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Features of HHO methods
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Figure: Examples of supported meshes M, = (75, ¥,) in 2d and 3d

Capability of handling general polyhedral meshes
Construction valid for arbitrary space dimensions
Arbitrary approximation order (including k = 0)
Physical fidelity leading to robustness in singular limits
Local conservation of physically relevant quantities

Natural extension to nonlinear problems

Reduced computational cost after static condensation
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Elasticity

Poroelasticity
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Model problem |

mlet QcRY de {2,3}, denote a bounded, connected polyhedral
domain

m For f € L?(Q;R?), we consider the elasticity problem

-V(o(-,Vsu)) = f in Q,
u=0 on 0Q),

with o : Q % R;’yx,g — Rg}fﬁ possibly nonlinear strain-stress law

m In weak form: Find u € U := H&(Q)d s.t.

a(u,v) = /QO'(~,VSu):VSv = /Qf-v Vv eU

m From here on, the dependence of o on x will not be made explicit
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Model problem Il

Example (Linear elasticity)

Given a uniformly elliptic fourth-order tensor-valued function
C:Q — RIxdxdxd for 36 x € Q and all T € R9%4,

o(x,t)=C(x)r.
For uniform isotropic materials, the expression simplifies to

o(t) =2utr + Atr(t)ly with 2u—dAd™ > a > 0.

Example (Hencky—Mises model)
Given 1:R—> R and u: R — R, for a.e. x € Q and all T € Rxd,

o (1) = 2u(dev(t))T + A(dev(T)) tr(T)1y,

where dev(r) := tr(t?) — d~! tr(1)?.
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Model problem IlI

Example (Isotropic damage model)

dxd

Given the damage function D : R — R and C as above, for a.e.

x €Q and all T e R4,

og(x,t)=(1-D(r)) C(x)r.

Example (Second-order model)

Given Lamé parameters u,A € R and second-order moduli A,B,C € R, for
all T e R9%4,

o (1) = 2ut + Atr(T)y + At? + Btr(tH)I, + 2B tr(t)t + C tr(t)?1,.
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Projectors on local polynomial spaces

m Let [0, X € T, U F,. The L%-projector 1y’ : L(X) — P/(X) is s.t.

01 2
X vV = arg Iélg? ”W V||L2(X;R)
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Projectors on local polynomial spaces

m Let />0, X € 7, UF,. The L2-projector 7! : L2(X) — P{(X) is s.t.
X

/(n;y’v —v)w =0 for all w e P/(X)
X
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Projectors on local polynomial spaces

m Let />0, X € 7, U F;,. The L2-projector ﬂ?(’l : L3(X) —» PL(X) is s.t.
/(n;)(’lv —v)w =0 for all w € P{(X)
X

m Approximation properties for ﬂ;)(’l proved in [DP and Droniou, 2017a]
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Projectors on local polynomial spaces

m Let />0, X € 7, U F;,. The L2-projector ﬂ?(’l : L3(X) —» PL(X) is s.t.

/(ﬂg(’[v —v)w =0 for all w € P{(X)
X

m Approximation properties for ﬂ;)(’l proved in [DP and Droniou, 2017a]

0,1

m The vector version &y’ is obtained component-wise
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Projectors on local polynomial spaces

m Let />0, X € 7, U F;,. The L2-projector 7rX : L3(X) —» PL(X) is s.t.
/(ﬂx v—v)w =0 for all w € P/(X)

m Approximation properties for ﬂ;)(’l proved in [DP and Droniou, 2017a]

m The vector version 71'())(’1 is obtained component—wise

Let / > 1, TeT;,. The strain projector 25" : HY(T)? — PY(T) is s.t.

&ly = arg min IV (w —»)||? .
g WweBL(T), [ (w-v)=0, [ Vosw—»)=0 LATRD)

8/43



Projectors on local polynomial spaces

m Let />0, X € 7, U F;,. The L2-projector ﬂ?(’l : L3(X) —» PL(X) is s.t.

/(ﬂg(’/v —v)w =0 for all w € P{(X)
X

m Approximation properties for ﬂ%l proved in [DP and Droniou, 2017a]

(;(’l is obtained component-wise

Let I > 1, T€7y,. The strain projector n‘;’l cHY(T)Y - PYT)? is s.t.

m The vector version &

/Tvs(n;”v —v):Vow =0 Vw e P/(T;RY)

/n‘;’lv :/v, /Vssn";’lv :/Vssv
T T T T

and
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Projectors on local polynomial spaces

m Let />0, X € 7, U F;,. The L2-projector 7rX : L3(X) —» PL(X) is s.t.
/(n;)(’lv —v)w =0 for all w € P{(X)
X

m Approximation properties for ﬂ;)(’l proved in [DP and Droniou, 2017a]

m The vector version 71'())(’1 is obtained component—wise

Let / > 1, TeT;,. The strain projector 25" : HY(T)? — PY(T) is s.t.

/Tvs(n;”v —v):Vow =0 Vw e P/(T;RY)

and
/n‘;lv = /v, /Vssyr‘;’lv = /Vssv
T T T T
(] ;1 coincides with the elliptic projector of [DP and Droniou, 2017b]
m Optimal approximation on star-shaped elements [Botti et al., 2018]
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Computing displacement projections from L2-projections

m For all v € HY(T;R%) and all T € C®(T; R%*?) it holds

sym/’

Vevir = —/v- V1) + v-Th
/ RGEEDY rr

Fefr F

m Specialising to T = Vow with w € PK*H(T)4, k > 0, gives

‘/Vsn";’“lvzvsw = —/ﬂ?’/‘v-(V-VSw) + Z / n%kwvswnTp

T T FeFr F
m Moreover, we have
) 1 ) :
/v:/n%l‘v, /Vssv=— Z / (ﬂ%l‘v®nTF—nTF®7r%l‘v)
T T T 25 JF
T

&,k+1
T

0,k

m Hence, v can be computed from 7,;"v and (ﬂ%kV)p‘efT!
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Computing displacement projections from L2-projections

m For all v € HY(T;R%) and all T € C®(T; R%*?) it holds

sym/’

Vevir = —/v- V1) + v-Th
/ RGEEDY rr

Fefr F

m Specialising to T = Vow with w € PK*H(T)4, k > 0, gives
‘/Vsn";’“lvzvsw = —/ﬂ?’/‘v-(V-VSw) + Z / n%kwvswnTp
T T FeFr F
m Moreover, we have
: 1 : !
/v = /n’%l‘v, /Vssv = 3 Z (ﬂ%l‘v QnTE —NTEF ® ﬂ%l‘v)
T T T Ferr IF
m Hence, ﬂ;’k”v can be computed from ng’kv and (ﬂ%kV)p‘efT!

m The same holds for 7" (V.») (specialise to 7 € PK(T; REY))

sym
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Discrete unknowns

k=0 k=1 k=2

Figure: Q.’; for k € {0, 1, 2}
m Let a polynomial degree k > 0 be fixed
m For all T € 75, we define the local space of discrete unknowns

Qi = {KT = (7, (VF)Fer)
vr € PK(T:RY) and v € PX(F;RY) VF € GfT}

m The local interpolator I% : HY(T;RY) — Uk is s t.
Ly = (a3 v, (a3 V)pery) Vv € H\(T)
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Local displacement and strain reconstructions |

m We introduce the displacement reconstruction operator
k+1 Uk N Pk+1(T Rd)

s.t., for all y, € U% and all w € PK*{(T; RY),
‘/Vsp?lKT:VSw:—/vT-(V-VSw)+ Z /VF~VSwnTF
T T Fefr F

and

/P;HKT—‘/VTv /VquT vp =< 5 Z/(VF ®nTF —NTF ®VF)

FeFr

m By construction, the following commutation property holds:

pil(Iky) = 255y vy e HY(T;RY)
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Local displacement and strain reconstructions |l

m For nonlinear problems, qu’;“ is not sufficiently rich

m We therefore also define the strain reconstruction operator
k . g7k k(. pdXxd
G; 7 : Ur — PY(T; R

such that, for all T € PX(T; RE),

‘/TG(:,TKT:Tz_‘/VI (V1) + Z /Vﬁ “TRTF

Fefr

m By construction, it holds

G]S(’T(Ll%v) = ”g’k(vs") Vv € HY(T;RY)
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Local contribution |

) k k
ap(u,v) ~ ar (g, vy) = /O-(GS,TET):GS,TKT +s7(Uy,vy)
T

Assumption (Stabilization bilinear form)

The bilinear form sy : UL x UL — R satisfies the following properties:
m Symmetry and positivity. sy is symmetric and positive semidefinite.

m Stability. It holds, with hidden constant independent of 4 and T and
l|lls,» natural DOF strain seminorm: For all v,. € U%,

k 2 2
”GS,TKT”Lz(T;RdXd) + ST(KT9KT) = ”KT”(.;,T'
; ; k+1 k
m Polynomial consistency. For all w € P***(T) and all y,. € Uy,

ST(!”;"””KT) = 0
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Local contribution Il

Remark (The case k = 0)

Stability and polynomial consistency are incompatible for k = 0.

Remark (Dependency)

sy satisfies polynomial consistency if and only if it depends on its
arguments via the difference operators s.t., for all Yy € Q’}

k 20k k41
07y, = Ty (pr Yr — vr),
k . 0,k k+1
OrpVy =mg (py vy —Vvr) YF € 7.

Example (Classical HHO stabilisation)

Y
st(Uy.vy) = Z . / (617("FET - 6§"ET) : (6];FKT - 6§"KT) 0
Fefr F JF
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Discrete problem

m Define the global space with single-valued interface unknowns
Ut = {Kh =((v1)res,VF)Fer,) :
yr € PNT;RY) VT € 75, and vy € PX(F;RY) VF e ﬁ,}
and its subspace with strongly enforced boundary conditions
Ui, ={v, €Uy : ve =0 VFeF’}

m The discrete problem reads: Find u, € gﬁ o St

an(u,,v,) = Z ar(ug,vy) = Z /f vy Vv, € Uk

TeTn TeTn
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Global discrete Korn inequalities

Lemma (Global Korn inequality on broken polynomial spaces)

Let an integer | > 1 be fixed and, given v;, € P!(7,;RY), set

1
2 3 2 2
”vh”dG,h = ”Vs,hvh”Lz(Q;Rdxd) + E hF ”[vh]F”LZ(F;Rd)'
Fefy,

Then it holds, with hidden constant depending only on Q, d, I, and p,

IVivallL2@raxay S IVallac.n-
(¢ )) ==

Corollary (Global Korn inequality on HHO spaces)

Assume k > 1. Then it holds, for all v, € U% , letting v, € PK(7,; RY)
be s.t. (vp)r :=vr for all T € 7}, and with hidden constant as above,

IvillLz@ra) + 1VavallLz@praxay S 11, lle.n-
( ) ( )~
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Existence and uniqueness |

Assumption (Strain-stress law/1)

The strain-stress law is a Carathéodory function s.t. o (-,0) = 0 and there

exist 0 < o <o s.t., fora.e. x e Qandall 7, € Rg}iﬁ,
lo(x,7)llgaxa < T||T|[gaxa,  (growth)
o(x, 7)1 2 ||| gra (coercivity)
(o(x,7)—o(x,n)):(r — 1) = 0. (monotonicity)

Remark (Choice of the penalty parameter)

A natural choice is to take the penalty parameter s.t.

y € [o, 7]
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Existence and uniqueness ||

Theorem (Discrete existence and uniqueness)

Let (Mp)neqt denote a regular mesh sequence with star-shaped elements
and assume k > 1. Then, for all h € H, there exist a solution u, € Q;‘l a
to the discrete problem, which satisfies

luyllen < I1f1lL2@ira)
(@

with hidden constant only depending on Q, o, v, o, and k.
Moreover, if o is strictly monotone, then the solution is unique.
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Convergence and error estimate

Theorem (Convergence)

Let (Mp)neqt denote a regular mesh sequence with star-shaped elements
and assume k > 1. Then, for all g € [1,+) ifd =2 and q € [1,6) if
d =3, as h — 0 it holds, up to a subsequence, that

up, —>u strongly in LQ(Q;Rd)'
Glsc,hlh — Viu  weakly in L*(Q; R™Y),

If, additionally, o is strictly monotone,
G'S,hlh — Vou  strongly in L?(Q; R%*9)

and, the continuous solution being unique, the whole sequence converges.
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Error estimate

Assumption (Strain-stress law/2)

There exists 0, 0" € (0,400) s.t., for a.e. x € Qand all 7,9 € ngxr‘rf,
llor(x,7) — o(x,n)||gaxa < o*||T — Rllgaxd, (Lipschitz continuity)
(c(x,7)—o(x,n):(x —1n) = ot - q||§dxd. (strong monotonicity)

Theorem (Error estimate)
Let (Mp)neqs denote a regular mesh sequence with star-shaped elements
and k > 1. Then, ifu € H**%(7;,;R?) and o (-, Vsu) € H**(T;; R¥9),

k
||Gs,h£h - Vsu”L?(Q;Rdxd) + |Eh|s,h

< K (|"IH'<+2('T, x) + 10, VS“)lﬂk*l(%?R"“”)’

with hidden constant only depending on Q, k, &, o, o*, o, v, the mesh
regularity and an upper bound of || f || 2qr4)-
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The lowest-order case |

m For k =0, stability cannot be enforced through local terms

= We therefore consider a;° : U) x U} s.t.

1 . 3 1 1
a‘ho(ﬂhszh) = Z aT(ETsKT) + Jh(phﬂhs phzh)s
TeT,

with jump penalisation bilinear form

ny)y= " b (e 1R

Fe¥y,
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The lowest-order case |l

m Consider, e.g., isotropic homogeneous linear elasticity, that is
o(t) =2ur + Atr(t)ly; with 2u—dl” >a >0
m Coercivity is ensured by Korn's inequality in broken spaces:
a’|”!},|”§’h S a;:)@h’zh) VKh € gg,()’

where

=

1
2
s Izhls,h = ( § ST(KT’KT))

TeTh

. 2 2
s llen = (I9nl3n +12412,)
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Error estimates |

Theorem (Energy error estimate, k = 0)

Let (Mp)neq denote a regular mesh sequence. Then, if u € H*(7,;RY),
||VhP;11£h - vu||L2(Q;]Rd><d) + |£h|s,h
< ha_l (|u|H2(7;1;Rd) + |0-(Vsu)|H1(‘771;Rd><d)) 9

with hidden constant independent of h, u, of the Lamé parameters and
of f. This estimate can be proved to be uniform in A.

Remark (Star-shaped assumption)

We do not need the star-shaped assumption for k = 0, since the strain
projector coincides with the elliptic projector, whose approximation
properties do not require local Korn inequalities.
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Error estimates I

Theorem (L>-error estimate)

Under the assumptions of the above theorem, and further assuming
A >0, elliptic regularity, and f € H'(7;;R?), it holds that

1 2
Ippu;, — ullp2@ray S A7 (75 may

with hidden constant independent of both h and A.
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Elasticity

Poroelasticity
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The poroelasticity problem |

m Momentum balance: For any control volume V C Q, enforce

/3t2 ‘/6v0'n+/f

with 0 := o0(Vsu) — pI;. Under the quasi-static assumption,

’—V~0’(Vsu) +Vp=f inQx (o,zF)\

m Mass conservation: For any control volume V C Q, enforce

6¢ /'
+ ®-n = ,
./ ot Jav v §

with porosity ¢ = Cop + V-u and flux ® = —xVp. Substituting,

] 8,(Cop +V-u)-V-kVp)=g  in Qx(0,tp) \

m IC, BC, and, if Cy = 0, compatibility conditions not detailed
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The poroelasticity problem I

-V.o(Vou)+Vp=f in Qx(0,tr)
0 (Cop+V-u)—V-(kVp) =g in QX (0,1r)

m Presence of different layers and, possibly, fractures
m Strongly heterogeneous and anisotropic permeability tensor
m General stress-strain relations o (nonlinear, 1 — +o0,...)

m Singular limit Cp = 0 (incompressible grains)
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Weak formulation
m Let f € L?(0,tp; L2(Q;RY)), g € L%(0,1p; L2(: R)), ¢° € L?(Q;R),
P:=HYQ;R)if Cy >0, P:= {q € H(Q;R) : /Qq = o} if Co=0
m Define the bilinear forms b: UXP —->Rand c: PXP — R s.t.

b(v,q) = —[)V.v q, c(r,q) = /QKVr.Vq

m We seek (u,p) € L?(0,tr; U X P) s.t., Y(v,q,¢) € U x P x C>((0,tr)),

/O “a(u(D). )¢ di + /0 b p()plt) dt = /O F/Q(f(t)-vw(t)dt,

/O ) /Q P(1)dy (1) dr + /0 th(p, Q)e(t)dt = /0 " /Q e(H)qe(t)dt,

/ (Cop(0) + V-u(0))g = / g
Q Q
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Features of the HHO method

High-order method on general polyhedral meshes

Inf-sup-stable hydro-mechanical coupling

Robustness with respect to heterogeneous-anisotropic permeability
Seamless treatment of incompressible grains (Cy = 0)

Locally equilibrated tractions and fluxes

Numerically robust with respect to spurious pressure oscillations
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Discrete divergence and hydro-mechanical coupling |

® Mimicking the IBP formula: V(v,q) € H'(T; R?) x C*(T;R),

/T (V) g = - /T Vg + / (vnrr) 4

we introduce divergence reconstruction D’} :Q’} — PUT) s.t.

/DZ;‘KT qz_/VT'VQ'*‘ Z /(VF'"TF)CI Vg € PX(T)
T T F

Fe%r

Fefr

. . k
m By construction, it holds, for all v € U;.,
k k
D7y = tr(Ggrvy),

hence, for all v € HY(T; R9),

DE(I8v) = 20K (Vov)
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Discrete divergence and hydro-mechanical coupling Il

m The hydro-mechanical coupling is realised by the bilinear form

bh(zh’CIh) = Z A/TD];"KT qr

TeT,

m Inf-sup stability: There is 8 > 0 independent of & s.t.

Van € Py, Bllanllzzr) < sup br(v,,,qn)

Y, Egﬁ‘o, v, lle,n=1

m Result valid on general meshes and for any £ > 0
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Darcy term

m Forall F e Fl st. F c Ty NoT, and all g € PX(Ty),

[gn]F = (@), = @)y {an}r = g2 (@nim + g (@)

m The Darcy bilinear form is s.t.

where nr points out of Ty and, for i € {1,2}, ; == nl.kr;nF
ch(rnsqn) = /KVhrh'Vth + Z /[rh]F[Qh]F
Q - F
F‘E?Z

= Y, [ e (Tursde + 1o (Vaande)

E‘e?}

S, F
h

where ¢ > 0 is a penalty parameter assumed large enough and

2K1K2
A = ———
K1 + Ko
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Discrete problem |

m Let Q’;l o as for the elasticity problem and set

Pr =PX(T,) if Co > 0, P} = {q,, e PY(T) : /Qq,, = 0} ifCo=0

mlet NeN', 7:=tp/N,and 77 = (1" = n7),0...N

m Let V denote a vector space and, for all ¢, = (¢')g<i<ny € VN,

<pn _ ()Dn—l

8 pr = eV Vi<n<N

be the discrete backward derivative operator
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Discrete problem Il

m We let (u,,.pne) € U} 0]N+1 X [Pﬁ]NJr1 satisfy, forn=1,...,N,
—n
ap(up,v,) +bup(v,.pp) = /f v, Vv, €U,
Q
/Co5tnphr qn — bn(67 w1, qn) + cu(py, qn) = /E"q;z Van € Py,
Q Q
with

- 1 t" ) ., Y 1
f .—;/tn_lf(t)dteL @4 3 ._;/t

n—

h

g(r)dr € L*(Q).
1
m The initial condition is accounted for by enforcing

/QCoP?, gn — bu(uj,qn) = /Qfﬁoqh Vagn € P
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Theorem (Error estimate)

Set, forany0 <n<N, ¢, —u Iku” and e, —ph Ok p". Assume Q
convex, k € PO(Q; R¥¥d) 35 We// as

u € H (T7;U) 0 L2(0,tp; HL(T; RY), o (Vsu) € L2(0, tp; HX L (T R,
p € L3(0,tp; PN H* L (755 R)), ¢ € H'(T7; L*(Q; R)),

with ¢ = Cop+ V-u. If Co > 0, we further assume ng’op € HY(77;PY9(Q)). Then,

N

2 0,0 2 2 N 12 2k+2 2
ot (Iepn2 e - 78 e gy +Collef 2y ) 12N 12, < (h*+2C1472Cs).
n=1

with hidden constant independent of h, T, Cy, k, and tg, z;lv = 22’:1 7€, and

Cl - ”u”Lz(O tr; Hk+2(-7- Rd)) + ||0'(V u)”L2(0 tr; Hk+1(f]— Rdxd))
2
+ (1 + CO)_||p||L2(O,tF;Hk+1(7T1;R))’
Co = ”u“Hl(T s H1(Q;R)4) + ”‘l’”[.]l(q~ ;L2(Q;R)) + CO””Q p”Hl(T)



Convergence (linear case) |

i
H
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Figure: Meshes for the convergence test

In Q = (0,1)? x [0, = 1], we consider linear poroelasticity with u = 1,
A=1 k=14 Cy=0, and exact solution

— cos(mrxy) cos(mxz)

u(x,t) = sin(nt) sin(mx;) sin(rxg) |’

p(x,t) = — cos(nt) sin(mxy) cos(mxs),

(f, g) inferred from u,p
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Convergence (linear case)

108 . . . . :
1072610724 10722 1072 10718 10716

1073
104
1075
10°6

107 . . . — ] . . . n T . . . . n n
1072610724 10722 1072 10718 10716 10722 1072 1071# 10716 10714 10712 1071610714 10712 1071 10708 10706

Figure: L2-error on the pressure (top) and H'-error on the displacement (bottom) vs. h for (from
left to right) the triangular, Voronoi, and locally refined meshes
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Barry and Mercer |

m Q=(0,1)?
] CO = 0' K= Id,
m On 9Q, we enforce

ut=0, n"Vun = 0,p=0
m Source term periodic in time

g(x,t) = 6(x — xo) sin(t)
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Barry and Mercer Il

7.00e-02 7.00e-02
6.00e-02| 6.00e-02
5.00e-02 5.00e-02
4.00e-02| 4.00e-02
3.00e-02| 3.00e-02
2.00e-024 2.00e-02-
1.00e-02; 1.00e-02:
0.00e+00 0.00e+00

0.2

0.4

0.6

0.8

1

1.2

14

0.2 0.4 0.6 0.8 1 1.2 1.4

Figure: Pressure profiles along (0,0)—~(1,1) fork =1 -107%I; and 7 =1 -107*: (left) Small
oscillations on the Cartesian mesh, card(7j,) = 4028; (right) No oscillations is present on the
Voronoi mesh, card(7;,) = 4192
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Convergence (nonlinear case) |

Figure: Meshes for the convergence test
In Q= (0,1)2 X [0,tp = 1], we consider nonlinear poroelasticity with u =1,
A=1,k =14 Co =0, strain-stress law
o(t) = (1 +exp(—devt))tr(r)l; + (4 — 2exp(—devT))T,
and exact solution

sin(zrxy) sin(rx2)

2
u(x,t) =1t . . s
(x.1) sin(zrxy) sin(rxz)

p(x,1) = =1 (sin(mx1) cos(mxa) + cos(rx1) sin(rx2)),

(f, g) inferred from u,p
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Convergence (nonlinear case) Il

N 3 N 3
h (Z T||£Z||§’h) ocv Z T||e;;||§2) ocv
n=1 n=1
Cartesian mesh family
6.25- 1072 3.10- 1072 — 0.39 —
3.12-1072 8.52-1073 1.86 9.65 - 1072 2.00
1.56-1072 2.22.1073 1.94 2.44-1072 1.98
7.81-1073 5.61-1074 1.99 6.18- 1073 1.99
3.91-1073 1.41-107% 2.00 1.56 - 1073 1.99
Voronoi mesh family
6.50 - 1072 3.28-1072 — 0.27 —
3.15-1072 8.48-1073 1.87 6.58 - 1072 1.96
1.61-1072 2.20-1073 2.01 1.63-1072 2.08
9.09-1073 5.72 1074 2.36 4.24-1073 2.36
4.26-1073 1.42-1074 1.83 1.05-1073 1.84
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