set k + 0 and X,:L_,LO —xpt
repeat {

}

k< k+1and i< 0. Set xR0 .= xpkt
Set up the linear system

repeat {

}

Set ¢ =i+ 1 and perform one iteration of the algebraic solver
n,k,i
Compute 155", ng

n,k,i

nn,k,z n,k,i
' in

» Malg

Adapt the time step 7
until

Set X7 X,:l_;k’z, and t™
end while

=1l




A fully adaptive algorithm

Fix MO and 7. Set t° < 0, n < 0 and set the initial solution X
while ¢ < ¢F' do

Setn <+ n+1, M"?

repeat {

ML -l

Set k + 0 and X,?_;O —xpt
repeat {

}

k< k+1and i< 0. Set xR0 .= xpkt
Set up the linear system

repeat {

}

Set ¢ =i+ 1 and perform one iteration of the algebraic solver
n,k,i
Compute 155", ng

n,k,i

n,k,2 _n,k,
' nhn

» Malg

Adapt the time step 7
until

Set X7 X,:l_;k’z, and t™
end while

=1l




Adaptive stopping criteria

’ —e— total —— space —§— time —4— linearization —A— algebraic ‘

T T T T T T T 10* T T T T T
102 : } S
102 |
A
10-1 | ———— " . L il
-4l i
10 10-2
-7l i
10 10-4 |
10710 £ ! L L | L . 10-6 L . | L !
0 5 10 15 20 25 30 35 1 2 3 4 5
GMRes iteration Newton iteration

Figure: Evolution of the error component estimators for a fixed mesh as a
function of GMRes (left) and Newton iterations (right)
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A numerical example

O Permeabllity

H 5,334e-13
Production well fma
;1913

“30-13
20-13

le-13

2,741e-16

Injection well
°

Figure: Numerical example: injection of a mixture of CO; and Ny into a
reservoir initially saturated with C7H16



Homogeneous medium |

Figure: Liquid saturation, classical (left) vs. adaptive (right) resolution at times
7.8 x10"s and 2.1 x 10%s



Homogeneous medium Il
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Figure: Cumulated oil production, classical vs. adaptive resolution



Homogeneous medium IlI
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Figure: Newton iterations at each time step (left) and cumulated number of
Newton iterations as a function of time (right).



Homogeneous medium IV
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Figure: GMRes iterations for each Newton iteration (left) and cumulated as a
function of time (right)



Heterogeneous medium |

Figure: Liquid saturation, classical (left) and adaptive (right) resolutions at
times 5.2 x 107 s, 1.04 x 10%s, and 1.6 x 10%s (heterogeneous medium)



Heterogeneous medium ||
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Figure: Cumulated Newton (left) and GMRes (right) iterations as a function of
time (right) (heterogeneous medium)



References |

@ Brenier, Y. and Jaffré, J. (1991)

Upstream differencing for multiphase flow in reservoir simulation.
SIAM J. Numer. Anal., 28:685-696

Coats, K. H. (1980)

An equation of state compositional model.
Society of Petroleum Engineers, 20(5):363-376

Di Pietro, D. A., Flauraud, E., Vohralik, M., and Yousef, S. (2013a)

A posteriori error estimates, stopping criteria, and adaptivity for multiphase compositional Darcy flows in porous media.
Submitted. Preprint hal-00839487

Di Pietro, D. A., Vohralik, M., and Yousef, S. (2013b)

Adaptive regularization, linearization, and discretization and a posteriori error control for the two-phase Stefan problem.
Math. Comp.
Accepted for publication. Preprint http://hal.archives-ouvertes.fr/hal-00690862

Eriksson, K. and Johnson, C. (1995)

Adaptive finite element methods for parabolic problems. IV. Nonlinear problems.
SIAM J. Numer. Anal., 32(6):1729-1749

Em, A. and Vohralik, M. (2013).

Adaptive inexact Newton methods with a posteriori ing criteria for li diffusion PDEs.
SIAM J. Sci. Comput.
DOI 10.1137/120896918

Ewing, R. E., Boyett, B. A, Babu, D. K., and Heinemann, R. F. (1989).

Efficient use of locally refined grids for multiphase reservoir simulation.
Society of Petroleum Engineers

) & W & W

Eymard, R., Guichard, C., Herbin, R., and Masson, R. (2012)

Vertex-centred discretization of multiphase compositional darcy flows on general meshes.
Comput. Geosci., 16:987-1005


http://hal.archives-ouvertes.fr/hal-00839487

References Il

Heinemann, Z. E. (1983).

Using local grid refinement in a multiple-application reservoir simulator.
Society of Petroleum Engineers

Jiranek, P., Strakog, Z., and Vohralik, M. (2010).

A posteriori error estimates including algebraic error and stopping criteria for iterative solvers.
SIAM J. Sci. Comput., 32(3):1567-1590

Mamaghani, M., Enchéry, G., and Chainais-Hillairet, C. (2011).

Development of a refinement criterion for adaptive mesh refinement in steam-assisted gravity drainage simulation.
Comput. Geosci., 15(1):17-34.

Nochetto, R. H., Schmidt, A., and Verdi, C. (2000).

A posteriori error estimation and adaptivity for degenerate parabolic problems.

Math. Comp., 69(229):1-24.

Ohlberger, M. (2001)

A posteriori error estimate for finite volume approximations to singularly perturbed nonlinear convection—diffusion equations.

Numer. Math., 87(4):737-761

Verfiirth, R. (1998a)

A posteriori error estimates for nonlinear problems. L™ (0, T'; LP (£2))-error estimates for finite element discretizations of
parabolic equations.
Math. Comp., 67(224):1335-1360.

) & W W

Verfiirth, R. (1998b)

A posteriori error estimates for nonlinear problems: L (0, T'; wle (£2))-error estimates for finite element discretizations of
parabolic equations.
Numer. Methods Partial Differential Equations, 14(4):487-518



	Model and discretization
	A posteriori error estimates and adaptive resolution
	Numerical results

