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Minimal bibliography: Lowest-order polyhedral methods

m Mimetic Finite Differences

m Application to polyhedral meshes [Kuznetsov et al., 2004]
m Convergence analysis [Brezzi et al., 2005]

m Mixed/Hybrid Finite Volumes
m Pure diffusion (mixed) [Droniou and Eymard, 2006]
m Pure diffusion (primal) [Eymard et al., 2010]
m Link with MFD [Droniou et al., 2010]
m Discrete Duality Finite Volumes [Domelevo and Omnes, 2005]

m More recently

m Cell-centered Galerkin [DP, 2012]
m Compatible Discrete Operators [Bonelle and Ern, 2014]
m Generalized Crouzeix—Raviart [DP and Lemaire, 2015]
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Minimal bibliography: High-order polyhedral methods

Discontinuous Galerkin

[

m Unified analysis [Arnold, Brezzi, Cockburn and Marini, 2002]

m General meshes [DP and Ern, 2010-2012]

m Adaptive coarsening [Bassi et al., 2012, Antonietti et al., 2013]
m Hybridizable Discontinuous Galerkin

m Pure diffusion [Cockburn et al., 2009]
m Weak Galerkin

m Second-order elliptic problems [Wang and Ye, 2013]
m Virtual elements

m Pure diffusion [Beirdo da Veiga et al., 2013a]
m Nonconforming VEM [Ayuso de Dios et al., 2016]

Hybrid High-Order (HHO)
m Pure diffusion [DP et al., 2014]
m Locally degenerate transport [DP et al., 2015]
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Features of HHO

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k = 0)
Applicable to a vast range of physical problem

Reduced computational cost after hybridization

1 1
Nhho ~ 5](32 card(Fp) NSE ~ 61(53 card(7Tp)
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Outline

Basic principles of HHO
m Polyhedral meshes
m A HHO method for the Poisson problem
m Variable diffusion, local conservation and variations

Applications
m A vector example: linear elasticity
m A nonlinear example: Leray—Lions problems
m A singularly perturbed example: vanishing diffusion w/advection
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Mesh regularity |

Definition (Mesh regularity)

We consider a sequence (7p,)ney of polyhedral meshes s.t., for all h € H,
Tr, admits a simplicial submesh T}, and (%) pey is

m shape-regular in the usual sense of Ciarlet;

m contact-regular, i.e., every simplex S c T is s.t. hg ~ hp.

Main consequences:
m Trace and inverse inequalities
m Optimal approximation for broken polynomial spaces
See [DP and Ern, 2012] and [DP and Droniou, 2016a and 2016b]
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Mesh regularity |l

Figure: Admissible meshes in 2d and 3d: [Herbin and Hubert, 2008, FVCA5] and

[DP and Lemaire, 2015] (above) and [Eymard et al., 2011, FVCAG] (below)
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Projectors on local polynomial spaces |

Key ingredients are projectors on local polynomial spaces
m The L?-orthogonal projector 7k, : LY(T) — PY(T) is s.t.

J (7hv — v)w = 0 for all w e P(T)
T

m For all face F' € Fy,, we also need the L?-projector 7t, on P!(F)
The elliptic projector @, : WHH(T) — PY(T) is s.t.

J V(whv —v)-Vw = 0 for all w e P!(T) and J (whv —v) =0
T T
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Projectors on local polynomial spaces Il

Lemma (Optimal W#P-approximation)

For all p e [1,+o0], all s € {1,. l+1} a//me{O .,s—1}, and all
ve W*P(T), it holds with HIT = b or I, = @b,

\U*HTU|WMP(T)+hT|U*HTU|Wmv(fT) hy ™ [vlwsn (1)

Apply a general result from [DP and Droniou, 2016b]: every W-bounded
projector has optimal approximation properties. This result hinges on the
approximation theory of [Dupont and Scott, 1980]. ]
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Outline

Basic principles of HHO

m A HHO method for the Poisson problem
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Model problem

m Let Q c R, d = 1, denote a bounded, connected polyhedral domain

m For f € L?(2), we consider the Poisson problem

—Nu=f in
u=0 on 0f)

m In weak form: Find u € H}(Q) s.t.

a(u,v) := (Vu, Vu) = (f,v) Yve H} (Q)

14
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Key ideas

m DOFs: polynomials of degree k > 0 at elements and faces

m Differential operator reconstructions tailored to the problem:

ajr(u,v) ~ (Vo5 ug, Vphi o) + stab.

with
m high-order reconstruction p?fl from local Neumann solves
m stabilization via face-based penalty

m Construction yielding supercloseness on general meshes

15 /136



DOFs

Figure: Q’% for k € {0,1,2}

m For k > 0 and all T € T}, we define the local space of DOFs

Uk .= PE(T) x ( X Pk(F)>

FE]“T

m The global space has single-valued interface DOFs

it~ #i) « x 00)
TeTh FeFp

16
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Local potential reconstruction |

m Let T € 7;,. The local potential reconstruction operator

is s.t. Yup € Uk, (ph op —vp, 1) = 0 and Yw € PF+1(T),

k+1

Ulc

Pk+1(T)

(VpT vp, Vw)p 1=

—(vp, Aw)r + 2 (ve, Vwnrp)r

FE]:T

m To compute p’“r1 we invert a small SPD matrix of size

m Trivially parallel task, potentially suited to GPUs!

Ni,q =

s

(

k:+1+d)

k+1
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Local potential reconstruction |l

Lemma (Approximation properties for pé:H o l]‘T)

Define the local reduction map I¥ : HY(T) — Uk s.t.
l§ TV > (w%v, (W%U)Fe]-‘,r).
Then, for all T € Tj, and all ve H*+2(T),

v — pEF IR |7 + hr |V (v — P L) |7
+ o — ph evlor + B2V (v — phi ) or

S héerz”’U“HkJrz(T).
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Local potential reconstruction Il

m Since Aw € PP7Y(T) and Vw p-nrp € PF(F),

(Vi Iho, Vw)r = — (o, Aw)r + Z (rhv, Vwnrr)p
F(E]:T

= —(’U, Aw)T + Z (71, Vw-nTF)F
FE}—T

= (Vu, Vw)r
m As a result, recalling the definition of the elliptic projector,
E+1

k+1 7k _
pr olp =wp

m The approximation properties follow
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Stabilization |

m The following local discrete bilinear form is in general not stable

ar(ur,vr) = (VPI%HMT; VPI%HQT)T

m As a remedy, we add a local stabilization term:

k+1
T

ar(up,vy) = (Vphup, VOE v ) p + s (up,vg)

m We aim at expressing coercivity w.r.t. to the local seminorm

1
|?,T = |Vor|F + ‘QT|%,8T> |QT|%,8T = Z }THUF —vr|%
FEJ:T

HQT

20
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Stabilization I

m A naive choice for the stabilization would be (cf. HDG)

1

st(ug,vp) = Z I

FeFr

(up —ur,vrp —vr)F

m This choice is, however, suboptimal since, for all v € H’“”(T),
IV (i Lo = v) |7 < B ol gree oy,
but we only have
st(Lv, o) < BP ol g o)

m We need to penalize higher-order differences!
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Stabilization Il

m Let us introduce the face residual operator 6%, : U — P*(F) s.t.

0t p(vr) = (vp — pyur) = 7 (vr — ppur)

m Consider the following least-square penalty bilinear form:

1
sT(up, vp) = Z T(5§FMT75§“FET)F
FG}—T
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Stabilization IV

m Let us first investigate the consistency properties of st

m Using approximation for pi™ o I we have, for all v e H*+2(T)

|85 Lyvlr = |mk (v = p3 L30) — 75 (v — ppt Lio) | e

< k(v = P L) | + I (v = P L) |

< o — ph o] p + by P o — pht |

< hiy ol grase oy

m Hence, this time

sr (L, I§) ' < B o] goee




Stabilization V

m Alternative interpretation: Define ph:t! : UY — PF1(T) sit.

~k+1 . Lk+1, k. k+1
pr up i=vr + ([)T Up — TPy vr)

m phlu, is a high-order correction of element DOFs

m It can be proved that sp admits the equivalent formulation

1 A1

FE]'-T

sr(up,vr) = Y, o (e ur —up), 7 (07 v — vr))r
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Stabilization VI

Lemma (Stability and boundedness)
There is 1 > 0 independent of h s.t., for all T € Ty, and all v, € Qifp,

n vy %,T < HQTHi,T < nllur %,Tﬁ
where

. k
HQH?LT = ar(Vp,vy) = HVpT-HQTH% + sT(v7, vr)-
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Stabilization VII

m We prove the first inequality and leave the second as an exercise

m Let T € Tj, and vy € Uk By definition of phi vy with w = v,

|Vor|z = (Vpi ur, Vor)r — Z (vp —vr, Vor-nrp)rp
FG]‘-T

. 1
<IVPr orlf + SIVerlf + NoCilurli or

m As a result,
IVor|z < [V vrld + lorlf or
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Stabilization VIII

m Let now F' € Fr. Adding and subtracting 7TFpk+1UT we have

lvr —vrlr < |75 (ve — P op)|F + |75 (05 o — 55 op) | e

and, using the discrete trace and local Poincaré inequalities

N . a - —1
Hﬂlfv (pQHQT - WATP]%HQT)”F <h /2HP§+1UT WTpljchlUTHT

< W |VP5 op|r
m Fromt the above inequality it is readily inferred that
k
lorl? or S st(vp,vp) + | Vp AR

m The coercivity bound follows recalling the estimate on |Vur|r
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Discrete problem

m We enforce boundary conditions strongly considering the space
Qliio = {Qh GQZ |vp =0 VFE]—"E}

m The discrete problem reads: Find v, € Qﬁ,o s.t.

an(up; vy) = Z ar(ur, vp) = Z (f,vr)r Yoy, EQZ,O
TeTh TeTh

m Well-posedness follows from the |-

1,n-coercivity of aj, with

%,h = Z lvg

TeTy

Hyh |§T

m In the implementation, element-based DOFs are statically condensed
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Convergence |

Theorem (Energy-error estimate)

Assume u € H**2(Q) and define the global reduction map
Iiu = (7fu)rer, (Tpu) rer,) € U o-

Then, we have the following energy error estimate:

1h S Pl e o) -

ey, — lﬁu|

Corollary (Error estimate on the flux)

It holds with pi ™' : Uy — P*1(T;) s.t. pit i = phit?,

thpﬁﬂﬂh — V| + sp(uy,u) S thrl”“”H’“”(Q)v

with s;, obtained assemblying the local contributions st .

29 /136



Convergence |l

Theorem (Supercloseness)

Further assuming elliptic regularity and f € H'(Q) if k = 0,

up — mu| < KF2B(u, k),
h

with B(u,0) := | f|z1 (), Bu, k) := |ul|gr+2(q) if k > 1 and

uh|T=uT VTEE.

Corollary (L?-error estimate)

It holds
pkHu —ul| < hit2p u, k).
h Up

30
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Convergence Il

m Let prove the energy-error estimate. With @, := Eiu, it holds

1/5 ~
o <77 sup an(@y, — up,vp)
thQl}i’O, Hﬂh, Hl.hzl

|y, — wy,

m Hence, we can estimate the error as

1 2 71
|fl7h < 77/ sup gh(£h)7
v, €UF o5 vy lli,n=1

lay, — wy,

with consistency error s.t.

En(vy) = an(Up, vy) — In(vy)

m We next bound &, (v,,) for a generic v, € Q’,fb’o st Juplin =1

31/136



Convergence IV

m Since f = —Aw a.e. in 2, an element-wise partial integration yields
lh(yh) = Z (VU, VUT)T + Z Z (’UF —ur, VU"I’LTF)F,
TeTh TeTh FeFr

where we have used flux continuity and vp = 0 for all F € F

m Choosing w = Uy := p4 in the definition of pi-ur., we infer

an(@y,vy) = Y {(Vir, Vor)r + sr(@r,vr)}
TeTh

+ > > (vp —vp, Viipnrr)F

TeTn FeFr
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Convergence V

m Combining the previous relations, we arrive at

Enw) = Y {(Vlip—ae Vs + 51 (i v)]
TeTh
+ Z 2 quu nTF,Upf’UT)F =%+ %y
TeTn FeFr

m Using the Cauchy—Schwarz inequality and approximation, we infer
[T1| S PP ul e [nlin = B ul e
——
=1
m Using the Cauchy-Schwarz, trace inequalities, and approximation

|Ta| < hk+1HuHHk+2(Q) Upll1,n = hk+1HUHHk+2(Q)
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Convergence VI

m Using the above bounds, we conclude that

|2y, h<n’ sup En(y) < B ul ez o

Qh€Q§=07 ”yhul,h:l

m Finally, using the ||| 1 n-coercivity of ay, yields

_1/2

< [a,

|, < WM e o
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Numerical examples

2d test case, smooth solution, uniform refinement

10 F T
1072
1072 1
1075,
106 ] )
1078
1079 1 n
‘10711 .
10" 1 10
107 107
107| -
1073
107° 1 /
28—
107° 4 1 100 e
.02 —
R i 10-9 14.99
ol ]
1075 ; 5.94
— +k‘:47 10712 F

10729 1072 10719 10728 1072

Figure: 2d test case, trigonometric solution. Energy (left) and LZ-norm (right) of the error vs. h
for uniformly refined triangular (top) and hexagonal (bottom) mesh families
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Numerical examples |

3d test case, singular solution, adaptive refinement

m Let Q:=(—1,1)3\[0,1]>. We consider the Fichera exact solution
u(@) = (o} + 25 + a3) ¥
corresponding to the forcing term

3
4

fl@) =~ et + 2 + )

m We consider the adaptive procedure of [DP and Specogna, 2016]

36
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Numerical examples |l

3d test case, singular solution, adaptive refinement

Theorem (A posteriori error estimate)

It holds with py*'w, € PE+Y(T,) s.t. (pf ™ ) ir = Pt ug VT € T,

”Vh(pﬁ-i_l@h - u)”2 < Z (77r21c,T + (nreS,T + nsta,T)Q) s
TeTh

where, denoting by u} € H}(Q) the nodal interpolate of py ™ u,,

e, = |V (pgﬂuT — up)|r,
Nres, T *= CP ThTH(f + Apl’;jrluT> 0 (f + Ap];jluT)HT7

Nsta,7 ‘= Cp Thl/zHRaT (Tor REr(ur — uor))|or,

with Rk, R;’}fc and tar defined as for flux the formulation (cf. below).
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Numerical examples IlI

3d test case, singular solution, adaptive refinement

Figure: HHO solution on a sequence of adaptively refined simplicial meshes
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Numerical examples IV

3d test case, singular solution, adaptive refinement

o1 | 1072 E
107 F = £ 1
i 107
E 74:—lf]<':[)un ;
10 F|-#—k=0ad ]
] E -e-k=1un E
jlo,r,;—o—k:lad i
-0.7 e Fl-x-k=2un f
_ - |=—k=2ad 1
ol il el 106 LT ummr Ll bl 1

103 10* 10° 108 107 103 10* 10° 108 107

(a) Energy error vs. Ngof (b) L2-error vs. Ngof

Figure: Results for Fichera's test case
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Numerical examples V

3d test case, singular solution, adaptive refinement

Figure: Estimated (left) and true (right) error distribution
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Numerical examples |

Fichera's 3d test case, adaptive coarsening

Figure: Fichera corner benchmark, adaptive mesh coarsening
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Numerical examples |l

Fichera's 3d test case, adaptive coarsening

10795 |-

107!

10719

Figure: Error vs. Ngo¢ for the Fichera corner benchmark, adaptively coarsened meshes

-m- k=0un
—m—k=0ad

——k=1ad

-e-k=1un|

10° 106

(a) Energy-error vs. Ngof

1072

10~

—a—k=0ad
-e-k=1un
——k=1ad

-m-k=0un |-

.
10° 106

(b) L2-error vs. Ngof
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Numerical examples |

3d industrial test case, adaptive refinement, cost assessment

Ju=0vV
Hu=-1v

Sum

~

Figure: Geometry (left), numerical solution (right, top) and final adaptive mesh (right, bottom) for
the comb-drive actuator test case [DP and Specogna, 2016]
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Numerical examples |l

3d industrial test case, adaptive refinement, cost assessment

4.5

—a—k=0ad
-e-k=1un
——/k=1ad
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-e-k=1un
—o—k=1ad|| ar |
-x-k=2un 35
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10 10° 10 10° 10!
(a) Capacitance vs. Ngof (b) Capacitance vs.

Figure: Results for the comb drive benchmark.
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Numerical examples IlI

3d industrial test case, adaptive refinement, cost assessment

T T T T ; ; . . T T T T T
1,500 |-[ =3 pre-processing 1,500 | [E=3 pre-processing | 1,500 || == pre-processing

== assembling == assembling == assembling

= solution = solution = solution

B post-processing [ post-processing B post-processing
1,000 |- 1,000 -

500 500
. . . .

02 04 06 08 1
106

(a)k=0

Figure: Computing wall time (s) vs. Ny for the comb drive benchmark
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Numerical examples IV

3d industrial test case, adaptive refinement, cost assessment

Figure: Geometry (left), numerical solution (right, top) and final adaptive mesh (right, bottom) for
the MEMS test case [DP and Specogna, 2016]

46 /136



Numerical examples V

3d industrial test case, adaptive refinement, cost assessment

0.37

0.36

0.34

-m-k=0un
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k=2un
——k=2ad
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10° 106 107

(a) Capacitance vs. Ngof

0.37

0.36 |-
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Figure: Results for the MEMS switch benchmark
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(b) Capacitance vs. computing time
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Numerical examples VI

3d industrial test case, adaptive refinement, cost assessment

10! 10! 10"
: : . . — — —
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Figure: Computing wall time vs Ngof for the MEMS switch benchmark.



Numerical examples
Teaser: The Cahn—Hilliard problem

) 128 x 128 uniform Cartesian mesh, k = 0

) 64 x 64 uniform Cartesian mesh, k =1

Figure: Spinoidal decomposition [Chave et al., 2016]
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Outline

Basic principles of HHO

m Variable diffusion, local conservation and variations
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Porous media and HHO

Figure: Last week at Cargese (when the cat's away, the mice will play)
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Variable diffusion |

m Let v : Q — R?? be a SPD tensor-valued field s.t.
VT € Ty, 0<vp <Av)<7r
m For the sake of simplicity, we assume v polynomial on 7y,
3l e N*, v e PY(T;,)%*4
m We consider the Darcy problem

—V-(vVu)=f in
u=0 on 0f)
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Variable diffusion 1l

FEJ:T

(qu]%Hypr)T = (vVour, Vw)r + Z (vp —vr,vVwnrr)p

Lemma (Approximation properties of p’}“f})

For all ve H*"2(T), witha = 3 ifl=0 and a = 1 if > 1,

lv — P5H Liollr + hr |V (v — P+ Iiv) 7 < Cp§hat?||v]pra,r,

with local heterogeneity/anisotropy ratio

53
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Variable diffusion Il

Theorem (Energy-error estimate)

Assume that u € H**2(Ty,) and set

ay, 1 (U, V1) = (VVP[}HEP VPI:CFHQT)T + s, 7 (Up, V)
where, letting vrp = |[nrpv i nrEe| Lo r),
vrr
svrlurvr)i= 3y P (eb @5 ur — ur), TS (B o — or)p
FGJ:T F

Then, with « as above and |||, , denoting the norm defined by a,, 1,

1/2
_ 1 k
uhfmums<2uw$%#+Wmam>.

TeTh

54
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Le Potier's test case |

m We consider Le Potier's exact solution
u(x) = sin(mzq) sin(mrzs),
m The diffusion field has rotating principal axes

(1‘2 —fz)2 + E(:L‘l — 51)2 —(1 — 6)(1‘1 —fl)(l‘z —fZ)

v(x) = (—(1 (w1 —F) (@ —T2) (w1 —T1)? + ez — Ta)? ) !
with anisotropy ratio and rotation center

e=pt=1-10"2 (T1,Z2) = —(0.1,0.1)
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Le Potier’'s test case Il

Figure: Triangular, Kershaw and hexagonal mesh families



Le Potier’'s test case IlI

’+k:o+k:1+k:2+k:3‘

100F 10°F E 10+
101 E 4 139 /-/:
10-2F w2k B 1072 _
- 232 — —
-1} 0 1 w0 g
" 1 h/
10 334
100 1077 E 1070
1070 4 4.43
1075 s [
- 10-7 L L L L L 10 . L L
107 1072 10724 10722 1072 107 10716 10725 1072 10712
1001 101} N
2|
1072 18 10
- | 1
e 10
| 104
10 276 /
- 107 F B
ol -
1076 s . 05|
1075 10771 B
1075
ool 485
. 0k . . . k| 10-10 . . .
107 1072 10724 10722 1072 10718 1070 10722 1072 10712

Figure: |-||1,n-norm (above) and L2-norm (below) of the error vs. h for (from left to right) the
triangular, Kershaw and hexagonal mesh families
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Teaser: Fractured porous media

00— 1.05 00— 1

Figure: Flow in fractured porous media. Simulations by F. Chave (second H on the beach).
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Local conservation and numerical fluxes |

m A highly prized property in practice is local conservation

m At the discrete level, we wish to mimick the local balance

(UTVU, VU)T — Z (I/TV’U’nTF,’U)F = (f,U)T Yov € Hl (T)
FE]'_T

where, for every interface F' € Fr, N Fr,,
v, Vunpr +vp,Vunpr =0

m This requires to identify numerical fluxes
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Local conservation and numerical fluxes Il

m Define the boundary residual operator RE . : P*(Fr) — P*(Fr)
Riroir =5 (oir =071 (0,0) + 7195 (0,0))  VF € Fr
m Denote by R;g,ff its adjoint and let 757 and uar be s.t.
ToT|F = VhT—FF and uoT|p = ur VF€Fr

m Then, the penalty term can be rewritten in conservative form as

st(up,vp) = Y (RE (rorREp(uor — ur)),vp —vr))p
FeFr
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Local conservation and numerical fluxes IlI

Lemma (Flux formulation)

The HHO solution w,, € U}  satisfies, for all T € Ty, and all vy € P*(T)

(v Vi ur, Vor)r — Z (®rr(ur),vr)r = (f,v7)T,
FE]'-T

with numerical flux
. k+1 ok k
Orr(ur) = VTVPTJr Up NTF — R;T (e Rgr (uor — ur)),
s.t., for every interface F' € Fr, n Fr,,

&1, r(ur,) + @1,r(ug,) = 0.
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Link with HDG

m The flux formulation shows that (cf. [Cockburn, DP and Ern, 2015])

HHO = HDG on steroids

Smaller local problems to eliminate flux unknowns:
VPFH(T) vs. PR(T)?

Superconvergence of the potential in the L?-norm

hk+2 hk:+1

VS.

m HHO can be adapted into existing HDG codes!
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The HHO(7) family

mletTeTy k—1<I1<k+1, and consider the local space

Ukl .= PY(T) x ( X WF))

FeFr

m Convergence rates as for the original HHO method and
m [ = k — 1: High-Order Mimetic (up to variants in stabilization)
m[=Ff : original HHO method
m [ =k+1: new HDG method

m k=0and ! =k—1 on simplices yields the Crouzeix—Raviart element

m The globally-coupled unknowns coincide in all the cases!
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A nonconforming finite element interpretation |

m We interpret the HHO() methods as nonconforming FE methods
m The construction extends the ideas of [Ayuso de Dios et al., 2016]

m For a fixed element T € 7}, we define the local space

V:,]f’l ={pe HYT) | VeopnreP"(F)VYF e Frand Ap e P(T) }

m We next study the relation between lef’l and Q’;:’l
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A nonconforming finite element interpretation Il

m Let &p: UR

l

— lef’l be s.t. (v ) solves the Neumann problem

Adr(vy) = vr —

il 5 L)

with boundary and closure conditions

Vq)T(QT)\F'nTF = Vf VF € ]:T,

| @rwn—vn) -0

m Both &+ and lk’l : Vk’l — U’;:l are injective

m Therefore, [kT"l

k,l Kl
VT ~ QT

: VA L UT is an isomorphism and we can identify
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A nonconforming finite element interpretation |lI

m U4 contains the DOFs for Vﬁ"l as defined by I%.
m Functions in lef’l are not directly available, but DOFs in Q; are

m We define the computable projection H’%‘H : lef’l — PFUT) st

7 = pyt 7'

m Moreover, for all p € Vk’l, the face residual rewrites

S plhp = Th (I o — ) — 7k (5 — )
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Thecasel =k + 1

m Some simplifications hold for the case k =1+ 1
m As a matter of fact, one has

k+1 kit
pT UT =vr + (pr vr pr Ur) =vr

m Hence, the stabilization bilinear form sp simply rewrites
hd ) Lk K
sy (up,vp) = Y, —(mp(ur —up), 7p(vr —vp))p
hr
FGJ:T

m This corresponds to a new HDG-like method
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Basic principles of HHO
m Polyhedral meshes
m A HHO method for the Poisson problem
m Variable diffusion, local conservation and variations

Applications
m A vector example: linear elasticity
® A nonlinear example: Leray—Lions problems
m A singularly perturbed example: vanishing diffusion w/advection
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Yesterday's course in a nutshell

Figure: U% for k € {0, 1,2}

High-order potential reconstruction ka’“ from Neumann solves

High-order face-based stabilisation bilinear form s

Global problem from the assembly of local bilinear forms

ar(ur,vy) = (Vp?l@T’ VP?AQT) + s7(up, vr)

m Construction yielding supercloseness on general meshes
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Bibliography: Linear elasticity

m On standard meshes
m PEERS [Arnold et al., 1984]
m Nonconforming primal* P* [Brenner and Sung, 1992]
= Nonconforming mixed [Arnold and Winther, 2003]
m Conforming mixed polynomial [Arnold and Winther, 2002]
m Stabilized nonconforming primal [Hansbo and Larson, 2003]

m On polyhedral meshes

m Conforming primal VE [Beirdo da Veiga, Brezzi and Marini, 2013]
m Generalized nonconforming P! [DP and Lemaire, 2015]
m Nonconforming primal HHO [DP and Ern, 2015]
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Continuous setting |

m Let d € {2,3}. We consider the problem: Find u : Q — R s.t.

—Vo(u)=f in £,
u=0 on 0f)

with real Lamé parameters A > 0 and g > 0 and
o(u) =2uVu+ A(V-u)l,

B )\ — 400 corresponds to quasi-incompressible materials

m More general BCs can be considered with minor modifications
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Continuous setting |l

m Assume f € L%(Q)? and set U := Hi(Q)?

m The weak formulation reads: Find uw € U s.t.
a(uv) = (f,v)  Vwel,
with bilinear form

a(u,v) :=2u(Vsu, Viv) + A(V-u, V-v)

Lemma (A priori estimate)

Let Q c R? be a bounded convex polygonal domain. Then, there is
Cq > 0 only depending on € s.t.

] g2 0)a + INV -l g1 q) < Call £l L2(0)e-
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Rigid body motions

m Applied to vector fields, the operator Vy yields strains
m Let d = 3. lts kernel RM(2) contains rigid-body motions

RM(Q) := {ve H(Q)? | Jo,w e R?, v(x) = o + w @ x}
m We note for further use that

PY(Q)® < RM(Q) c P*(Q)?
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Features

High-order method on general polyhedral meshes
Locking-free primal formulation

Global SPD system

Strongly symmetric strain and stress tensors

Low computational cost

m In 3d, 9 DOFs/face for the lowest-order version k = 1
m Compact stencil (face neighbours)
m Simplified data exchange w.r. to vertex DOFs
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DOFs and reduction map |

SRS

Figure: U%, for k € {1,2}
m For k> 1 and all T € T}, we define the local space of DOFs
UT=Pk() (ka()>
FeFr

m The global space has single-valued interface DOFs

- ( X P’“(T)d> x ( X P‘“<F>d>
TeTy, FeFy
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Displacement reconstruction |

m Let T € Tp. The local displacement reconstruction operator
k)-‘rl Uk? ]P)k+1(T)d

is s.t., for all vy = (vr, (Vp)pery) € U% and w e PFH1(T)4,

(VSP§~+12T,VS1U)T = —(vr,V-Vsw)r + Z (ve, Vswnrr)r
FeFr

m Rigid-body motions are prescribed from v, setting

k+1 k+1
j Pr Yp = J vr, J VsspT Vp =
T T T

1
Z f 5(”TF®'UF —vF@nrFp)

FeFr
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Displacement reconstruction Il

Lemma (Approximation properties for p"“If)

There exists C > 0 independent of h s.t., YT € Ty, Yv € H**2(T)4,

|v — p§H Ll r + hr| V(v — P?HIT”)HT
+ hT v — P& Liw|lor + h |V (v — pE L) |or

S Ch];j— HUHHk+2(T)d.

Proceeding as for Poisson, one can prove the Euler equation
(VpitIho — Voo, Vao)r =0 Vw e PPPYT)Y,

and the approximation properties follow since p’€+1 oll;« is bounded.
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Stabilization |

m Define, for T' € T}, the stabilization bilinear form st as

~F ~Fk
r(wp,vy) Z h PTJr Up — UF)W?(PTHQT —vp))F,
FE]'-T

with displacement reconstruction pa'* : Uk — PFHL(T)? s t.

~k+1 k+1
pr v = vr + (PF vy — 7EpE vy

m We express stability w.r. to the discrete strain norm

Sr= | Veorlz + ) hiptlor —orlE
FE]'-T
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Stabilization I

Lemma (Stability and approximation)

Let T € 7T;, and assume k > 1. Then,

k
HVspT-HQTH% + sr(vr,v7) ~ ||lur |gT

Moreover, for all v € H’”z(T)d, we have

1/2
(IVs(@5+ Lso = )|} + sr (Lo, I5w)) < BEH 0] v crye.

Classical result for k = 0: Crouzeix—Raviart does not meet Korn!
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Stabilization Il

m For all F' € Fp one has, inserting +m&p5 v,
lvr —vrlr $ |75 (vr — B3 vr)|F + he P oy — 7Pl v
m For any function w € H(T)? with rigid-body motions wr,
|w — 77w|r = [[(w — wrm) = 77 (w — wrn) |7 S hr | Vew|r
where 7r§4wRM = wgy\ requires k = 1 to have
RM(T) c P*(T)?

m Clearly, this reasoning breaks down for k =0
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Divergence reconstruction

m We define the local local discrete divergence operator
Dk .Uk — PH(T)

s.t., for all vy = (vr, (VF)per,) € Uk and all g € PR(T),

(Dfvr, q)r i= —(vr, V@)1 + Z (vPnrR. Q) F
FE]'-T

m By construction, we have the following commuting diagram:

HY(T) Y L3(T)
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Discrete problem

m We define the local bilinear form ar on Q’% X Q’% as

aT(HT,QT) = 2U(V5p§“+lﬂT7 Vsp§“+IET)T

+ A(Dfug, Divg) + (2u)st(ug, vy)

m The discrete problem reads: Find u,;, € QZO s.t.

an(wy, vp,) 1= Z ar (wr,vr) = Z (f vr)r Vo, EQZ,O
TeT TeTh

with Ql,fho incorporating boundary conditions
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Convergence |

Theorem (Energy-norm error estimate)

Assume k > 1 and the additional regularity w € H**2(Q)?. Then, there
exists C > 0 independent of h, u, and X\ s.t.

(21) 2|y, — @y lan < CH*B(u, k),

with
B(u, k) := 2u)|ulgrrz@)a + [AV-ul grii ).
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Convergence |l

m Locking-free if B(u, k) is bounded uniformly in A

m For d = 2 and €) convex, one has using Cattabriga’s regularity
B(u,0) = |[u|gz()e + [AV-ulm () < Culf]

m More generally, for k£ > 1, we need the regularity shift

| B(u,k) < Cul fls @y

Key point: commuting property for D%

84 /136



Convergence Il

Theorem (L>-error estimate for the displacement)

Further assuming elliptic regularity for 2, it holds with C > 0
independent of \ and h,

Jus, — mfu] < CH***B(u, k),

with uy, s.t. upp = ur for all T € Tp,.
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Numerical example |

m We consider the following exact solution:
u(x) = (sin(mz1) sin(mz2) + (20) &1, cos(ma1) cos(maa) + (2/\)71352)

m The solution w has vanishing divergence in the limit A\ — 4-o0:

Vu(x) = %
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Numerical example |l

’+k:1+k:2+k:3+k:4
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Figure: Energy error with A = 1 (above) and A = 1000 (below) vs. h for the triangular (left) and
hexagonal (right) mesh families
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Numerical example |lI
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Figure: Energy (above) and displacement (below) error vs. Tyot (s) for the triangular and
hexagonal mesh families

88 /136



Teaser: Poromechanics

Figure: HHO + dG applied to poro-elasticity, [Boffi, Botti, DP, 2016]
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Outline

Applications

m A nonlinear example: Leray—Lions problems
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Model problem |

Let p e (1, +0) and f e LP'(Q) with p’ := 25

m We consider the Leray-Lions problem: Find u e Wy (Q) s.t.

Alu, v) = fﬂ a(z, Vu(x)) - Vo(z)dz = L fo Voe WiP(Q)

A typical example is the p-Laplacian: For p € (1, +00),

a(z, Vu) = |Vu[P~*Vu

Applications to glaciology, turbulent porous media flow, airfoil design

Perfect playground for discrete functional analysis tools

91/136



Model problem Il

Assumption (Leray-Lions operator/v1)

For a fixed index p € (1,+), f € L” (Q) and a satisfies
m Growth. a(-,0) € L (Q) and there is 8 > 0 s.t.

la(z, &) — a(z,0)| < Ba|€P~! for a.e. 2 € Q, for all € e RY.

m Monotonicity. For a.e. x € Q, for all (€,17) e R? x R4,

[a(z, &) —a(z,n)] - [ —n] > 0.
m Coercivity. There is Ay > 0 s.t.

a(x,€) - & = Na|€|P for a.e. e Q, forall € e RY.

A dependence on u can also be included in the analysis
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Discretization of Leray—Lions type problems

Conforming Finite Elements
m p-Laplacian, a priori [Barrett and Liu, 1994]
m A priori and a posteriori [Glowinski and Rappaz, 2003]

Nonconforming FE for the p-Laplacian [Liu and Yan, 2001]
Mixed Finite Volumes for Leray—Lions [Droniou, 2006]

Discrete Duality FV, d = 2 [Andreianov, Boyer, Hubert, 2004-07]
Mimetic FD, quasi linear [Antonietti, Bigoni, Verani, 2014]
Hybrid High-Order (HHO) for Leray-Lions, p € (1, +0)

m Convergence by compactness [DP & Droniou, Math. Comp., 2016]
m Error estimates [DP & Droniou, submitted, 2016]
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Key ideas

m DOFs: polynomials of degree k > 0 at elements and faces

m Differential operators reconstructions taylored to the problem:

Ap(u,v) ~ J a(z, Ghur(x)) - Gop(x)de + stab.
T

with
m gradient reconstruction G from local solves
m stabilisation using face-based penalty and high-order potential
reconstruction

m General meshes in any d > 1 and arbitrary polynomial degrees
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Operator reconstructions |

= We define the gradient reconstruction G& : UX — P*¥(T)? s.t.

(Ghor, @)1 = —(vr, Vod)r + Y (v, pnrp)r Ve PHT)!

FGJ:T

m Recalling the definition of ﬂ}, it holds for all v € W1-1(T),

(Gh L0, )1 = —(Fv, V) + i 7/ ¢nrp)r = (Vv,@)r,

FeFr

i.e., by definition of 7T§«,

GTITU = WT(VU)

m As a result, (G% Ol’%) has optimal WW*"P-approximation properties
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Operator reconstructions |l

m We define the potential reconstruction p5™ : Uk — PF+1(T) s.t.
(Vphilyn — Ghug, Vw)r =0 Yw e PPYYT)

and (phvp —v,1)p =0
m Recalling the definition of G% and I%., it holds for all v e Wh1(T),

(Vi IE o, Vw)r = — (7w, Aw)r+ Z (%U,Vw-nTF)F = (Vv,Vw)r,

FeFr

i.e., by definition of wkH,

k+IIT,U _ wljc—erl’U

m As a result, (pht!

o[’%) has optimal W#*P-approximation properties
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Global problem |

m For all T € 7, we define the local function A :Q? X Ql} — R s.t.

Ar(up,vr) = f a(z, Ghup(x)) - Ghop(e)de + sr(up, vr)
T

m The stabilisation term sp :Q; X Q’% — R is s.t.

o 1-p k P=2 o k
s(up, vp) = Z hp j |5TFMT| drplr OTpUr,
FG]'-T F

with face-based residual operator 0% : Uk — P*(F) s.t.
k k+1 k41

Sk pvg =g (vp — ph oy — mh(vp — phiog))

= Polynomial consistency: 8% I%v = 0 for all v e P+1(T)
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Global problem Il

m Define the following global space with single-valued interface DOFs:

i (o) x P
TeTh FeFy

m A global function Ay, :QZ X QZ — R is assembled element-wise:

Ap(up,vy) = Z Ar(up, vr)
TeTh

m We seek u,, GQIZ,,O = {yh eUF |vp = OVFG}"}?} s.t.

Ah(ﬂhayh) = J Jon Yy, € Q];L,O
Q

with v = v forall T € Ty,
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Global problem Il

m Define on Qk the W 1P-like seminorm (this is a norm on Qk
h h,0

1—
Il)’p’h = Z <|VUTI£p(T)d + Z hi P ve _UT”[[),p(F)>

TeTh FeFr

|l

m We have coercivity for Aj: For all v, € Qz,

luy, Hzlj,p,h < An(up,vp)

m Existence for u,, follows (cf. [Deimling, 1985]) with a priori estimate

Junlipn < CIAI g,
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Convergence to minimal regularity solutions |

Theorem (Convergence)

Up to a subsequence as h — 0, with p* = dd_—pp if p < d, +00 otherwise,
m wy, — u and pittu, — u strongly in LY(Q) for all ¢ < p*,

m GFu;, — Vu weakly in LP(Q)%.

Additionally, if a is strictly monotone,
m G¥uy, — Vu strongly in LP(Q2)%.

In this case, both u and w;, are unique and the whole sequence converges.
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Convergence to minimal regularity solutions Il

Key discrete functional analysis results on hybrid polynomial spaces:

Lemma (Discrete Sobolev embeddings)

Letl<g<p*ifl<p<dandl <q<+w ifp>=d. Then, there
exists C' only depending on Q, o, k, q and p s.t. for all v, € QZ’O,

lvalLa@) < Clupla,p,n-

Lemma (Discrete compactness)

Let (v )nen be s.t. ||[uyll1p,n < C for a fixed C € R. Then, there exists

ve W, P(Q) s.t., up to a subsequence as h — 0,

m v, — v and pitly, — v strongly in LI(Q) for all ¢ < p*,

m GFuy, — Vo weakly in LP(Q)4.
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Error estimates |

Assumption (Leray—Lions operator/v2)
Forpe (1,+m), a: Q x R? — R satisfies
m Growth. Same as before
m Continuity. There is yo > 0 s.t. for a.e. € Q, V€, € R?

la(z, €) — a(@,n)| < 7al€ —n|(|€F72 + [n|P72).

m Monotonicity. There is (5 > 0 s.t. for a.e. & € (), V&€, neR?,

[a(z, &) —a(z,n)] - [€ — 1] > Gal€ — n*(|€] + [n])P~.

m Coercivity. Same as before
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Error estimates I

Theorem (Error estimate)
Assume u € WF2P(Tp), a(-, Vu) € WETLL' (T;)4, and let, if p > 2,
1

P kil ol =1
En(u) == h" Mulwrsam(p,) + b=t ('"‘lewm) + |a(-,Vu)|€Vk1+1yp,(Th)),

while, if p < 2,

k+1 —1 —1 k+1
Eh(u) = h( AL )|u|€vk+2,p(7—h) +h * |a(‘7vu)|wk+1,p’(7’h)'

Then, it holds,

k+1

O(h»=1) ifp =2,
Lo 5 Enlu) = {O(h(kﬂ)(pl) ifp < 2.

Hﬁlu — Up

Results coherent with [Liu and Yan, 2001] (Crouzeix—Raviart)
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Numerical example |

Figure: Triangular and (predominantly) hexagonal meshes

m We consider the following exact solution
u(x) = sin(mxy) sin(was)

m We solve the corresponding Dirichlet problem for p € {2, 3,4}
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Numerical example |l
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Figure: | I¥w — uy, [1,p,n vs. h for p = 2,3, 4 (left to right) for

hexagonal (below) mesh families
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Variations |

m Following [Cockburn, DP, Ern, 2016], one could replace Q§ with

ULl .= PY(T) x ( X IP”“(F)), le{k—1,kk+1}

FeFy

k+1

m GX and pit! remain formally the same (only their domain changes)

m The boundary residual operator, on the other hand, becomes

5TF”T = Wfr ("UF - pT 7JT - 7Tl (vr — P?H"UT))
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Variations I

Convergence and error estimates as for the original HHO method
[ = k—1 yields a HOM/nc-VEM-type scheme
m Linear diffusion [Ayuso de Dios, Lipnikov, Manzini, 2016]

l = k corresponds to the original HHO method
I = k+1 yields a Lehrenfeld—Schéberl-type HDG method
m Linear diffusion [Lehrenfeld, 2010]

m k=0and ! =k—1 on simplices yields the Crouzeix—Raviart element

m The globally-coupled unknowns coincide in all the cases!
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Outline

Applications

m A singularly perturbed example: vanishing diffusion w/advection



Continuous setting |

m Consider the 1d problem, cf. [Gastaldi and Quarteroni, 1989]:

p=1

—_—
I v=¢ I} V:1 ]
I LI 1

0 Qo

m As e — 0", a boundary layer develops at = = 1/2

m When e = 0, it turns into a jump discontinuity

109 /136



Continuous setting |l

\ \ \ \
0 0.2 0.4 0.6 0.8 1

Figure: Solutions for different values of €
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Continuous setting Il

m Let us now consider d > 1 with diffusion coefficient v: Q2 — R™

Let Py := {€;} denote a polyhedral partition of {2

m We assume v € PY(,) and s.t.
vzy>=0ae in

m v can vanish in some subdomain ;!

Full diffusion tensors could also be considered
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Continuous setting IV

m We assume that both advection and reaction are present

m The advective velocity 8 :  — R? is assumed s.t.
B € Lip()*
m For the sake of simplicity, we also take 3 incompressible,
v-B=0
m For the reaction coefficient p : 2 — R, we assume

pe L*(Q) and p = po >0 ae. in
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Continuous setting V

V=T
B8
| L,
T, )
B
v=20

Figure: Two-dimensional example from [DP, Ern and Guermond, 2008]
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Continuous setting VI

m We define Z,, as the set of points in £ in 0Q; N 0Q; s.t.
Vi, > Vo, =0
m Boundary conditions can only be enforced on
I'yg:={xed|v>0o0rBn<0}
m For well-posedness, transmission conditions are required on

I,p:={xcZ,| *(Bng,)(x) >0}
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Continuous setting VII

mlet feL?(Q) and ge L?(T', g). We seek u: Q — R s.t.

V(—=vVu+Pu)+pu=f in N,
u=g onl,z

m The transmission conditions that warrant well-posedness are

[-vVu+ Bu]ng, =0 onZ,
- +
[u] =0 onZ;g4

m The solution v can jump across 7 ;!
m For a weak formulation, cf. [DP, Ern and Guermond, 2008]
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Key ideas

m Discrete advective derivative satisfying a discrete IBP formula
m Upwind stabilization using element and face unknowns

m Independent control for the advective part
m Consistency also on Z 5, where u jumps

m Weakly enforced boundary conditions

m Extension of Nitsche's ideas to HHO
m Automatic detection of I'), g
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Features

m Polyhedral meshes and arbitrary approximation order k£ > 0
m Method valid for the full range of local Peclet numbers
m Analysis capturing the variation in the convergence rate

m No need to duplicate interface unknowns on 7 ; (!)
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Advective derivative |

m The discrete advective derivative
G]Es,T : Q? - ]P)k(T)

is s.t., for all v € UK and all w e PF(T),

(G rvp,w)r = —(vr, B-Vw)r + Y ((Bnre)vr,w)r
FeFr

m For stability, we need a discrete IBP formula mimicking

(,@'V’L&’U)Q + (w,ﬁ-Vv)Q = ((ﬂ-n)w,v)ag

118 /136



Advective derivative |l

Lemma (Discrete IBP formula)
For all w,,,v;, € UY it holds

Z {(GE,TQT,’UT)T aF (’LUT,GE,TQT)T} = Z ((,B-nF)wF,vF)F

TeTh FeFp

- > Y. ((Bnrr)(wr —wr),vF — v7)p.

TeTn FeFn

To control the term in red, we use element-face upwinding
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Advection-reaction |

m Forall T € 7, we let

ag 1 (wp,vp) 1= —(wr, G pup)r + plwr, vr)r + 55 1 (Wp, v7)

with local upwind stabilization bilinear form s.t.

SB,T(MT&T) = Z (Bnrr)” (wp —wr),vF —vr)F,
FeFr

® Including weak enforcement of BCs, we let

agun(wy, ) = Y apur(w,,v,) + Y (Bn) we,ve)r
TeTh FeFp

20
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Advection-reaction |l

Lemma (Stability of ag . 1)

Let n := minge7;, (1, Tret, 7 1t), Tret,r := {max(|p| =1y, Lg,r)}~*. Then,

k
Vv, € Uy, 77H?fh\|ﬁuh aguh (U, Up )

with global advection-reaction norm

nlB.h 7181 7r|"vr|%,
lusl2 lor | + l18-nrr|
TeTn Fe]’-‘b

and, for all T € Ty,

1
HQTHEJ,H,T =3 Z [1B-nrF| /Z(UF —or)|E + T, Tref, THUTHT
FeFr
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Weakly enforced BCs for diffusion |

m We modify the diffusion bilinear form to weakly enforce BCs

m The new bilinear form a, j, reads (after setting v = v1,),

ayn(wy,,vy,) = Z ay,7(Wp,vp) + 5000 (W), v))
TeTh

with, for a user-defined penalty parameter ¢ > 0,

v
Sa,un(Wy,vy) 1= Z {*(VFVP?AMTWLTF,UF)F + TF(U)F,'UF)F}
Fe}'}; F

m Symmetric and skew-symmetric variations could also be devised
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Weakly enforced BCs for diffusion Il

Lemma (Stability of a, 1)
Assuming that ¢ > C2Ny/4 it holds, for all v, € U},

Za
ayn(pyvp) =t [l = D, velerlic + ), thvFwa
TET;, pery ' F
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Discrete problem |

m Let, accounting for boundary conditions,

(vy) = Y, (fror)r + ) {((ﬁ’nTF)fg»vF)F + %(gvvF)F}

TeTh FeFP

m The discrete problem reads: Find u;, € Qﬁ' s.t., Yy, € Qﬁ,

‘ah(ﬂhaﬂh) 1= ay,n(Up,vp) + ag un(wy,vy,) = h(vy) ‘
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Discrete problem Il

Lemma (Stability of ay)
There is v, > 0 independent of h, v, 3 and p s.t.

an(wp, vy,)
#,h

Vw, € Uy, lwplgn < 7¢™"  sup
veeui\ioy  2n

with ¢ := Tyt 74 and stability norm

2 2 2 —il k 2
lonlfn = lonlZn + lonlBun + X hrbre |G|z
TeTh
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A modified reduction map

v=r
ﬂ S
j Il/,ﬂ
T, )
B
v=>0

m Let F e F, be such that F = 7,
m The trace of u is two-valued on F'
m We interpolate the face unknown from the diffusive side
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Convergence |

Theorem (Error estimate)

Assume that, for all T € Ty, u € H**2(T) and
hrLgr < Bret,r and  hrp < Bret,T,

Then, there is C > 0 independent of h, v, B, and u s.t.

Hlﬁu—@hﬂih < C’Z {B%(u,k 2(H])—i—BT(u k) min(1, PeT)hQU\Jr )},
TeTh

with Per denoting the local Péclet number.
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Convergence |l

m This estimate holds across the entire range for Pey

® In the diffusion-dominated regime Per < hr, we have
[ L5 — w0 = O(R* )
m In the advection-dominated regime Per > 1, we have

bh = O(hk+1/2)

Hliu — Up

m In between, we have intermediate orders of convergence

128 /136



Numerical example |

mLet Q= (—1,1)%\[-0.5,0.5]% and set

if
l/(077‘){7r FO<6<m /8(077'):%5 N:1'1076

0 ifr <6 <2m,

m We consider the exact solution

.7) O—-m? ifo<bO<m
u(f,r) = _
3@ —7) ifm<6<2m
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Numerical example |l

T T T T T T
10| 110t |
1.03 "
1073 F 1107 -
21t
107 1 10 |
10-7- 3 k=0 i 10-7 - S‘SQE k=0 |
k=1 k=1
k=2 4.3 k=2
1072 4.04 k=31 107 ’ ——k =3
Il Il I Il Il I
10—2.5 10—2 10—1.5 10—2.5 10—2 10—1.5

Figure: Energy (left) and L?-norm (right) of the error vs. h
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