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Two model problems: Stokes

With Ω ⊂ R3 connected, 𝜈 > 0, and 𝒇 ∈ 𝑳2 (Ω), the Stokes problem reads:

Find the velocity 𝒖 : Ω→ R3 and pressure 𝑝 : Ω→ R s.t.

−𝜈𝚫𝒖︷                              ︸︸                              ︷
𝜈(curl curl 𝒖 − graddiv 𝒖) + grad 𝑝 = 𝒇 in Ω, (local equilibrium)

div 𝒖 = 0 in Ω, (mass conservation)

curl 𝒖 × 𝒏 = 0 and 𝒖 · 𝒏 = 0 on 𝜕Ω, (boundary conditions)∫
Ω
𝑝 = 0

Weak formulation: Find (𝒖, 𝑝) ∈ 𝑯(curl;Ω) × 𝐻1 (Ω) s.t.
∫
Ω
𝑝 = 0 and∫

Ω

𝜈 curl 𝒖 · curl 𝒗 +
∫
Ω

grad 𝑝 · 𝒗 =

∫
Ω

𝒇 · 𝒗 ∀𝒗 ∈ 𝑯(curl;Ω),

−
∫
Ω

𝒖 · grad 𝑞 = 0 ∀𝑞 ∈ 𝐻1 (Ω)
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Two model problems: Magnetostatics

For 𝜇 > 0 and 𝑱∈ curl𝑯(curl;Ω), the magnetostatics problem reads:

Find the magnetic field 𝑯 : Ω→ R3 and vector potential 𝑨 : Ω→ R3 s.t.

𝜇𝑯 − curl 𝑨 = 0 in Ω, (vector potential)

curl𝑯 = 𝑱 in Ω, (Ampère’s law)

div 𝑨 = 0 in Ω, (Coulomb’s gauge)

𝑨 × 𝒏 = 0 on 𝜕Ω (boundary condition)

Weak formulation: Find (𝑯, 𝑨) ∈ 𝑯(curl;Ω) × 𝑯(div;Ω) s.t.∫
Ω

𝜇𝑯 · 𝝉 −
∫
Ω

𝑨 · curl 𝝉 = 0 ∀𝝉 ∈ 𝑯(curl;Ω),∫
Ω

curl𝑯 · 𝒗 +
∫
Ω

div 𝑨 div 𝒗 =

∫
Ω

𝑱 · 𝒗 ∀𝒗 ∈ 𝑯(div;Ω)

6 / 26



A unified view

The above problems are mixed formulations involving two fields

They can be recast into the abstract setting: Find (𝑢, 𝑝) ∈ 𝑉 ×𝑄 s.t.

𝐴𝑢 + 𝐵⊤𝑝 = 𝑓 in 𝑉 ′,

−𝐵𝑢 + 𝐶𝑝 = 𝑔 in 𝑄′

Well-posedness for this problem holds under [Brezzi and Fortin, 1991]:

The coercivity of 𝐴 in Ker 𝐵 and of 𝐶 in Ker 𝐵⊤

An inf-sup condition for 𝐵

Similar properties underlie the stability of numerical approximations
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A unified tool for well-posedness: The de Rham complex

𝐻1 (Ω) 𝑯(curl;Ω) 𝑯(div;Ω) 𝐿2 (Ω) {0}grad curl div 0

We have key properties depending on the topology of Ω:

Im grad ⊂ Ker curl,

Im curl ⊂ Ker div

Ω ⊂ R3 (𝑏3 = 0) =⇒ Imdiv = 𝐿2 (Ω) (magnetostatics)

When 𝑏1 ≠ 0 or 𝑏2 ≠ 0, de Rham’s cohomology characterizes

Ker curl/Im grad and Ker div/Im curl

Emulating these properties is key for stable discretizations
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Generalization through differential forms

Denote by Ω a connected domain of R𝑛, 𝑛 ≥ 1

The de Rham complex can be generalized using differential forms:

𝐻Λ0 (Ω) · · · 𝐻Λ𝑘 (Ω) · · · 𝐻Λ𝑛 (Ω) {0}d0 d𝑘−1 d𝑘 d𝑛−1

For 𝑛 = 3, the following links are established through vector proxies:

𝐻Λ0 (Ω) 𝐻Λ1 (Ω) 𝐻Λ2 (Ω) 𝐻Λ3 (Ω) {0}

𝐻1 (Ω) 𝑯(curl;Ω) 𝑯(div;Ω) 𝐿2 (Ω) {0}

d0 d1 d2

grad curl div
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Domain and polytopal mesh

Assume Ω ⊂ R𝑛 polytopal (polygon if 𝑛 = 2, polyhedron if 𝑛 = 3,. . . )

We consider a polytopal mesh Mℎ containing all (flat) 𝑑-cells, 0 ≤ 𝑑 ≤ 𝑛

𝑑-cells in Mℎ are collected in Δ𝑑 (Mℎ), so that, when 𝑛 = 3,

Δ0 (Mℎ) = Vℎ is the set of vertices
Δ1 (Mℎ) = Eℎ is the set of edges
Δ2 (Mℎ) = Fℎ is the set of faces
Δ3 (Mℎ) = Tℎ is the set of elements
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General ideas

Discrete spaces with polynomial components attached to mesh entities

We recursively construct on 𝑑-cells, 𝑑 = 𝑘, ..., 𝑛:

A discrete potential (playing the role of a 𝑘-form inside 𝑓 )

𝑃𝑘
𝑟 , 𝑓

: 𝑋𝑘
𝑟 , 𝑓
→ P𝑟Λ𝑘 ( 𝑓 )

If 𝑑 ≥ 𝑘 + 1, a discrete exterior derivative

d𝑘
𝑟 , 𝑓

: 𝑋𝑘
𝑟 , 𝑓
→ P𝑟Λ𝑘+1 ( 𝑓 )

Reconstructions mimic the Stokes formula: ∀(𝜔, 𝜇) ∈ Λℓ ( 𝑓 ) × Λ𝑛−ℓ−1 ( 𝑓 ),∫
𝑓

dℓ𝜔 ∧ 𝜇 = (−1)ℓ+1
∫
𝑓

𝜔 ∧ d𝑛−ℓ−1𝜇 +
∫
𝜕 𝑓

tr𝜕 𝑓 𝜔 ∧ tr𝜕 𝑓 𝜇
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Trimmed polynomial spaces

Let 𝑓 ∈ Δ𝑑 (Mℎ), 𝑑 ∈ [1, 𝑛], fix 𝒙 𝑓 ∈ 𝑓 , and define the Koszul complement

Kℓ
𝑟 ( 𝑓 ) ≔ 𝜅P𝑟−1Λℓ+1 ( 𝑓 ) with (𝜅𝜔)𝒙 (·, . . .) ≔ 𝜔𝒙 (𝒙 − 𝒙 𝑓 , . . .)

For ℓ ≥ 1 we define the trimmed polynomial spaces

P−𝑟 Λ0 ( 𝑓 ) ≔ P𝑟Λ0 ( 𝑓 ),
P−𝑟 Λℓ ( 𝑓 ) ≔ dP𝑟Λℓ−1 ( 𝑓 ) ⊕ Kℓ

𝑟 ( 𝑓 ) if ℓ ≥ 1

In terms of vector proxies,

∀ 𝑓 ≡ 𝐹 ∈ Fℎ, P−𝑟 Λ1 ( 𝑓 ) � N𝑟 (𝐹) = RT𝑟 (𝐹)⊥,

∀ 𝑓 ≡ 𝑇 ∈ Tℎ,
{
P−𝑟 Λ1 ( 𝑓 ) � N𝑟 (𝑇) ≔ gradP𝑟 (𝑇) + (𝒙 − 𝒙𝑇 ) × P𝑟−1 (𝑇),
P−𝑟 Λ2 ( 𝑓 ) � RT𝑟 (𝑇) ≔ curlP𝑟 (𝑇) + (𝒙 − 𝒙𝑇 )P𝑟−1 (𝑇)
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Discrete 𝐻Λ𝑘 (Ω) spaces and interpolator

𝑋 𝑘
𝑟 ,ℎ ≔

𝑛?
𝑑=𝑘

?
𝑓 ∈Δ𝑑 (Mℎ )

P−𝑟 Λ𝑑−𝑘 ( 𝑓 )

𝐼𝑘𝑟 , 𝑓 : Λ
𝑘 (Ω) ∋ 𝜔 ↦→

(
𝜋
−,𝑑−𝑘
𝑟 , 𝑓

(★ tr 𝑓 𝜔)
)
𝑓 ∈Δ𝑑 ( 𝑓 ) , 𝑑∈[𝑘,𝑛] ∈ 𝑋 𝑘

𝑟 ,ℎ

Space 𝑓0 ≡ 𝑉 𝑓1 ≡ 𝐸 𝑓2 ≡ 𝐹 𝑓3 ≡ 𝑇
𝑋0
𝑟 ,ℎ

R = P𝑟Λ0 ( 𝑓0) P𝑟−1Λ1 ( 𝑓1) P𝑟−1Λ2 ( 𝑓2) P𝑟−1Λ3 ( 𝑓3)
𝑋1
𝑟 ,ℎ

P𝑟Λ0 ( 𝑓1) P−𝑟 Λ1 ( 𝑓2) P−𝑟 Λ2 ( 𝑓3)
𝑋2
𝑟 ,ℎ

P𝑟Λ0 ( 𝑓2) P−𝑟 Λ1 ( 𝑓3)
𝑋3
𝑟 ,ℎ

P𝑟Λ0 ( 𝑓3)

𝑋𝑟
grad,ℎ R = P𝑟 (𝑉) P𝑟−1 (𝐸) P𝑟−1 (𝐹) P𝑟−1 (𝑇)

𝑿𝑟
curl,ℎ P𝑟 (𝐸) RT𝑟 (𝐹) RT𝑟 (𝑇)

𝑿𝑟
div,ℎ P𝑟 (𝐹) N𝑟 (𝑇)
P𝑟 (Tℎ) P𝑟 (𝑇)
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Discrete potential and exterior derivative

For 𝑑 = 𝑘, ..., 𝑛, all 𝑓 ∈ Δ𝑑 (Mℎ), and all 𝜔
𝑓
∈ 𝑋 𝑘

𝑟 , 𝑓
:

If 𝑑 = 𝑘, we let
𝑃𝑘
𝑟 , 𝑓𝜔 𝑓

≔ ★−1𝜔 𝑓 ∈ P𝑟Λ𝑑 ( 𝑓 )

If 𝑑 ≥ 𝑘 + 1, we first let, for all 𝜇 ∈ P𝑟Λ𝑑−𝑘−1 ( 𝑓 ),∫
𝑓

d𝑘
𝑟 , 𝑓𝜔 𝑓

∧ 𝜇 = (−1)𝑘+1
∫
𝑓

★−1𝜔 𝑓 ∧ d𝜇 +
∫
𝜕 𝑓

𝑃𝑘
𝑟 ,𝜕 𝑓

𝜔
𝜕 𝑓
∧ tr𝜕 𝑓 𝜇

then we enforce 𝜋
K ,𝑑−𝑘
𝑟 , 𝑓

𝑃𝑘
𝑟 , 𝑓

𝜔
𝑓
= ★−1𝜔 𝑓 and, for all 𝜇 ∈ K𝑑−𝑘−1

𝑟+1 ( 𝑓 ),

(−1)𝑘+1
∫
𝑓

𝑃𝑘
𝑟 , 𝑓𝜔 𝑓

∧ d𝜇 =

∫
𝑓

d𝑘
𝑟 , 𝑓𝜔 𝑓

∧ 𝜇 −
∫
𝜕 𝑓

𝑃𝑘
𝑟 ,𝜕 𝑓

𝜔
𝜕 𝑓
∧ tr𝜕 𝑓 𝜇
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The case 𝑛 = 3 and 𝑘 = 1 I

For all 𝑓 ≡ 𝑇 ∈ Tℎ,

𝑋1
𝑟 , 𝑓 � 𝑿𝑟

curl,𝑇 ≔
?
𝐸∈E𝑇

P𝑟 (𝐸) ×
?
𝐹∈F𝑇

RT𝑟 (𝐹) × RT𝑟 (𝑇)

Let

𝒗
𝑇
=
(
(𝑣𝐸)𝐸∈E𝑇 , (𝒗𝐹)𝐹∈F𝑇 , 𝒗𝑇

)
∈ 𝑿𝑟

curl,𝑇

and denote by 𝒗
𝑌
its restriction to 𝑌 ∈ E𝑇 ∪ F𝑇

For all 𝐸 ∈ E𝑇 (𝑑 = 𝑘 = 1), the edge tangential trace is simply

𝛾𝑟t,𝐸𝒗𝐸 ≔ 𝑣𝐸 ∀𝐸 ∈ E𝑇
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The case 𝑛 = 3 and 𝑘 = 1 II

For all 𝐹 ∈ F𝑇 (𝑑 = 2), the face curl is given by: For all 𝑞 ∈ P𝑟 (𝐹),∫
𝐹

𝐶𝑟
𝐹𝒗𝐹 𝑞 =

∫
𝐹

𝒗𝐹 · rot𝐹 𝑞 −
∑︁

𝐸∈E𝐹
𝜀𝐹𝐸

∫
𝐸

𝛾𝑟t,𝐸𝒗𝐸 𝑞

The face tangential trace is such that, for all (𝑞, 𝒘) ∈ P♭
𝑟+1 (𝐹) × R

c
𝑟 (𝐹),∫

𝐹

𝜸𝑟
t,𝐹𝒗𝐹 · (rot𝐹 𝑞 + 𝒘) =

∫
𝐹

𝐶𝑟
𝐹𝒗𝐹 𝑞 −

∑︁
𝐸∈E𝐹

𝜀𝐹𝐸

∫
𝐸

𝛾𝑟t,𝐸𝒗𝐸 𝑞 +
∫
𝐹

𝒗𝐹 · 𝒘

For all 𝑇 ∈ Tℎ (𝑑 = 3), the element curl satisfies, for all 𝒘 ∈ P𝑟 (𝑇),∫
𝑇

𝑪𝑟
𝑇𝒗𝑇 · 𝒘 =

∫
𝑇

𝒗𝑇 · curl𝒘 +
∑︁
𝐹∈F𝑇

𝜀𝑇𝐹

∫
𝐹

𝜸𝑟
t,𝐹𝒗𝐹 · (𝒘 × 𝒏𝐹)

Finally, by similar principles, we can construct 𝑷𝑟
curl,𝑇 : 𝑿𝑟

curl,𝑇 → P𝑟 (𝑇)
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Polynomial consistency

Theorem (Polynomial consistency)

For all integers 0 ≤ 𝑘 ≤ 𝑑 ≤ 𝑛 and all 𝑓 ∈ Δ𝑑 (Mℎ), it holds

𝑃𝑘
𝑟 , 𝑓 𝐼

𝑘
𝑟 , 𝑓𝜔 = 𝜔 ∀𝜔 ∈ P𝑟Λ𝑘 ( 𝑓 ),

and, if 𝑑 ≥ 𝑘 + 1,

d𝑘
𝑟 , 𝑓 𝐼

𝑘
𝑟 , 𝑓𝜔 = d𝜔 ∀𝜔 ∈ P−𝑟+1Λ𝑘 ( 𝑓 ).

Example (The case 𝑛 = 3 and 𝑘 = 1)

For 𝑛 = 3 and 𝑘 = 1, the above properties translate as follows:

𝑷𝑟
curl,𝑇 𝑰

𝑟
curl,𝑇𝒗 = 𝒗 ∀𝒗 ∈ P𝑟 (𝑇),

𝑪𝑟
𝑇 𝑰

𝑟
curl,𝑇𝒗 = curl 𝒗 ∀𝒗 ∈ N𝑟+1 (𝑇).
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Global discrete exterior derivative and DDR complex

Our next goal is to connect the spaces 𝑋 𝑘
𝑟 ,ℎ

to form a well-defined sequence

We define the global discrete exterior derivative d𝑘
𝑟 ,ℎ : 𝑋 𝑘

𝑟 ,ℎ
→ 𝑋 𝑘+1

𝑟 ,ℎ
s.t.

d𝑘
𝑟 ,ℎ𝜔ℎ

≔
(
𝜋
−,𝑑−𝑘−1
𝑟 , 𝑓

(★d𝑘
𝑟 , 𝑓𝜔 𝑓

)
)
𝑓 ∈Δ𝑑 (Mℎ ) , 𝑑∈[𝑘+1,𝑛]

The DDR sequence then reads

𝑋0
𝑟 ,ℎ

𝑋1
𝑟 ,ℎ

· · · 𝑋𝑛−1
𝑟 ,ℎ

𝑋𝑛
𝑟,ℎ

{0}
d0
𝑟,ℎ

d𝑛−1
𝑟,ℎ

Specifically, for 𝑛 = 3, we recover the one in [DP and Droniou, 2023]:

𝑋𝑟
grad,ℎ 𝑿𝑟

curl,ℎ 𝑿𝑟
div,ℎ P𝑟 (Tℎ) {0}

𝑮𝑘
ℎ

𝑪𝑟
ℎ

𝐷𝑟
ℎ
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Cohomology

Theorem (Cohomology of the Discrete de Rham complex)

The DDR sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all 𝑘,

Ker d𝑘
𝑟 ,ℎ/Imd𝑘−1

𝑟 ,ℎ � Ker d𝑘/Imd𝑘−1.

Example (The case 𝑛 = 3)

For 𝑛 = 3, in terms of vector proxies, this implies, in particular:

no “tunnels” crossing Ω (𝑏1 = 0) =⇒ Im𝑮𝑘
ℎ
= Ker𝑪𝑟

ℎ

no “voids” contained in Ω (𝑏2 = 0) =⇒ Im𝑪𝑟
ℎ
= Ker𝐷𝑟

ℎ

Ω ⊂ R3 (𝑏3 = 0) =⇒ Im𝐷𝑟
ℎ = P𝑟 (Tℎ)
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Discrete 𝐿2-products

We can define on 𝑋 𝑘
𝑟 ,ℎ

a discrete 𝐿2-product (·, ·)𝑘,ℎ : 𝑋 𝑘
𝑟 ,ℎ
× 𝑋 𝑘

𝑟 ,ℎ
→ R:

(𝜔
ℎ
, 𝜇

ℎ
)𝑘,ℎ ≔

∑︁
𝑓 ∈Δ𝑛 (Mℎ )

(∫
𝑓

𝑃𝑘
𝑟 , 𝑓𝜔 𝑓

∧★𝑃𝑘
𝑟 , 𝑓 𝜇 𝑓

+ 𝑠𝑘, 𝑓 (𝜔 𝑓
, 𝜇

𝑓
)
)

Above, 𝑠𝑘, 𝑓 : 𝑋
𝑘
𝑟 , 𝑓
× 𝑋 𝑘

𝑟 , 𝑓
→ R is a stabilisation that satisfies

𝑠𝑘, 𝑓 (𝐼𝑘𝑟 , 𝑓𝜔, 𝜇 𝑓
) = 0 ∀𝜔 ∈ P𝑟Λ𝑘 ( 𝑓 )

Numerical schemes are obtained replacing spaces, differential operators,
and 𝐿2-products with their discrete counterparts

21 / 26



Outline

1 Motivation

2 The Discrete de Rham construction

3 Application to magnetostatics

22 / 26



Discrete problem I

With 𝜇 = 1, we seek (𝑯, 𝑨) ∈ 𝑯(curl;Ω) × 𝑯(div;Ω) s.t.∫
Ω

𝑯 · 𝝉 −
∫
Ω

𝑨 · curl 𝝉 = 0 ∀𝝉 ∈ 𝑯(curl;Ω),∫
Ω

curl𝑯 · 𝒗 +
∫
Ω

div 𝑨 div 𝒗 =

∫
Ω

𝑱 · 𝒗 ∀𝒗 ∈ 𝑯(div;Ω)

The DDR scheme is obtained substituting

𝑯(curl;Ω) ← 𝑿𝑟
curl,ℎ, 𝑯(div;Ω) ← 𝑿𝑟

div,ℎ

and ∫
Ω

𝑯 · 𝝉 ← (𝑯ℎ, 𝝉ℎ)curl,ℎ,
∫
Ω

curl 𝝉 · 𝒗 ← (𝑪𝑟
ℎ
𝝉
ℎ
, 𝒗

ℎ
)div,ℎ,∫

Ω

div 𝒘 div 𝒗 ←
∫
Ω

𝐷𝑟
ℎ𝒘ℎ

𝐷𝑟
ℎ𝒗ℎ,

∫
Ω

𝑱 · 𝒗 ←
∫
Ω

𝑱 · 𝑷𝑟
div,ℎ𝒗ℎ

23 / 26



Discrete problem II

The discrete problem reads: Find (𝑯ℎ, 𝑨ℎ) ∈ 𝑿𝑟
curl,ℎ × 𝑿𝑟

div,ℎ s.t.

(𝑯ℎ, 𝝉ℎ)curl,ℎ − (𝑨ℎ,𝑪
𝑟
ℎ
𝝉
ℎ
)div,ℎ = 0 ∀𝝉

ℎ
∈ 𝑿𝑟

curl,ℎ,

(𝑪𝑟
ℎ
𝑯ℎ, 𝒗ℎ)div,ℎ +

∫
Ω

𝐷𝑟
ℎ𝑨ℎ 𝐷

𝑟
ℎ𝒗ℎ = 𝑙ℎ (𝒗ℎ) ∀𝒗ℎ ∈ 𝑿𝑟

div,ℎ

Provided 𝑏2 = 0, stability results from the exactness of the portion

𝑋𝑟
grad,ℎ 𝑿𝑟

curl,ℎ 𝑿𝑟
div,ℎ P𝑟 (Tℎ) {0}

𝑮𝑘
ℎ

𝑪𝑟
ℎ

𝐷𝑟
ℎ 0

For smooth enough solution, the energy error is O(ℎ𝑟+1)
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Numerical examples

10−1 100
10−4

10−3

10−2

10−1

100

1

1

1

2

1

3

1

4

10−0.6 10−0.4 10−0.2 100
10−3

10−2

10−1

100

101

1

1

1

2

1

3

1

4

𝑘 = 0

𝑘 = 1

𝑘 = 2

𝑘 = 3

10−0.8 10−0.6 10−0.4 10−0.2

10−2

10−1

100

101

1

1

1

2

1

3

10−0.5 10−0.4 10−0.3

10−2

10−1

100

101

102

1

1

1

2

1

3

1

4

Table: Energy error vs. meshsize

25 / 26



References

Arnold, D. (2018).

Finite Element Exterior Calculus.
SIAM.

Arnold, D. N., Falk, R. S., and Winther, R. (2006).

Finite element exterior calculus, homological techniques, and applications.
Acta Numer., 15:1–155.

Bonaldi, F., Di Pietro, D. A., Droniou, J., and Hu, K. (2023).

An exterior calculus framework for polytopal methods.
In preparation.

Brezzi, F. and Fortin, M. (1991).

Mixed and hybrid finite element methods, volume 15 of Springer Series in Computational Mathematics.
Springer-Verlag, New York.

Christiansen, S. H. and Gillette, A. (2016).

Constructions of some minimal finite element systems.
ESAIM Math. Model. Numer. Anal., 50(3):833–850.

Di Pietro, D. A. and Droniou, J. (2021).

An arbitrary-order method for magnetostatics on polyhedral meshes based on a discrete de Rham sequence.
J. Comput. Phys., 429(109991).

Di Pietro, D. A. and Droniou, J. (2023).

An arbitrary-order discrete de Rham complex on polyhedral meshes: Exactness, Poincaré inequalities, and consistency.
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