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Setting

» With Q  R? bounded polyhedral domain, we consider the problem
~Vg(u)=f inQ,
u=0 on 01,

where

I

(u) := 2pue(u) + AV-uly, e(u) = = (Vu+ Vu').

DN | =

» The Lamé parameters are piecewise constant a partition P of Q
and s.t.

O<pu<p<pi<-+o, 0<A<A< A< 4o

» When X\ — +00, numerical locking can be observed
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Locking-free methods

» Locking-free methods satisfy an error estimate of the form
llw = wnllux < CNuh

with C independent of A, h, and u and

1/
N i= (1l + NV-uliys ) )

» Key point: approximate non trivial (locally) solenoidal fields

» Matching simplicial meshes: Crouzeix—Raviart interpolator



Estimate of AV, (d =2) |

» Let
pi=-AVaueL’(Q),  pi=p+AV-u) e Lj(Q)
» Then, (u,p) € U x L&(Q) solves with U := H} ()¢ and g = —V-u
[ anctwre)~ [ vop=[ fo weu,
Q Q Q
—J V'U(J=J 99 Vg e Li(Q),
Q Q
» Assume the following regularity with Cs # Cs()\):

[l (pa) + 11 (Pay < Cs (gl Py + 1 £22(2)0)

» See [Nicaise and Mercier, 2012] for a proof in d = 2



Estimate of N, (d = 2) Il

Theorem (Regularity)
Assume \ > Cs. Then,

Nu < Caxul Fllrz @)
Proof.
There holds
AV ulgi(py) = |I3|H1 Po) CS(HV'UHHl y 1 FllL2@)e)
||/\2V ull L2 Jr*MV w1 () +O0s | £l L2 (o)

Conclude using the energy estimate and the assumption on \.



Setting |

v

Let (7)nen be a matching simplicial Ciarlet-regular mesh sequence

» Define the broken Sobolev spaces: For m > 0,
HY(Ty) :={ve L*(Q) | vr € H(T), VT € Tp.}
» A special instance are broken polynomial spaces: For k = 0,
Pj(Th) := {v e L*(Q) | VT € Ty, vip € PY(T)}

» On H'(Ts) act the broken operators V', ¢, and g,



Setting Il

Figure: Notation for an interface F € F)

» For all F = 0T; n 0T and all ve H'(Ty,) set

1
[[U]] = U T Uy {U} = 9 (U|T1 + U\Tz)
» If F =0T n 082 we set {v} = [v] = v
» We equip H'(7}) with the Hi-like norm

1
[l = IV Rl Zape + 05, TolF = Ellﬂvﬂlliz(p)
FeFy



Discrete Korn's inequality

Theorem (Korn's inequality)
There exists C' independent of h s.t., for all v, € P5(T,)<,

lvnllin < C(len(n)ll2@yaa + [vnls)-
Proof.
Let vy, := Zos(vy) € PY(TH)4 n HE(Q)?, k = 1. Then,

IVhvnlL2@yae < [Vivnlrz@)aa + [ Vi(on — vi)lr2@)aa

NN

Ckllen(vn)ll L2 (@ya.e + Cos|vnls

YA\

Cklen(vn)llrz()aa + Cx [en(vn — vi)| L2 (@)a.a + Cos|vnls

N

Cklen(vn)llzz(yaa + Cos (1 + Ck) |vnl;.

The proof can be extended to more general meshes [Brenner, 2004]. [



Liftings

» For 120, F e Fy, ve H (Ty)% ri([v]) € PL(T5)"" solves

| rhwlin = | wlonrm) Vo P
o=
» The trace of r i([[v]}) is denoted by
re([v]) = tr(i([[v]})) € Py(Tn).
» There holds for [ = 0,

(0D = g lobr@nr, (ol = g dleben



A locking-free dG method |

on(w,0) = | guwig® = 3 | lgw)Dren:

o o FeFy,

- ¥ | wbrenriz)

FeFy,
K (mp ful)irg(o]) + M (wDr(To])
+ J o

FeFn

Find up, € Uy, := P}Z(W,,)d s.t. ap(up,vp) = f fop for all v, e Uy,
Q



A locking-free dG method |l

Lemma (Weak consistency)
Assume uw e U, := H}(Q) n H*(Py). Then,

Vv, € Up, ap(u,vp) = J, fron —Eulvn),
Q
with consistency error

Eulvn) f {e(w)}: (onl>r — [vn]) ®np.
FeF



A locking-free dG method Il

TYu, F
ol x = 120) e ()22 yaa+ XNV vl o)+ D ;:F 10Dz ()
FeFy,

Lemma (Coercivity)
For all ) > Ny = d + 1 there holds with o, := (n — Np)/(1 +n),

Yv, € Uy, ah(vh,vh) = anmvhmi)\.

Lemma (Boundedness)
There holds with f8,,, := 2 +n+2p? and U}, := U, + Uy,

V(w,vp) € Uy x Uy, ap(w,vr) < Boy

0 lix, s lllon 02



A locking-free dG method IV

Theorem (Error estimate)
Assume u € U,,. Then,

ﬂp n) . gu(vh)
u—u <1+ =) inf ||lu—ou||lpgrs+ sup ———
el < (15222 ing flumonllne+ sup £

1222

Corollary (Convergence rate)
The following locking-free error estimate holds:

Il = wnln < CNuh.



A locking-free dG method V

Proof.
» The inf is treated using the Crouzeix—Raviart interpolator Zcg since
CR(%I)(Z c U/l,

» Let v e H%(T;,)%. The key properties of Zcrv are
(i) Continuity of face-averaged values

VE € Fr,  ([Zerv])r =0
(ii) Approximation: For all T' € Tp,

Cerhr ||UHH2(T)da

[v=Zcrv| 12 (rya + hrlv—Tcrv| g1 (rya <
IV (v=Zcrv)||L2(ry + hr |V (v—Zcrv)| g1 (1) < Corhr|V-v|g1r)

O



Numerical examples |

Ry

L5

Figure: We fix E1 = F2 =1, A2 =1, and let v» — % = Ao > +®0

I 73 O o _Ei
Ai = T 1) Hi = :



Numerical examples Il

10—0.5 L

10—1 L

—o— v =0.499
-—u— v = 0.4999
—o— v = 0.49999
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Figure: [|lu — wnl|u,x vs. b
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Figure: |u — un|r2(qya vs. b
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A stabilized Crouzeix—Raviart method

» Following [Hansbo and Larson, 2003], we can alternatively choose
U = CR(T)*

» The convergence analysis remains unchanged, a; simplifies to

ah(wh,vh) = JQ @(wh :h ’Uh 2 J Yu, F[[wh]]-[[’vh]]

FeFy,

» This approach can be extended to general polyhedral meshes



Admissible mesh sequences |

Trace and inverse inequalities

» Every 7}, admits a simplicial submesh &
» (&p) ey is shape-regular in the sense of Ciarlet
» Every simplex S ¢ T'is s.t. hg ~ hp

Optimal polynomial approximation (for error estimates)
Every element T is star-shaped w.r.t. a ball of diameter 67 ~ hr

Figure: Admissible (/eft) and non-admissible (right) mesh elements



Admissible mesh sequences |l

Cell centers
We fix a set of points (z1)reT;, St

» all T € T, is star-shaped w.r.t. &
» for all T € Ty, and all F € Fr, dp g = dist(xy, F) ~ hy

Uiy

Prr| p

Figure: Cell center and face-based pyramid Pr r



Admissible mesh sequences Il

LT A

Figure: Pyramid



A generalization of the Crouzeix—Raviart space |

» Following [Eymard, Gallouét, and Herbin, 2009], let
Vi = ]RT}L x R7n
» Define the gradient reconstruction &, : V), — PY(P;,)? s.t.

VPrr €Pr,  On(vh)pr, = Gr(vh) + Rrr(vh)

where
F
Gr(vy) = Z %'UFnT,Fa
FeFr | |
Ry p(vy) = 1 [ve — (vr + Gr(vh)(Tp — 7)) N P

dr r

» Observe that Ry p(vy,) € (PY(T)%)*



A generalization of the Crouzeix—Raviart space |l

> In the spirit of ccG methods, define 93), : V;, — PL(7,) s.t.
VPr.p € Pr,  Rn(vVi)ipr (@) = vr + Gu(Va)pr (& — TF)
» Following [Di Pietro, 2012] we introduce the discrete space

CR(Th) = R (V) < PL(Py)

Lemma (Continuity of the face-averaged values in €9R(7},))
Let vy, € €R(Ty). Forn = d there holds for all o € Xy, face of Py,

([vnl)o = 0.



A generalization of the Crouzeix—Raviart space ||

Lemma (Approximation in €9R(7},))
For v e H*(Ty) let Zev € €R(Ty) be s.t.

Lewv = Ry (va) with vy, = ((my0(x1)) e, ((0)r) rer,)
Then with vy, := Lgsrv there holds
lv = vnllz2(@ye + AV A (v = vn) L2(@)na < Cenh? vl g2(g)e-

Proof.

Follows similar ideas as [Di Pietro, 2012].



A generalization of the Crouzeix—Raviart space IV

Lemma

For v e H?(T,)? let vy, := Teyv and set Dy, (vy,) := 7 (V,-vy,). Then,

||V v— Dh(vh)HL2 y + h|V v— Dh(vh)|H1(Th C@mh|V-v|H1(Q)

Proof.
There holds, for all T € Ty,

F
Dy (vn)ir = Z ||T||<U>F'nT,F
FE}—T

1 1
= — Z J v R = —J Vv ={(V-v)p,
F T Jr

|T| FeFr

hence Dy, (vy,) = 7)) (V-v). Use the approximation properties of the
L?-projector to conclude.

O



A locking-free method on general meshes

on(w.0) 1= | 2gyw)iey@)+ [ AD@DLw+ Y [ 2wl o]

oEY),

Find u;, € Qﬁ%(ﬁ)d s.t. ap(up,vp) = J fop, for all vy, € Qﬁ%(ﬁ)d
Q

Theorem (Convergence)
Assume u € U,. Then,

lfu = wnflr < CNuh.



Numerical examples |

Figure: Configuration for the closed cavity test case (A ~ 1.666 - 10°, u ~ 333)
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(c) Trapezoidal (b) Lemaire (30/3/2012 23:19)
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X

0.2 7(‘).2 Q 0‘.2 0‘.4 0‘.6 0‘.8 1

— dG

— Triangular
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0202 04 06 08 1°

Uy

Figure: Closed cavity problem, coarse meshes
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X
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Figure: Closed cavity problem, fine meshes
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