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Features
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Figure: Examples of supported meshes M, = (75, 7,) in 2d and 3d

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k = 0)
Physical fidelity leading to robustness in singular limits
Natural extension to nonlinear problems

Reduced computational cost after static condensation
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Model problem

m Let Q c R? d > 1, denote a bounded connected polyhedral domain
m For f € L%(Q), we consider the Poisson problem

-Au=f in Q
u=>0 on 9Q

= In weak form: Find u € U := Hj(Q) s.t.

a(u,v) = /Vu~Vv = /fv YveU
Q Q



Projectors on local polynomial spaces

m With X € 7, U, the L?-projector %’ : L2(X) — P/(X) is s.t.
/X(n?('lv —v)w =0 for all w € PY(X)
m The elliptic projector n}’f :HYT) = P(T) is s.t.
‘/TV(JT;J[V —)-Vw =0 for all w € P(T) and ‘/T(n;’[v -v)=0

m Both have optimal approximation properties in P{(T)



Computing ﬂ;’kﬂ from L2-projections of degree k

m Recall the following IBP valid for all v € HY(T) and all w € C*(T):

Vv-Vw = —/vAw + / vVw-n
/ D rr

Fe¥r

Specializing it to w € PK*1(T), we can write

l - -
/V7TT’1\+1V-VW=—/7T$J]\VAW+ Z /ﬂ%kvVW.nTF
T T F

Fe¥r

m Moreover, it can be easily seen that

‘/T(n;‘kﬂv -v) = /T(n;’kﬂv - n(T)’kv) =0

m Hence, 7kt

0,k
7+ v can be computed from 7;:"v and (7r V)FE(;,,!
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Discrete unknowns

Figure: g’; for k € {0, 1,2}

m Let a polynomial degree k > 0 be fixed
m For all T € 7, we define the local space of discrete unknowns

Uk ={v, = or,(vF)Fes;) : vr € PX(T) and vy € PX(F) VF € 7}

m The local interpolator IX : H(T) — Uk is s.t., for all v € HY(T),

(O Ok
Ipv = (ap"v, (" v)pes)



Local potential reconstruction

m Let T € 7;,. We define the local potential reconstruction operator
k+1 . p7k k+1
rp s Uy = PPN

k+1

s.t., forall v, € Q;, fT(rT vy —vr)=0and

'/TV’JTCHKT'VWZ_/TVTAW"' Z '/F.v,:Vw-nTF Yw € PKYY(T)

Fe%r

m By construction, we have

k+1 k _ _Lk+1
rp o ly =y

[ (r’T<+1 ozé) has therefore optimal approximation properties in PX*1(T)



Stabilization |

m We would be tempted to approximate

k+1 k+1
ar(u,v) ~ a (rf " ugp, rpvy)

m This choice, however, is not stable in general. We consider instead

( k+1 k+1

ar(up, vy) = agr(ry  up, 5’ vy) +st(up, vy)

m The role of sy is to ensure ||-||1,7-coercivity with

2 .
lopliE = 19vr 11220 + Z e = vrlag Vop € U
FETT



Stabilization I

Assumption (Stabilization bilinear form)

The bilinear form sy : g’; X ng' — R satisfies the following properties:

m Symmetry and positivity. sy is symmetric and positive semidefinite.

m Stability. It holds, with hidden constant independent of 4 and T,
1
ar (v vy)? = lvpllur - Vop € Uz
m Polynomial consistency. For all w € P**1(T) and all Vr € Q§

STQIZ(‘W’ KT) = 0



Stabilization Il

m The following stable choice violates polynomial consistency:

S;dg(ZT’KT) = Z hEI /p(”F —ur) (vF = vr)

Fefr
m To circumvent this problem, we penalize the high-order differences
(67vr Ofpvp)res:) = Iy vy = vy

m The classical HHO stabilization bilinear form reads

sty = Y b7 [ @5 =ofouy ©f ~ste,
Fefr F
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Discrete problem

m Define the global space with single-valued interface unknowns
Uk = {Kh =((vr)re,» VF)Fem,) :
vr € PX(T) VT € 75, and vp € PK(F) VF ¢ ﬁ,}
and its subspace with strongly enforced boundary conditions
Uio=1{v, €Uy : ve =0 VFeF’}

. . . k
m The discrete problem reads: Find i, € U} , s.t.

?Lh(ﬂ/l» Kh) = Z aT(ET’KT) = Z /fVT VZh € g]];’o
T

TeT, TeT,

m Well-posedness follows from coercivity and discrete Poincaré



Convergence

Theorem (Energy-norm error estimate)

Assume u € Hj(Q) N H**2(T;,). The following energy error estimate holds:

k+1 k+1
||Vh(”h+ u, —wll + luyls,n < 7 ’ lul sz,

with (rf* ', )7 = ri*tuy for all T € T, and |ﬂh|?,h = Yreq;, st(Up, up).

Theorem (Superclose L?-norm error estimate)

Further assuming elliptic regularity and f € H'(T5,) if k = 0,

I+ uy, — ull < W2 N,

with N() = ”f”Hl(‘ﬁ,) and Nk = |M|Hk+2(q71) for k > 1.



Numerical examples
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Figure: Trigonometric solution, energy norm (top) and L?-norm vs. h (bottom) for triangular
(left) and polygonal (right) mesh sequences
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Extension to curved faces |

m Let F € ¥}, denote a mesh face

m Let o be reference face and Wg an invertible mapping s.t.
F=¥r(o)
= We assume that W € M (o) with m > 1 and
MY (o) € {Pj (o), S 1 (0), Q4 (o)}
m The effective mapping order is the smallest integer m s.t.

Y eP? (o)
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Extension to curved faces I

m Given an integer [ > k, consider the modified HHO space:

Uk = {or = 01 G weorer)

vr € PKT) VT €Ty and vy € P, (o) VWp(o) € 7—7,}

m We interpolate at faces mapping v: F — R on 7l v € P’ (o) st
/(v oWr -l zlJw, =0  VzePY (o)
(oa
m Forall T € T, rk* . UN! — PF*U(T) is s.t., for all w € PF(T),

/Vr7lf+1vT -Vw = —/ vrAw +
T

m What about the commutation with the elliptic projector?

/(Va oW Vw-nrp

F= ‘I’F(O')GTT
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Extension to curved faces Il

Proposition (Comparison with the elliptic projector)

It holds, for all T € Tj,:
m /fm =1 then, for all v € H\(T),

rkHL Ry = 22kt V> ks
w Ifiin > 1, for all v e H*N(T) with k = |1/i],

k+1 yk,l Lk+1 k
”V(VT+ ZT V =Ty ’ lir < hT|V|H;+1(T)'

Optimal error estimates are obtained with the following choice:

k if m=1,
lopt =93~ e~
mk+1) ifm>1.
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Numerical examples

d =2, tri3 and tri6 meshes, quadratic solution

Second polynomial degree analytical solution

Second polynomial degree analytical solution
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Figure: Error versus number of DOFs for HHO discretizations of the Poisson equation on regular
3-node (m = 1) and randomly distorted 6-node triangular grids (m = 2 = Iop = 2(k + 1)).

Machine error precision expected and observed for [ = 4.



Numerical examples

d =2, tri3 and tri6 meshes, cubic solution

Third polynomial degree analytical solution Third polynomial degree analytical solution
3 - HHO regular tri3 L2, P2P2 - HHO regular tri3 H1, P2P2
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Figure: Error versus number of DOFs for HHO discretizations of the Poisson equation on regular
3-node (m = 1) and randomly distorted 6-node triangular grids (m =2 = Iy, = 2(k + 1)).
Machine error precision expected and observed for [ = 6.
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Numerical examples

d = 3, tri3 and tri6 meshes, quadratic solution

Second polynomial degree analytical solution
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Second polynomial degree analytical solution
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Figure: Error versus number of DOFs for HHO discretizations of the Poisson equation on regular
8-node (m = 1) and randomly distorted 20-node hexahedral grids (m =3 = I, = 3(k + 1)).
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Thank you for your attention!

m Wed1425 L. Botti, p-multilevel solution strategies for HHO
m Wed1450 J. Droniou, HHO methods for the Brinkman model
m Wed1515 D. Castanon-Quiroz, Pressure-robust HHO methods
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