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Model problem |

Let Q@ C R4, d > 1, be a polytopal bounded connected domain
Let p € (1,400) and f € L (Q) with p/ := S2;

We consider the Leray—-Lions problem: Find u € Wé’p(Q) s.t.

Au,v) = /Q ax, Vu(x)) - Vo(x)dx = /Q o wew (@)

A typical example is the p-Laplacian: For p € (1,+o0),

a(x,§) = £ 28

Applications to glaciology, turbulent porous media flow, airfoil design

Perfect playground for discrete functional analysis tools ©



Model problem Il

Assumption (Leray-Lions operator/v1)
For a fixed index p € (1,+o0), f € I’ (Q) and a satisfies
m Growth. a(-,0) € LV (Q)4 and there is By > 0 s.t.

la(x, &) —a(x,0)| < Ba|E[P! for a.e. x €Q, for all € € RY.
m Monotonicity. For a.e. x € Q, for all (E,m) € RY x R?,
[a(x,&) —a(x,n)]-[§ —n] > 0.
m Coercivity. There is A4 >0 s.t.

a(x,E)-&E > W|EP forae x€Q, forall £ € RY.

A dependence on u can also be included in the analysis



Features of HHO methods

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions d > 1
Arbitrary approximation order (including k = 0)
Applicable to a vast range of physical problems

Reduced computational cost after hybridization
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Mesh |

Definition (Mesh regularity)

We consider a sequence (9},)ner of polyhedral meshes s.t., for all
he ., I, admits a simplicial submesh ¥, and (T)per is

m shape-regular in the usual sense of Ciarlet;

m contact-regular, i.e., every simplex S C T is s.t. hg ~ hr.

Consequences [DP and Ern, 2012, DP and Droniou, 2016a]:
m [P-trace and inverse inequalities

m Approximation for broken polynomial spaces
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Mesh 1l

Figure: Examples of general meshes in 2d and 3d. The agglomerated 3d meshes are
taken from [DP and Specogna, 2016]



Projectors on local polynomial spaces |

m The L2-orthogonal projector 717T (LN (T) = PU(T) is s.t.
/(ng’lv—v)w =0 for all w e PY(T)
T
m The elliptic projector 77:}"[ cWHH(T) = PY(T) is s.t.

/V 77:T v—v )-Vw =0 for all w e P/(T and/ nTv—v) 0



Projectors on local polynomial spaces Il

Lemma (Optimal approximation properties of local projectors)

Forallhe 9, all T € 9, allp € [1,4), all s€ {1,...,1+1}, all
m€{0,...,s—1}, and all v e W*P(T), it holds with x € {0,1}

1
M P o —
|V—TC;~ V|Wm7p(T) +h7p~|V—TE;~ V|Wm*f’(97~) S l’l:}w m|V|W,rAp(T).

Proof.

Apply a general result from [DP and Droniou, 2016b]: every W-bounded
projector has optimal approximation properties. O



Key ideas

m DOFs: polynomials of degree k > 0 at elements and faces

m Differential operators reconstructions tailored to the problem:

Ar(u,v) ~ /T a(x, Ghup (x)) - Ghvy (x)dx + stab.

with
m gradient reconstruction G’; from local solves
m high-order stabilisation using face-based penalty

m General meshes in any d > 1 and arbitrary polynomial degrees



DOFs and interpolation

E=0 k=1 k=2

Figure: Q’} for k€ {0,1,2}
m For k>0 and T € .}, we define the local space of DOFs

Uk = P4T) x ( X Pk(F))

FE:?T

m The local interpolator I% : WhI(T) — Uk is s.t.

0,k 0,k
l’%" = (n7"v, (" V) re 77)
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Operator reconstructions |

= We define the gradient reconstruction G% : Uk +— PK(T)? s.t.

(Ghvr.@)r =—(vr.divo)r+ Y, (v, 0-nre)r Vo € PH(T)?

FeZrp

m Recalling the definition of [’}, it holds for all v € Wl*l(T),

(Gh1hv.9)r = (5. divo)r+ X (. gnar)e = (Vv 0)r,

FE:QT

i.e., by definition of 72,

Gh Iy = " (V)

m As a result, (G’}o[’;) has optimal W*”-approximation properties



Operator reconstructions |l

m We also need the potential reconstruction r’}“ (UK — PMYUT) st

(V”I}HET

—Ghyp, VW) =0 Ve PFU(T), /(
T

k+1
rr Yr—Vv

)=0

m Recalling the definition of G% and I%., it holds for all v e WhHi(T),
g T T

(VI’/;~+1!/;~‘7,VW)T:—(;%V,AW)T—F ) (%V,VW'"TF)F,

FG:@T

ie. (VA 5y —v),Vw)r =0 and, by definition of 7",

ktlyk . 1k+l
ret Iy =m0y

m As a result, (r’}HOE) has optimal W*”-approximation properties
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Global problem |

m For all T € 7, we define the local function Ay :Q’; xQ’; — R s.t.

Arug,vp) = [ ale,Ghuuy(x)) - Ghur (s +s1(ur.vr)

m The stabilisation term s7: Uk x U% — R is s.t.

. 1— k —2¢k k
st(ur,vy) == Z hg P / |Orpur |’ Srpur Srpvr,
FEjT F

with face-based residual operator 8% : Uk — P¥(F) s.t.

k 0k k+1 0.k 1
Orpvr 1= Ty (VF*rT Yr—Tp (VT*’]} XT))

m Polynomial consistency: 8f.I5w =0 for all w € P1(T)
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Global problem Il

m Define the following global space with single-valued interface DOFs:

Uy = ( XIF’k(T)> x ( XIP’k(F)>
T, FeZy,

m A global function A :Q’,‘l xQ’,‘l — R is assembled element-wise:

An(uy,vy) =Y, Ar(ug,vy)
TeI,

m We seek u, EQQO ={v, eUs |vp=0VF €.} st.

Ah(ﬂhayh) = /vah th € QZO

with v, =vr forall T € 7,



Global problem Il

m Define on UX the W!”-like seminorm (this is a norm on UX
h h,0

Yp
1—
Illipni= ¥ (uwrngmﬁ y hF"|VF—vT||5;<F>>

TeJy, FeFr

m We have coercivity for Aj: For all v, € Qfl,

(v ||117,p,h S An(vy,vp)

m Existence for uj, follows (cf. [Deimling, 1985]) with a priori estimate

1
=T
a1 < CUFI
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Convergence to minimal regularity solutions |

Theorem (Convergence)

Up to a subsequence as h — 0, with p* = ddfpp if p < d, +oo otherwise,
m u, — u and rjh(th — u strongly in L4(Q) for all g < p*,
m Guy, — Vu weakly in [7(Q)%.

Additionally, if a is strictly monotone,

m Gfuy, — Vu strongly in 17 (Q)4.

In this case, both u and u;, are unique and the whole sequence converges.



Discrete functional analysis results

Lemma (Discrete Sobolev embeddings)

For all Lebesgue index g s.t. 1 <q<p*ifl<p<d, 1<qg<+eifp>d,
there exists C only depending on Q, p, k, g and p s.t. Yy, € QZ’O,

[vallza@) < Cllvgllip.n-

Lemma (Discrete compactness)

Let (v )hesr be s.t. ||vyll1pn < C for a fixed C € R. Then, there exists

vE Wé"’(Q) s.t., up to a subsequence as h — 0,

m v, — v and r’h‘Hyh — v strongly in L1(Q) for all g < p*,

m Gy, — Vv weakly in [7(Q)%.



Error estimates |

Assumption (Leray—Lions operator/v2)
Forp € (1,4), a: Q xR? — R satisfies
m Growth. Same as before
m Continuity. There is ¥, >0 s.t. for a.e. x € Q, VE,n € R?

la(x,&) —alx,n)| < wl& —nl(EF2+nl~2).

m Monotonicity. There is {3 >0 s.t. for a.e. x € Q, VE,n € RY,

[a(x,&) —a(e,m)]- [ —n] = Gl — (1] +[n)" .

m Coercivity. Same as before
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Error estimates I

Theorem (Error estimate)
Assume u € W2P( ), a(-,Vu) € WP ()4, and let, if p > 2,
a 1
En(u) 1= 1 ] yisag ) + T '<| \me | +la(- v )%1,,/%)7

while, if p < 2,
Eh(u): h<k+1 r=D) |u|Wk+2p(g) hk+1|a('avu)|wk+1,p/(9h)~

Then, it holds,

k+1
O(hr=T) ifp>2
I*u— <E,(u) = g
12t — wp |1 pn < () {ﬁ(h(kJrl)(pl)) ifp<2.

Results coherent with [Liu and Yan, 2001] (Crouzeix—Raviart)



Numerical examples |

Trigonometric solution, p > 2

Figure: Triangular and (predominantly) hexagonal meshes

m We consider the p-Laplace problem:
a(x,§) =& 2¢
m We solve the manufactured Dirichlet problem corresponding to

u(x) = sin(7xy ) sin(7x;)



Numerical examples |l

Trigonometric solution, p > 2
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Figure: |[I8u—upl|1 ps vs. h for p=2,3,4 (left to right) for the triangular (above) and
hexagonal (below) mesh families
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Numerical examples |
Trigonometric solution, 1 <p <2

m We consider the same solution but this time with 1 <p <2

m In this case, the derivatives of the function

£ |EP2E

are singular at £ =0

m This prevents the method from attaining optimal orders of
convergence



Numerical examples |l
Trigonometric solution, 1 <p <2

’+k:0 k=1 e k=2 +k:3‘

I 4 L. I I I I I L1
|0—2.5 10—2 ]O—I.S 10—241072.2 10—2 lo—l.xlo—l.(v 10—1.4 ]O—I.Z

(a) Triangular (b) Hexagonal

Figure: |[I8u—up||1 5 versus h for the exponential solution with p = %.
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Numerical examples |

Exponential solution, 1 <p <2

m To assess our error estimates, we therefore consider the solution
u(x) = exp(x; + mxy)

m We solve again the corresponding manufactured Dirichlet problem

m This allows us to avoid dealing with singularities



Numerical examples |l

Exponential solution, 1 <p <2
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Figure: ||[IXu—uy,||; p,» versus h for the exponential solution with p = 7.



Leray-Lions

Navier-Stokes
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The steady incompressible Navier—Stokes equations |

m Let Q CRY, d€{2,3}, be a bounded connected open polyhedron
m Let veRY and f € L*(Q)? (extension to variable v is possible)
m The INS problem consists in findingu: Q —R% and p: Q - R s.t.

—vAu+Vuu+Vp=f in Q
divu =0 in Q,
u=>0 on JdQ,

fro
Q

m We use the matrix-product notation: Vyw = ():j | Wid; v) .,
1<i<



The steady incompressible Navier—Stokes equations ||

m Let U:=H}(Q)! and P:=L}(Q)
m The weak formulation reads: Find (u,p) € U X P s.t.

va(u,v) +t(u,u,v)+b(v,p) = /g;f-v Vv eU,
—b(u,q) :b Vq € P,
with diffusive and pressure-velocity coupling bilinear forms
a(u,v) ::/ Vu:Vy, b(v,q) = —/ (divv)g,
Q Q
and convective trilinear form

t(w,u,v) = / vIVuw
Jo



A key remark

m Integrating by parts and using u = 0 on JdQ, we can prove that

1 1
t(w,u,v):f/vTVuw—f/uTva
2 Ja 2Ja

m This shows that ¢ is non dissipative: For all w,v € U it holds

tw,v,v) =0



Discrete spaces |

k=0 k=1 k=2

Figure: Local velocity space Q’; for k€ {0,1,2}
m Let a polynomial degree k > 0 be fixed and set
Ui = ( X IP"‘(T)”’> x < X IP”‘(F)d>
Tetyh FE:@/,

m We write the elements of Q’;l asy, = ((vT)Teyh, (vF)Fegzh)

m For the restrictions to a mesh element T we replace h < T



Discrete spaces |l

m The global interpolator I¥ : H'(Q)4 — Uk is s.t. W € H'(Q)¢

0,k 0.,k
lﬁv = ((m7"V)reg, (TG V)Fes,)

m To account for BCs and the zero-average constraint on p, we set
Qlfz,o = {gh cU|ve=0 VFEJG“,E’},

Py = {qhélf”k(%)‘/gqhzo}

m We define on U the following seminorm (which is a norm on Qlf,,o)3

1/2
oalln =), (VvT||%+ )y hFIHVF_vT”%‘>

TeZ, FeZr



Reconstructions of differential operators |

m For [ > 0, the gradient reconstruction GZT : Q’; — IP’I(T)dXd is s.t.

/GTvT r_—/ r(dive)+ Y /FvF-(mTF) V1 € P(T)dxd

FeZr

m The choice [ = 2k will be used to discretize the convective term

m The global gradient reconstruction is defined setting VT € .9},

(Gizkh)\T = Ghvy



Reconstructions of differential operators Il

m The velocity reconstruction ! : U% — PFH1(T)4 is s t.

/T(Vr’;J’lgT —Ghvy):Vw =0 vwecPF(T), /Tr]}HET —vr=0

m Finally, the discrete divergence DX : U% — PK(T) is s.t.

Dy =r(Gy)

m Global versions of the above operators are defined setting VT € .7},

1 s ! ok
(ri+ v i=ry vp, (D) i=Divr



Viscous term

m The viscous term is discretized by means of the bilinear form ay, s.t.

an(wy,vy) == /QGIZEhIG]ZXh-FSh(Eh,Kh)

m Here, s, is a stabilization bilinear form defined as follows:

. — k k
sn(up,vy) = Z Z hFl/FSTFET'6TFKT7

Te g, FeFr
with face-based residual operator 8k : US — P*(F) s.t.
ko . 0k 1 0,k -1
Orpvy 1= Tf ("F_’J;r vp =y (vr =1y ET))

m With this choice we have stability and consistency
m For variable viscosity, use the ideas of [DP and Ern, 2015]



Pressure-velocity coupling

m The pressure-velocity coupling is realized by the bilinear form

bp(vy,qn) = —/QDIZEMM

m A crucial point is that b, satisfies the following inf-sup condition

Yan € Picﬂ ||qh||L2(Q) 5 sup bh(Ethh)
v, €U o lvall1n=1

m Valid on general meshes in d € {2,3}!
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Convective term |

m Recall the skew-symmetric expression of ¢ written before:

1 1
t(w,u,v)zf/vTVuw—f/uTva
2 Jo 2Ja

m Inspired by this reformulation of ¢, we set

1 1
._ T 2k T 2k
th(Wp, Uy, ¥y) = E/QVJZG/I H/zwh_i/guhGh VWi




Convective term |l

m In practice, one does not need to actually compute G,zl/‘ since

(W vy) = Y tr(wr,ug,vy),
€7,

where, for all T € 9,

1 1
tT(ET,ETiT)::_E/u;"VVTWT+§ Y /(up-vr)(wT-an)
T Fe gy F

1 1
+§'/;V¥VuTWT— 5 Z '/I;(VF'uT)(wT'nTF)

Fe gy

m By design, 1, is non dissipative: For all w;,,v,,

th(m}”z}u!h) = 0



Discrete problem |

= The discrete problem reads: Find (u,p;) € U o X Pj st.

Vah(Eh,VJ,) + th(!halhazh) +bh (Khaph) = /Qf'vh th € Qﬁ,Ov

—bu(uy,qn) =0 Vg, € Pk

m All element-based velocity DOFs and all but one pressure DOFs can
be locally eliminated at each Newton iteration

m This leads to linear systems of size

k+d—1

dcard(ﬁ,i)( d—1

) +card(F)



Discrete problem Il

Theorem (Existence and a priori bounds)

There exists a solution (uy,p) € Q’;lo X P’;l such that

lapllin S v WFllz@es  lallz@) S WFllzy +v72“f||i2(g)d‘

Theorem (Uniqueness of the discrete solution)

Assume that the right-hand side verifies

fllz2(0)e < CV2
with C > 0 small enough. Then, the solution is unique.

Key tool: Discrete Sobolev embeddings with p=2 and p=4



Convergence |

Theorem (Convergence to minimal regularity solutions)
It holds up to a subsequence

m uy, — u strongly in P (Q)? forp € {E:;—)w) ;;j i z
m G¥u, — Vu strongly in L*(Q)4*4;
m s (uy,u;,) —0;
m p;, — p strongly in L*(Q).

Moreover, if the exact solution is unique, the whole sequence converges.

Key tool: Compactness of discrete gradients



Convergence |l

Theorem (Convergence rates for small data)

Assume uniqueness for both (u;,p) and (u,p). Assume, moreover, the
additional regularity (u,p) € H*"2(Q)? x H**1(Q), as well as

fll 2@ < CV?

with C > 0 small enough. Then, we have the following error estimate:

= 0,k
ey, — Ll .+ v lpn — Pl 2y S WA (w,p)

with A (u,p) := (1+ V[l g2 qya) ]l 2 e + V7 P laks -

Key tool: Discrete Sobolev embeddings with p=2 and p =4



Numerical example: Kovasznay flow |

m Let v be fixed and set
1 2 2\ 2
Re:=(2v)~!, A:=Re— (Re 4 )
m We consider Kovasznay's exact solution:

up(x) :=1—exp(Ax;)cos(2mxy), up(x):= ;—nexp(lxl) sin(27x;)

and
px) = —% exp(2Ax;) + % (exp(41)—1)



Numerical example: Kovasznay flow Il
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Figure: Cartesian mesh family, errors versus h

44 /47



Numerical example: Kovasznay flow Il
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