Hybrid High-Order methods on general meshes

Daniele A. Di Pietro

in collaboration with Jérome Droniou and Alexandre Ern

13M, University of Montpellier

Lyon, 20" January, 2015

49



Minimalistic bibliography on high-order polyhedral methods

m Discontinuous Galerkin (DG)

m Basic analysis tools [Di Pietro and Ern, 2012]
m Adaptive coarsening [Bassi et al., 2012]
m Locally degenerate ADR [Di Pietro et al., 2008]

m Hybridizable Discontinuous Galerkin (HDG)

m Pure diffusion [Cockburn et al., 2009]

m Diffusion-dominated ADR [Chen and Cockburn, 2014]
m Virtual elements (VEM)

m Pure diffusion [Beirdo da Veiga et al., 2013]

m Diffusion-dominated ADR [Beirdo da Veiga et al., 2014]
m Hybrid High-Order (HHO)

m Pure diffusion [Di Pietro et al., 2014b]

m Locally degenerate ADR [Di Pietro et al., 2014a]

m HHO as HDG on steroids [Cockburn et al., 2015]



Features of HHO

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k& = 0)

Reproduction of desirable continuum properties

m Integration by parts formulas
m Kernels of operators
m Symmetries

m Reduced computational cost after hybridization

1 1
Nibo ~ 5[62 card(Fp,) Ngff A 614:3 card(7p)
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Mesh regularity |

Definition (Mesh regularity)
We consider a sequence (73 )nep of polyhedral meshes s.t., for all
h € H, T, admits a simplicial submesh ¥} and (Tp,)ney is

m shape-regular in the sense of Ciarlet;

m contact-regular: every simplex S < T is s.t. hg ~ hr.

Main consequences:
m Trace and inverse inequalities

m Optimal approximation for broken polynomial spaces

6
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Mesh regularity |l

Figure : Admissible meshes in 2d and 3d: [Herbin and Hubert, 2008, FVCA5] and
[Di Pietro and Lemaire, 2015] (above) and [Eymard et al., 2011, FVCAG] (below)

/49



Model problem

m Let ) denote a bounded, connected polyhedral domain

m For f e L?(f2), we consider the Poisson problem

—Au=f in Q
u=20 on 0N}

m In weak form: Find u e H}(Q) s.t.

a(u,v) := (Vu, Vv) = (f,v) Vv e HY(Q)

49



HHO (The power and the grip)

m DOFs: polynomials of degree k£ > 0 at elements and faces

m Differential operators reconstructions taylored to the problem:

app(u,v) ~ (Vphup, Vphvy) + stab.

with
m high-order reconstruction p%. from local Neumann solves
m stabilization via face-based penalty

m Construction yielding superconvergence on general meshes

49



DOFs

k=0 k=1 k=2

Figure : UL for ke {1,2}
m For k>0 and all T € T}, we define the local space of DOFs
e 2 < | X P
FeFr
m The global space has single-valued interface DOFs

W:{me%{XMJD}

TeT, FeFy
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Local potential reconstruction (The power) |

m Let T € Ty. The local potential reconstruction operator
k .11k k+1
pr:Up — Pd+ (T)

is s.t. Vv € UE, (phvr, 1)1 = (vp, 1)1 and Y € PETY(T),

(Vp]%MTv VU})T = _(VT’ Aw)T + 2 (VFa anTF)F
FE]‘—T

m SPD linear system of size

k+1+d
Np g:=
k.d ( k+1 >
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Local potential reconstruction (The power) I

w N = O

Table : Size Ny g4 of the local matrix to invert to compute pl}yT
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Local potential reconstruction (The power) Il

Lemma (Approximation properties for ])"‘T’j]{})

Define the local interpolator % : H'(T) — U% s.t.
I : v (7ho, (mhv) pery).-
Then, for all T € Ty, and all v e H**2(T),

lo = phlolr + AoV (v — ppiFo) I < Ry olkrar-
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Local potential reconstruction (The power) IV

m Since Aw e IP’Zil(T) and Vw|pnrp € Pt (F),

(Vp’%l’;«v, Vuw)r = —(W%U,Aw)T + Z (W%U,VU)'TLTF)F
FE]'-T
= —(U7 Aw)T + Z (7’, VIU'TLTF)F
FGJ:T
= (Vuv,Vw)r
Ik

m This shows that p1% is the elliptic projector on IP’SH(T):

(Vphlhv — Vo, Vw)r =0 Ywe PEY(T)

m The approximation properties follow
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Stabilization (The grip) |

m We would be tempted to approximate

CL|T(U, U) ~ (Vpl’}QTv Vpl%yT)T

However, this choice is not stable

To remedy, we add a local stabilization term

ajp(u,v) ~ ar(ugp,vy) == (Vphup, Voive)r + so(up, vr)

m Coercivity and boundedness are expressed w.r.t. to
2 . 2 1 2
Ivrl3 = [Vvr|z + Z EHVF —vr|%

FeFr
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Stabilization (The grip) Il

m Define, for T' € T}, the stabilization bilinear form sp as

7(ur, vr) Z h 7TF PTUT —up), 7rF(PTVT —VF))F,
FG.FT

with lef high-order correction of cell DOFs based on pl}

Pf TV ‘= V7 + (PTVT - WTPTVT)

m With this choice, ar satisfies for all v € Ql},

2
1,T

lvalir < ar(vr,vr) <
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Stabilization (The grip) Il

m Key point: s preserves the approximation properties of Vpr’:,l

m For all u e H*(T), letting Uy := 5u = (7hu, (7h 1) pery),
~ . ~ k kA~
|wf (Pt — Gp) | F = Hm’%(’rﬁ w+ pily — mhpils — )HF
~ k
< Hﬂg( by — )HF + ||7TT(“ —PTUT)”F

—1/5
< hy 2 HPT!T —ufr

m Recalling the approximation properties of p%, this yields

" Y :
{IVphir — Vuld + sr(ir,Gr)} - < 05 fulesar
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Discrete problem

m We enforce boundary conditions strongly considering the space
Qz,o = {Mh ng |lvP=0 VFe ]—"}?}

m The discrete problem reads: Find u;, € Q’;;,O s.t.

an(up,vy) = 2 ar(ur,vr) = Z (fovr)r Vv, € Qﬁ,o
TeT TeTh

m Well-posedness follows from the coercivity of ap
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Convergence |

Theorem (Energy-norm error estimate)

Assume u € HF2(T) and let

Qh = ((TF%U)TGTM (WgU)Fth) € Qﬁo

Then, we have the following energy error estimate:

max (Juy, — GallL, |up = Bnllan) < 2 Hul grse o),

with

T-

lvalfp =D lvr

TeTy,

2
17
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Convergence |l

Theorem (L2-norm error estimate)

Further assuming elliptic regularity and f € H(Q) if k = 0,

max (||35, — ul, |@n — un|) < WM,

with N() = Hf“Hl(Q)' Nk = HUHHkJrQ(Th) ifk>=1, and

5 . k 2> o k 1k c
VT e 77“ Up|T = PTUT, Uh|T = ijTu, Up|T = UT-
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Numerical example

1071 -
‘1073 -
1079 1 ]
1077 R ) ek
1079 498 ek

o |
1071 5.94 +’£ :
1071 b ) ; | 10712 . . ;’

10720 1072 10740 10720 1072 100

Figure : Energy (left) and L2-norm (right) of the error vs. h for uniformly refined
triangular (top) and hexagonal (bottom) mesh families
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Variable diffusion |

m Let k: Q — R4 he 3 SPD tensor-valued field

m We consider the variable diffusion problem

—V-(kVu) = f in Q
u=20 on 05}

m In weak form: Find u € H}(Q) s.t.
a(u,v) := (kVu, Vo) = (f,v) Yo e HY(Q)

m We confer built-in homogeneization features to p?

(KVp’%yT,Vw)T = (kVvr, V) + Z (vg —vp, Vwknrg)p
FE]'-T
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Variable diffusion 1l

Lemma (Approximation properties of p’}ﬂ})

There is C independent of hr and k s.t., for all v e HF2(T), it
holds with v = % if Kk is piecewise constant and o = 1 otherwise:

lo — 1l + hrl| V(v = plE)lr < CpThi?|ullksor,

with heterogeneity/anisotropy ratio

i

K
pTI: % 21

R
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Discrete problem and convergence |

m We define the local bilinear form a, 7 on U% x Uk as

aH,T(HTayT) = (K’VPIIC“QT7 Vp”;“!T)T + SHVT(HTayT)

where, letting kp = |npp-knpp

L®(F)»
KF
8w, (U, V) = Z E(WI%(PTIC’QT - UF)NUI%(P%MT —Vr))F
FE]“T

m The discrete problem reads: Find u;, € Q];’;,O s.t.

e, (Ups V) = Z w7 (Up, V) = Z (fovr)r Yy, eglfi,o

TeTh TeTh
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Discrete problem and convergence I

Theorem (Energy-error estimate)

Assume that u € H**2(T},). Then, with G, and o as above,

1/2
{2 ’<5TP1+2 h - )H ’k+2,T} .

TeTh

Ty,

26 /49



Poisson
Variable diffusion

Degenerate diffusion-advection-reaction

27 /49



Degenerate diffusion-advection-reaction |

m Let us start by the following 1d problem:

m As ¢ — 07, a boundary layer develops at x = 1/2
m When € = 0, it turns into a jump discontinuity

m This was already observed in [Gastaldi and Quarteroni, 1989]
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Degenerate diffusion-advection-reaction |l
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Figure : Solutions for different values of €
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Degenerate diffusion-advection-reaction Il

V=T
IB —
/ Lo
5, )
B
v=20

Figure : Example of degenerate diffusion-advection-reaction problem in 2d from
[Di Pietro et al., 2008]. The diffusive/non-diffusive interface is Z,, g := 7, 5 u I;rﬁ.

30/49



Degenerate diffusion-advection-reaction IV

m Define the diffusive/inflow portion of 0
I'ygi={xedl|v>0o0rBn<0}

m Consider the possibly degenerate problem

V-®(u) + pu = f in N\Z, g,
®(u) = —vVu+ Bu in Q,
u=g onl', 3,

supplemented with the interface conditions on Iyﬁ

[®(u)]nr=00nZ,5 and [u] =0on I;ﬁ
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Key ideas

m Discrete advective derivative satisfying a discrete IBP formula
m Weakly enforced boundary conditions

m Extension of Nietsche's ideas to HHO
m Automatic detection of I', 3

m Upwind stabilization using cell- and face-unknowns

m Independent control for the advective part
m Consistency also on 7, where u jumps

32 /49



Features

m Polyhedral meshes and arbitrary approximation order k > 0
m Method valid for the full range of Peclet numbers

m Analysis capturing the variation in the order of convergence in
the diffusion-dominated and advection-dominated regimes

= No need to duplicate interface unknowns on 7 5 (!)
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Advective derivative |

m The discrete advective derivative GE,T cUE S PE(T) is st

(GE,TMT,U/)T = —(vr, B-Vw)r + 2 (Bnrp)vr,w)F
FeFr

for all vy € U} and all w e PE(T)

m For advective stability, we need a discrete IBP mimicking

(B-Vw,v)g + (w,3-Vv)g = ((Bn)w,v)sq
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Advective derivative |l

Lemma (Discrete IBP)

For all wy,, v}, € UF it holds

Z {(GE,TWTNT)T + (WTvGE,TMT)T} = Z (Bnp)wp,ve)r

TeTh FeF?

_ Z Z ((/BJI‘I,TF)(WF—WT),VF_VT)F'

TeTy, FeFy
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Diffusion |

m We modify the diffusion bilinear form to weakly enforce BCs

m The new bilinear form a, j, reads (after setting kK = v1y),

@y h (Wi vy) = D @y (W, vp) + 5000 (W, V)
TeTh

with, for a user-defined parameter ¢,

192
Sown(Wy,v,) 1= ) {_(VFVPI%(F)wT'nTF:VF)F + *hF (WFNF)F}
F
FeFpP

36
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Diffusion I

Lemma (inf-sup stability of a, ;)

Assuming that
CENa

¢ > =i

it holds for all v}, € U}

ay,n (Y, Vp) = HVthh = Z

TeTh Fe]:b

HVFHF-
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Advection-reaction |

m Forall T € T}, we let
. k _
agu,r(Wr, vr) 1= _(WT7G[B,TMT)T"i'M(WTvVT)T+Sﬁ,T(wT7¥T)
with local upwind stabilization bilinear form s.t.

sgr(wr,vr) == Y (Bnrp)” (We —wr),ve —vr)p,
FeFr

m Including weak enforcement of BCs, we let

ag,u,h(Wp V) i= Z ag,u,T(Wp, vp,) + 2 ((Bn) wp,vr)p
TeTn FeFpP
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Advection-reaction |l

Lemma (Stability of ag )

Let ) := minpe7;, (1, T, 7 t) With Tyer 7 = {max(||p| L= (1), Lgr)}~t.
Then,
k
Vv, € U, 1Vl 3 < @8,n (Vs V),

with global advection-reaction norm

. 1
”MhH%,u,h = Z ”MTHEL;I,,T + 5 Z H|ﬁ'nTF|1/2VFHi“,
TeTh FeFpP
and, for all T € Ty,
. 1 _
IvrlB,r = 3 D NIBnrr(ve = vo)|% + Tt Ve |3

FE]‘—T

39

49



Discrete problem |

m Let, accounting for boundary conditions,

hw) = 3 oot B {(Bnrey gvr)e + 52 e}

TeTh FeFP

m The discrete problem reads: Find u;, € Qﬁ s.t., Yy, € Qﬁ,

an(Up,Vy) = ay n(Up, Vp) + agpun(Up, vp) = lh(vy)
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Discrete problem Il

Lemma (Stability of ay)

There is v, > 0 independent of h, v, B and p s.t., for all wj, € Qﬁ,

an(Wy,,vy,)

IwWhllsn < Yoe¢™"  sup ”

veubvgoy IV

with ¢ := Tt 71t and stability norm

|§,h = ||¥hH3,h + thnfxmh + Z hT/j;g;THGg,Tyh,HQT
TeTh

(78
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A modified interpolator

v=m
B )
j Zl/,,@
T, )
B
v=20

m Let F € 7 be such that F 1,4
m The trace of u is two-valued on I

m We interpolate the face unknown from the diffusive side
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Convergence |

Theorem (Error estimate)

Assume that, for all T € Ty, u € H**2(T) and

hrLgr < Bret,r  and  hop < Bref, T,

Then, there is C > 0 independent of h, v, B, and u s.t.

~ 2(k+1
(78 <C{ Z [(VTHUHk+2T+ refT||qu+1 T)hT( )

TeTn
1/2
. k-
+ Bret,r min(1, PeT)hgf 1)) |u|i+1’T]} ,

where Per = maxper, |Perr|r=(r)
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Convergence |l

m This estimate holds across the entire range for Per

m In the diffusion-dominated regime (Per < hr), we have
Gy, — upllgh = O(th)

m In the advection-dominated regime (Pepr = 1), we have
[U, — uplzn = O(hk+1/2)

m In between, we have intermediate orders of convergence
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Numerical example |

mLet Q= (-1,1)%\[-0.5,0.5]? and set

T if0<6l<m, ey _6
0,r) = 0.r) =2 pu=1-10
v(6.7) {O if m <6 < 2m, A7) T .

m We consider the exact solution

0.7) O—-m)? ifo<b<nm
u(f,r) =
3n(@—m) ifr<6<2m
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Numerical example |l
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Figure : Energy (left) and L2-norm (right) of the error vs. h
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