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Preliminaries
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m Let Q c R4, d > 2, be an open connected polytopal domain
m We focus on the Poisson problem: Given f:Q — R, find u: Q — R s.t.

—Au=f inQ,
u=0 ondQ

m Let f € L2(Q). A possible weak formulation reads: Find u € Hé(Q) s.t.

a(u,v) = / Vu-Vv = / fv Vv e HNQ)
Q Q
m The well-posedness of this problem hinges on the Poincaré inequality

VllLz (@) < CallVvlip2(q)«
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Local polynomial spaces and L?-orthogonal projector

Denote by ]P’f; the space of d-variate polynomials of total degree < ¢
m Let ¥ ¢ R? and denote by P! (Y) the restriction of P/, to ¥
Given v € L2(Y), its L?-orthogonal projection on P{(Y) is s.t.

/(v —TpryyIw =0 Yw € PLY)
Y

B 7pe(y)v optimally approximates v in all Sobolev seminorms under mild
assumptions on Y; see [DP and Droniou, 2020, Chapter 1] for details
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Raviart—=Thomas—Nédélec and Crouzeix—Raviart elements |

Denote by T a d-simplex and by ¥ the set collecting its faces
Let RTNN(T) = PO(T)? + xPO(T)
Define the degrees of freedom o := (0F)Fes S-t.

1
O'FtHl(T)dBTP—)— T-nrr €R
|F| JF

Notice that 7 - nyp € PU(F) for all T € RTNU(T) and all F € 77
m (T,RTNY(T),o) is a FE [Raviart and Thomas, 1977, Nédélec, 1980]
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Raviart—=Thomas—Nédélec and Crouzeix—Raviart elements Il

m Let now P1(T) be the space of affine functions on T

m Define the degrees of freedom o = (0F)Fes; s.t.
oF : Hl(T)BV}—)—/VGR

m (T,PY(T),0) is a FE [Crouzeix and Raviart, 1973]
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Outline

A non-conforming finite element scheme on standard meshes
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A non-conforming finite element scheme |

m Let 7, be a conforming simplicial mesh of Q
m Let CR(75,) € H'(7;) be the Crouzeix—Raviart space on 75, and set

CRo(Th) = {vi € CR(T) : wpo(ryv =0 forall F e FP }

= Notice that CRo(7) ¢ H}(Q)!
m With Vj, broken gradient, the scheme reads: Find u, € CRo(75) s.t.

ap(up, vp) = /gvhuh “Vipvp = ‘/Qth Vv, € CRo(Th)
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Stability analysis |

Lemma (Discrete Poincaré inequality in the Crouzeix—Raviart space)

For all vy, € CRo(ﬁ),

ill2@) S IVavallpz )a
where a < b means a < Cb with C independent of h.
m The Poincaré-Wirtinger inequality gives, setting vz = (v)|r,

vrllLz(ry S lmporyvrllezry + hrlIVvrllp2(rya
m Hence, letting V), := mpo(g;,) vy, it suffices to prove that
VallLz@) S IVavalliz(@ye
m Since div : RTNY(T) — PO(Tp) is surjective: 31, € RTN(T;) s.t.

divt, = vy and ||t lm(aiv; @) S IVRllL2(@)
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Stability analysis I

m We write, letting vy := (vy)r for all T € 7y,

IBP
||Vh||L2(Q) = Z /deIVTh = /thh Th+ Z Z /VT(Th'nTF)
T€T, TeT, FeFr
m Replacing vr « mpo(F)vr = vF in the boundary term and rearranging,

Z Z /VT(Th'nTF)= Z Z /FVT(Th'nTF)

TeT, Ferr ¥ F Fef, TeTr

DI RECER T W REURBEL

Feri TeTr T FeFp

by single-valuedness of vg for F € 7—“}1‘ and vp =0 for F € Thb
m Using Cauchy-Schwarz inequalities, we get

IVnllZ2 0y < IVavallL2@allTallz@pa S 1V0vall L2 @) PAll 20
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Limitations of the finite element approach
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m Approach limited to conforming meshes with standard elements

= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
= the element shape cannot be adapted to the solution

m Treating more general meshes in the FE spirit would significantly
increase the space dimension [Droniou et al., 2021]

m The extension to high-order is not straightforward
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Fully discrete polytopal approach

m Key idea: replace both spaces and operators by discrete counterparts
m Support of polyhedral meshes and high-order
m Several strategies to reduce the number of unknowns on general shapes

m Elegant analysis framework available
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A few key references

Introduction of Hybrid High-Order (HHO) methods [DP et al., 2014]
Fully discrete analysis framework [DP and Droniou, 2018]

A monograph on HHO methods [DP and Droniou, 2020]

Introduction of Discrete de Rham (DDR) methods [DP et al., 2020]
DDR for the de Rham complex of differential forms [Bonaldi et al., 2023]
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An Hybrid High-Order scheme on polytopal meshes
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A paradigm shift

m Let vy € PL(T) and set vp = mpo(r) (vy)r for all F € F7
= We have, for all T € PO(T)4,

'/YZVVT‘TZ—'/YZVTM+ Z ‘/vT(T'nTF)= Z '/FVF(T'nTF)

Ferr *F FeFr

m Moreover, with Xy center of mass of Y € {T'} U ¥, noticing that
Xr = m 2. Fres XF and using linearity,

_ 1 _
npo(r)v =vr(XT) = ard(7) Z vr(XF) =
Fefr

ard(ﬁ) IFI /

m These formulas remain valid when T is a general polytope!
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Generalization to polytopes

m Let V = {vT (VE)Fes : vE € PUF) for all F € Fr }
= We can define a potential reconstruction ry. : V9. — P1(T) enforcing

/VV}KT-T: Z /vF(T-nTp) VTGSDO(T)d
T

Fefr F

) = i |F|/ g
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Extension to arbitrary-order |

m Let k > 0 and define the Hybrid High-Order (HHO) space
k._ _ .
KT = {KT = (VT» (VF)FETT) .
vr € PXH(T) and vp € PX(F) for all F € 77 }
= We define rkt! : vk — PKI(T)d st., for all v, € VK,

/Tvréﬂvr Vw:-/TvTAw+ Z /vF(Vw nrr) Yw e PHUT),

Fe¥r

Tpo (1) (FpYy) = Tpo(ryVT,s

- 1 1 H —
where vr = ard(Fr) ZFETT TF] /F VF ifk=0
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Global HHO space and H'-like seminorm

m Given a polytopal mesh 7, of Q, define the global HHO space

Vi =A{v, = (r)rem. VF)Fes) € Zﬁ :
vy € PXU(T) for all T € Ty, and v € PX(F) for all F € 7}

m We define on Zﬁ the norm
2 . 2
”}ihl|1,h = :g:: ||lf14|1,7
TeT,

where [lvz 13 7= IVvrl3a o+t D Ive = vrllzagp for all T € 7,
Fefr
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Discrete Poincaré inequality in HHO spaces |

Lemma (Poincaré inequality in HHO spaces)

Denote by Zﬁ,o the subspace of Zz with vanishing boundary values. For any

v, € Vh o letting v, € pmax(k=1.0) (7. be s.t. (vi)r = vy for all T € T, it
holds

vallLz@) S v, ll1n,
hence || - ||1,n is @ norm on Zh 9

® Since div : H'(Q)? — L?(Q) is surjective, there is T € H (Q)? s.t.
divr = vy and ||7llg1()e S Vall2(@)
m Notice that here we cannot seek 7 in RTN**1(7;) since 75, is not

conforming simplicial!
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Discrete Poincaré inequality in HHO spaces |l

m We go on writing

”Vh”iz(g) =LvhdiVT= Z LdeiVT

TeT,

£l Z _/VVT'T+ Z /(VT—VF)(T‘”TF))

TeTh r Ferr *F
c-s 3
< [Z (uwTuiQ(T)ﬁh;l > ||vT—vF||22(F))]

TeT, Fefr
%
X Z (||T||22(T)2 +hT”T”§12(6T))l
TeT,
m Recalling the definition of || - ||1,, and using trace inequalities along with

hr < hg <1, we get

2
Vallz2 @) S lvpllealitlla@a s v, llislvallz @
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An HHO scheme

We consider the following scheme: Find u,, € Zﬁ o St

an(uy,,vy,) = Z ar(zT,zT)=/vah Yy, €Vi,
TeT,

where, for all T € 7,

ar(up, vy) = / Vr g - Vgt vy + sr(up, vy)
T
and the symmetric semi-definite bilinear form s satisfies

1
v llir < ar(vpv))? S llvpllir Vv, € VE (ST1)
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Stability analysis

Lemma (Well-posedness of the HHO discrete problem)

The HHO problem admits a unique solution that satisfies

Ny llen < 11120

m Squaring and summing (ST1) over T € 7, we have
Mealit s < an(yevy) Vo, € Vo0

which expresses the coercivity of ay,

m Using the Cauchy-Schwarz and discrete Poincaré inequalities,

/vah <N fllez@vallzz) < If 2@ v, lln
m Letting v, = U, above, the conclusion follows
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Error analysis |

m Let I} : HY(Q) - V) bes.t.

[flv = ((Mpr-1(r)V)Tem, (Mpr(p)V)Fes,) YV E HY(Q)
m We aim at estimating the error
e =u, ~LueVy,

= It holds, for all v, € VX |
an (e vy) = an(uy,v,) —an(Iu,v,) = / fvn=an(Lyu.v,) =t Enusv,)
Q

m A straightforward modification of the stability proof gives

Sh(MQKh)
lepllin < sup  —————
voeve voy 12lln
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Error analysis Il

We reformulate the components of the consistency error &y (u;v),):

/fvh— Z /Auvh— /Tvu.VvT+ Z ‘/F(Vu'nTF)(vF—vT)l

TeT TeTn Fefr

an(Ifuv,) = ) [ / Vit (L) - Vgt + srqéu,m]
T

TeTn
=, / VI L) - Vvr+ ) / (Vi (Lyu) - nrr) (vF —vT)l
Te7, YT FeFr

+ ) sr(lhuvy)

TeT,
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Error analysis Ill

Gathering the above results, we get

En(uyv,) = Z / Vr?l([;u)] -Vvr

TeT;,

+ Z Z / [Vu — (VrEH (I5u) - nrp) | (vE = vr)

TeTn FeFr

- Z s, vy) = Ty + Ty + T
TeT,
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Approximation properties of the potential reconstruction |

m By definition, for all T € 7, all v € H'(T), and all w € Pk”(T),

/Vr?l(!?”'VW=—/”¢>k-1(T)VAW+ Z /”Pk(FW(VW-nTF)
T T F

Fefr

m Noticing that Aw € P*~1(T) and Vw - nyp € P¥(F), we can remove the
projectors and integrate by parts to obtain

‘/Vr?'1 ([?v) -Vw = /Vv -Vw  Vw e PMY(T)
T T

= This shows that Vi o I5 = g pre () 0 V

= |t can be proved that mypri () o V optimally approximates gradients
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Approximation properties of the potential reconstruction Il

= Noticing that Vvy € VPX(T) c VP*1(T),

/ [Vu - Vs (IEw)] - Vvr = / [Vu = mgpra () (Yu)| - Vvr =0
T T

we infer
T, =0
m Using Cauchy-Schwarz inequalities and the definition of || - ||1.z,
2
Ty < Z hr||Vu _ﬂVPk“(T)(V“)”?«)T) vy ll1,n
TeT,

= If, additionally, u € H**2(75,),

Ty < WM ul e (g5 v, l11m
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Polynomial consistency of the stabilization |

m To have T3 scale as T, we further assume polynomial consistency:
st(Ljw,vy) =0 V(w,vp) € PHH(T) x V4, (ST2)

m For all w € HK2(T), setting | - |s.7 := s7(- -)%, we have

(ST2) . k
5w T = min  |I7z(w=V)|s1
ghwlor O i A=)l
(sT1)
< min  |[I5(w =) ||17 < A5 W] e
Lmin O =)l < A ke

hence, by Cauchy-Schwarz inequalities and again (ST1),

k
Ts < WM ul gz g vy llm
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Polynomial consistency of the stabilization |l

Theorem (Error estimate for the HHO scheme)

Denote by u € Hé(Q) the solution to the Poisson problem and by u, € Z';l its
HHO approximation. Then, under (ST1)<ST2), and further assuming
u € H*2(73,), it holds

k k
luy, = Lyullin < 2 ul gz ).
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An example of stabilization bilinear form

Example

Let, for all T € 75, and all vr € K’;,

(85vp (S5 pvp)res) = vy — Le(r§Hlvy).

The stabilization bilinear form

=2 [ sk <k i k k
sT(Wy»vy) = hy /5TET OpVy +hr Z / OrFWy OTFYr
T FeFr F

satisfies properties (ST1)—(ST2).
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Numerical example

[Fok=0-m k=10 k=2 k=3 k=4

10341072 102 107F 1006 1004 10713

(©) (d)

Figure: |legll1,n and [lenllz2(q) as a function of & for uniformly refined triangular
(top) and hexagonal (bottom) mesh families
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Outline

Fully discrete analysis framework
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An abstract problem and its discretization

| Find u € U s.t. a(u,v) =1(v) forallveU | (11)

U Hilbert space
a: U x U — R continuous bilinear form

m [ : U — R continuous linear form

| Find up € Uy, s.t. ap(up,vy) = lp(vy) for all vy, € Uy | (Hh)
m (finite-dimensional) vector space Uj, with norm || - ||y.»
m ay : Uy x U, — R bilinear form

I, : Up, — R linear form
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Approximation error

m We want to compare u and uj without assuming that U, c U
m The difference u — uj;, does not make sense in general

m Instead, we can consider
u — Ruuy with Ry, : U, — U reconstruction

or
up — Inu with I, : U — Uy, interpolator

m We will explore the second choice, which leads to a simpler framework
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Stability and a priori estimate |

Definition (Inf-sup stability)

The bilinear form ay, is inf-sup stable if there is y > 0 s.t.

apnWh,Vh .
YIwnllun £ sup ¥ Ywy, € Up,. (inf-sup)

weun\{0}  Vallu.n

Remark (Uniform inf-sup stability)

One typically requires, in practice, v independent of A.
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Stability and a priori estimate |l

Lemma (A priori estimate)

If ay, is inf-sup stable, by, : U, — R is a linear form, and wy, € Uy, is s.t.
an(Wn,vi) = bp(vyp) Yvp € Up,

then
Iwnllon <y Hbwll,ns-

It suffices to write

(inf-sup) an(Wh,vn) bp(vn)
Yiwnllo, < = = |bullu,ns O

e {0y Wellun  veeup\ oy Vallu.a
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Error equation

m We want to characterize ¢j, := uj;, — I,u as the solution to a problem
m Using linearity, we have, for all vj, € Uy,
(TTy)
ap(en,vn) = ap(up,vi) —ap(Inu,vy) =" lp(vy) —ap(Ipu, vp)

m Thus, setting
En(u;vn) = lp(vp) —ap(Ipu,vy)

e, is the solution to the following error equation:

ap(en,vp) = Ep(u;vp) Yvp € Up

38 /44



Third Strang Lemma |

Lemma (Basic a priori error estimate)

Assume that ay, is inf-sup stable and let uy, € Uy, solve (I1;). Then,

-1
lenlluy, < v~ 118n(u; v v

Proof.
Apply the stability result with wjy, < ep, and by, «— Ep(u;-). o

Definition (Consistency)

We say that consistency holds if

lEn (s Hlu,py — 0 as h — 0.
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Quasi-optimality of the error estimate

m Assume that both the following quantities are independent of #:

vy and @ = sup _an(wnv)
wis e\ {0} IWalluwllvillu,n

m Then, we have
a M1Er (i Mluns < lenllu, < v 1ERUs ) lu

m This expresses the quasi-optimality of the error estimate
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Key properties and their role

m Uniform inf-sup stability = basic error estimate
m Consistency = convergence

m Uniform continuity = quasi-optimality of the estimate
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