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A (not so simple) model problem |

m Let Q c R3 be an open connected polyhedral domain that does not
enclose any void

m Let a current density fecurl H(curl; Q) be given

m We consider the problem: Find the magnetic field o : Q — R3 and the
vector potential u : Q — R? s.t.

o—curlu=0 in Q, (vector potential)
curlo = f in Q, (Ampere's law)
diva =0 in Q, (Coulomb’s gauge)
uxn=0 on 4Q (boundary condition)

m The extension to variable magnetic permeability is straightforward
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A (not so simple) model problem Il

m In weak formulation: Find (o, u) € H(curl; Q) x H(div; Q) s.t.
/O'-T—/u-curlrz() V1 € H(curl; Q),
Q Q
/curla-v+/divudivv=/f-v Vv € H(div; Q)
Q Q Q

m Well-posedness hinges on the exactness of the following portion of the
de Rham complex:

H(curl: Q) == g (div; Q) —2 12(Q) —23 (0}

m This exactness property is also needed at the discrete level!
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Some approximations of the de Rham complex

m Classical Finite Element methods on standard meshes
m Mixed Finite Elements [Raviart and Thomas, 1977, Nédélec, 1980]
m Whitney forms [Bossavit, 1988]
m Finite Element Exterior Calculus [Arnold, 2018]
...
m Low-order polyhedral methods:
m Mimetic Finite Differences [Brezzi, Lipnikov, Shashkov, 2005]
m Discrete Geometric Approach [Codecasa, Specogna, Trevisan, 2009]
m Compatible Discrete Operators [Bonelle and Ern, 2014]
m High-order polyhedral methods:
m VEM [Beirdo da Veiga, Brezzi, Dassi, Marini, Russo, 2016-2018]
m Discrete de Rham (DDR) methods
References for this presentation:

m Precursor works on DDR [DP et al., 2020, DP and Droniou, 2021b)]
m DDR complexes with Koszul complements [DP and Droniou, 2021]
m Bridges DDR-VEM |[Beirdo da Veiga, Dassi, DP, Droniou, 2021]
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The discrete de Rham (DDR) approach |

Figure: Examples of polytopal meshes supported by the DDR approach
m Key idea: replace both spaces and operators by discrete counterparts

k
Lgrad, h

c D}, 0
—gradh h —h> Xgiv,h —h> Pk(7;l) — {O}

—curl

m Support of general polyhedral meshes and high-order

m Exactness proved at the discrete level (directly usable for stability)
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The discrete de Rham (DDR) approach Il

m The fully discrete spaces are spanned by vectors of polynomials
m Polynomial components attached to geometric objects

m emulate the continuity properties of the corresponding space
m enable the reconstruction of vector calculus operators and potentials

m The key ingredient is the Stokes formula
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The two-dimensional case

Continuous exact complex
m Let F be a mesh face and set, for smooth ¢ : F - R and v : F — R?,
rotr g := 0_a,(gradg q) rotp v = dive (0-xnV)

m We derive a discrete counterpart of the two-dimensional local complex:

gradp, rotp

R — HY(F) £55 H(rot; F) =5 L2(F) — = {0}
m We will need the following decompositions of P*(F)?:

PX(F)? =roty PHY(F) @ (x —xp)P*1(F)

R (F) RK(F)
=grad; P*"1(F) @ (x — xp) P 1(F)

G~ (F) Gor(F)
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The two-dimensional case
A key remark

m Let g € P*(F). For any v € PX(F)?, we have

/Fgl‘adFlI'V=—/Fq divpv + Z ‘UFE‘/I;QV)F(V'”FE)

Ec&EF
ePk-1(F)

=—/F7T]¢<>f;~qdiVFv+ Z wFE/EmaF(V'"FE)

Ec&EF

with ﬂ];;}p L?-orthogonal projector on P*~1(F)

m Hence, grad g can be computed given n’;;}pq and qoF

WFE = 1
tE nRrE
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The two-dimensional case

Discrete H'(F) space

LJ
k=0 k=1 k=2

Figure: Number of degrees of freedom for Ké‘md g for k €{0,1,2}

m Based on this remark, we take as discrete counterpart of H'(F)

Xt =10, = (ar.qor) = ar € PLF) and gor € PE Er)

m The interpolator !{g‘rad‘F :CF) - X{g‘radf is s.t., Vg € C°(F),

Z{g(rad,Fq = (ﬂé'{iq,CIaF) with

”];’jé‘(QOF)\E = ”]f;iq\E VE € Er and gor(xv) = q(xv) YV € Vi
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The two-dimensional case

Reconstructions in Xg]rad F

m For all E € EF, the edge gradient G : Xk — PK(E) is s.t.

—grad,F

GIEQF = (q0F)|,E

m The full face gradient G XgradF

'/FG]frgF'Vz—/F'({FdiVFV+ Z wFE/EQaF(V'nFE)

EES[-‘

m By construction, we have polynomial consistency:
Gk (Ig]rad rq)=gradpq Vg e P(F)

m We reconstruct similarly a face potential (scalar trace) in P*¥*1(F)

— PK(F)?iss.t., Vv € PK(F)?,
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The two-dimensional case
Discrete H(rot; F) space

AN AN
O

k=1

Figure: Number of degrees of freedom for Xfurl g for k €{0,1,2}

m We reason starting from: Vv € N**'(F) := GK(F) @ G“F*1(F),

Ll‘ot,,~vq:Lv- rotp g — Z wa/(v 'E) qE quPk(F)

— Ecép ——
eR*(F) ePr(E)

m This leads to the following discrete counterpart of H(rot; F):

k ) .
XewlF = {KF = (VR,F»";Q,F’ (VE)EeEr)

vr.p € REU(F), v6, o € ROK(F), vig € PX(E) VE € &p }
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The two-dimensional case

. . k
Reconstructions in X¢ )

m The face curl operator CK : X* . — P¥(F) is st

‘/CJA&KF q:/VR,ﬁ"POth_ Z wFE/VEq Vg € PX(F)
F F E

EESF

m Define the interpolator I* cHY(F)? - XK LF St Vv e HY(F)?,

—curl, F Z—cur!

k (k=1 _ck k
Lwrv= (”R,FV’”R,FV’ (”P,E(VIE 'tE))EeaF)~

[ C}; is polynomially consistent by construction:
ck (!f L pY) =T0tFV vy € NFHL(F)

ul

m We reconstruct similarly a vector potential (tangent trace) in PK(F)>?
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The two-dimensional case
Exact local complex

Theorem (Exactness of the two-dimensional local DDR complex)

If F is simply connected, the following local complex is exact:

7grad E

,F Cé k 0
R > X gradF : —curlF > P (F) ? {0},

where G : Xk X wL F IS the discrete gradient s.t., Vq e Xk

—grad,F - —grad,F’

Gha, = (mh 1 (Gha, ) 75 (Gha,). (GE4,) pesy )
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The two-dimensional case
Summary

Agrad F

—F C; k 0
R gradF curlF ? P (F) ? {0}

Space ‘ V (vertex) E (edge) F (face)
Xewar | B PEL(E) PEL(F)
Xior PEE)  REV(F) x ROK(F)
PH(F) PE(F)

Table: Polynomial components for the two-dimensional spaces

m Interpolators = component-wise L2-projections

m Discrete operators = L2-projections of full operator reconstructions
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The three-dimensional case |
Exact local complex

L:;rad,T k Gk X ck ' Dk . o
R Xglr:«nd,T ; Xcurl,T ? Xdiv,T — PY(T) —— {0}
Space ‘ v E F T (element)
X{g(rad,T R Pk_l(E) Pk_l(F) Pk_l(T)
Xﬁurl,T PKE)  RFYF)xREK(F)  RMU(T) x RO¥(T)
X(I;iv,T Pk (F) gk’l (T) % gC,k (T)

Table: Polynomial components for the three-dimensional spaces

Theorem (Exactness of the three-dimensional local DDR complex)

If the mesh element T has a trivial topology, this complex is exact.
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The three-dimensional case ||

Exact local complex

Space V E F T
DDR (enhancement across the board)
K{gcmd h R Pk_l(E) Pk_l(F) Pk_l(T)
Xt PEE)  REL(F) o ROE(E)  RAU(T) @ ROK(T)
Xﬁiv,h pk(F) g/(_l(T) @QC’k(T)
PX(Th) Pr(T)
VEM (with serendipity)

Zz R Pkil(E) RC,ﬁF*‘l (F) Rc’k(T)

Ki Pk (E) Pé‘ (F) x REBF+L (F) gc,k+1 (T) x Rek (T)

ch ‘Pk(F) gk_l(T) @gc,lﬁl(T)
PE(Th) Pr(T)

Table: Comparison of the DDR and VEM spaces considered in [Beirdo da Veiga,
Dassi, DP, Droniou, 2021]. BF is a parameter related to serendipity (cf. F. Brezzi's
presentation) possibly depending on the face geometry
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Commutation properties

Lemma (Local commutation properties)

It holds, for all T € Ty,

Gr (L% ar9) =Ly p(gradg) Vg e C'(T),

g; (!meTv) = L’jiv’T (curly) Vv € H*(T)?,
Dy (L%, 7w) = mj 1 (divw) vw e HY(T)3.

The above properties imply the following commutative diagram:

C2(T) 224 ¢=(T)3 —uly o=(T)3 vy o (T)

k k k .
llgrad.T llcurl,’l' l’div.’l' \L‘T
k k k

G C D
Xk Ty x*k =T ch(liv,T T Pk(T)

“—grad,T Zcurl,T
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The three-dimensional case
Local discrete L2-products

m Emulating integration by part formulas, define the local potentials

k+1 . vk k+1
Pgrad,T . Kgrad,T - P (T)’

Pty XA o PR,

curl,7 * Zcurl,T

P<kliv,T : Lﬁiv,T — PX(T)?

m Based on these potentials, we construct local discrete L2-products

()_CT,}’T).,T = / Perxp -P.,TyT +SeT ()_CT,yT) Ve € {grad, curl, div}
2 - Y b

consistency stability

m The L?-products are polynomially exact
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The three-dimensional case
Global complex

m Let 7, be a polyhedral mesh with elements and faces of trivial topology
m Global DDR spaces are defined gluing boundary components:

k k k
Xgrad, h’ lcurl, h’ Xdiv, h

m Global operators are obtained collecting local components:

k. yk k k. yk k k. yk k
G, ‘ Xoradn ™ Xewrn Cn i Xewrn = Xawr Dy Xgion = P (Th)
leading to the complex

k k
Lgrad, h

G} ck Dk
k —h k =h k h k 0
R > Xorad h > Xowrln > Xgon — PE(T) —— {0}

—cur.

m Global L?-products (-, )., are obtained assembling element-wise
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Discrete problem

m Continuous problem: Find (o, u) € H(curl; Q) x H(div; Q) s.t.

/0’-1‘—/u~curl‘r=() V1 € H(curl; Q),
Q Q

/curla-v+/divudivv=/f-v Vv € H(div; Q)
Q Q Q

m The DDR problem reads: Find (o,,u,) € Xﬁurl’h Xlﬁiv‘h s.t.
(Zw 1h)cur1,h - (Z;ﬂgﬁzh)div,h =0 vzh € Xﬁurl,h’
(ChT s ¥))divh + /Q Dyu, Dy, = 1n(v,) Vv, € X§

m Stability follows as in the continuous case using exactness properties of

cy Dy 0
XEon — X, — PR — (0}

—curl,h
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Convergence

Theorem (Error estimate)
Assume by = by = 0, o € C%(Q)% N H*2(7;)3, u € C°(Q)3 n H**2(T;,)3,
and set
(&y.¢;,) = (0}, — !furl,ha"ﬁh - lgiv,hu)'
Then, we have the following error estimate:
(g, e)ln < Chk+l(| curl |y (g8 + 0| gz ()3

+ |u|Hk+1(7;l)3 + |M|Hk+2(7;l)3),

with ||-||n discrete (graph) H(curl; Q) x H(div; Q) norm and C
depending only on Q, k, and mesh regularity.
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Consistency

The proof hinges on the following key result:

Theorem (Adjoint consistency for the curl)

Let Eeurip : (CO(Q) N Ho(curl; Q) x XE | — R besit.
EcurLn(W,v,) = Z [(!Siv,TwlT’gl;KT)diVaT - / curlw ’Pfurl,TKT] :
TeT, T

Then, for all w € CO(Q)3 N Hy(curl; Q) s.t. w € H*2(75)3:
vy, € X*

curl,h’
(Eaartn (W, 2,)1 < KT (Wi gy + W gion )

k
X (I lleur + €KY, a1 -

Similar results can be proved for the gradient and the divergence
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Numerical examples
Convergence in the energy norm
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Figure: Energy error versus mesh size h
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