Recent advances on Hybrid High-Order methods
for problems in incompressible fluid mechanics

Daniele A. Di Pietro

joint work with L. Botti and J. Droniou

Institut Montpelliérain Alexander Grothendieck, University of Montpellier

ICIAM, 16 July 2019




Outline
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Application to the incompressible Navier—Stokes problem



Features
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Figure: Examples of supported meshes M, = (75, F1,) in 2d and 3d

Capability of handling general polyhedral meshes
Construction valid for both d =2 and d = 3
Arbitrary approximation order (including k = 0)
Inf-sup stability on general meshes

Robust handling of dominant advection

Local conservation of momentum and mass

Reduced computational cost after static condensation




HHO for incompressible flows

HHO for Stokes [Aghili, Boyaval, DP, 2015]

Péclet-robust HHO for Oseen [Aghili and DP, 2018]
Darcy-robust HHO for Brinkman [Botti, DP, Droniou, 2018]
Skew-symmetric HHO for Navier—Stokes [DP and Krell, 2018]
Temam'’s device for HHO [Botti, DP, Droniou, 2018]

m See also D. Castanon-Quiroz’s presentation

New book!

D. A. Di Pietro and J. Droniou
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Application to the incompressible Navier—Stokes problem
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Model problem for the viscous term

m Let Q c R? d > 1, denote a bounded connected polyhedral domain
m For f € L%(Q), we consider the Poisson problem

-Au=f in Q
u=>0 on 9Q

= In weak form: Find u € U := Hj(Q) s.t.

a(u,v) = /Vu~Vv = /fv YveU
Q Q
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Projectors on local polynomial spaces

= With X € 7, U 5, the L%-projector 7%’ : L2(X) — P!(X) is s.t.
X

0,1 2
ny'v=arg min |[[w—v
X g WP (%) Il llx

m The elliptic projector ny’ : HY(T) — PY(T) is s.t.

mily = arg min IV(w = )||?
weP{(T), [,.(w—v)=0

m Optimal approximation properties hold [DP and Droniou, 2017ab]



Projectors on local polynomial spaces

m With X € 7, U %7, the L2-projector nX : L3(X) —» PY(X) is s.t.
/(ﬂx v —v)w =0 for all w € PY(X)

m The elliptic projector 71'71-’1 cHY(T) — PI(T) is s.t.
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m Optimal approximation properties hold [DP and Droniou, 2017ab]
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Projectors on local polynomial spaces

m With X € 7, U 7, the L2-projector ﬂ?(’l :L3(X) —» PY(X) is s.t.
/(ﬂ%lv —v)w =0 for all w e P/(X)
X
m The elliptic projector ny’ : HY(T) — PI(T) is s.t.

‘/V(n;’lv —v)-Vw =0 for all w € P(T) and ‘/(n}’lv -v)=0
T T

m Optimal approximation properties hold [DP and Droniou, 2017ab]



Computin 7L from L>?-projections of degree k
g Ty

m Recall the following IBP valid for all v € H(T) and all w € C*(T):

Vv~Vw=—/vAw+ /va-nTF
/T T Z F

FeFr

m Taking w € PK*1(T) and using the definitions above, we can write

] k
/Vﬂ;’k“v-sz—/ﬂ%kvAw+ Z /71'?7 vVWw-nrp
T T

Fe¥Fr F

Lk+1

0.k 0,k
7 v can be computed from 7;:"v and (72" v)pes. !

m Hence, 7



Discrete unknowns

Figure: Q; fork € {0,1,2} and d =2
m For k > 0 and T € 7}, define the local space of discrete unknowns
Uk ={v, = or,(vF)Fres;) 1 vr € PX(T) and vp € PX(F) VF € F7}

m The local interpolator IX : H(T) — Uk is s.t., for all v € HY(T),

. 0,k 0,k
!I;V = (7TT v, (7TF V)FETT)
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Local potential reconstruction

m Let T € 7;,. We define the local potential reconstruction operator
k+1 . p7k k+1
rp s Uy = PPN

k+1

s.t., forall v, € Q;, fT(rT vy —vr)=0and

'/TVr»,]‘:“ET-sz—/TVTAw+ Z '/I;VFVW"’TF Yw € PKYY(T)

Fe%r

m By construction, we have

k+1 k _ _Lk+1
rp o ly =y

[ (r’T<+1 ozé) has therefore optimal approximation properties in PX*1(T)



Local bilinear form

We approximate ar(u, v) with

ar(p, vy) = a(rk ug, kv ) + sr(ug, v,

Assumption (Stabilization bilinear form)

The bilinear form sy : Q’; X Qi — R satisfies the following properties:
m Symmetry and positivity. sy is symmetric and positive semidefinite.
m Stability. It holds, with hidden constant independent of 4 and T,

2 k
aT(KT’ KT) = ”KT“LT Vv, € Ur.

; ; k+1 k
m Polynomial consistency. For all w € P**(T) and all y,. € U7,

st(Lpw,vy) = 0.
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Discrete problem

m Define the global space with single-valued interface unknowns
Us = {Kh =((vP)res,» VE)Fer,) -
vr € B(T) VT € 75, and vy € P¥(F) VF e ﬁ}
and its subspace with strongly enforced boundary conditions
Upo={v, €U : ve =0 YFe¥F}

m The discrete problem reads: Find u, € U} , s.t.

an(uy,, v,) = Z ar(ugp, vy) = Z /fVT Yy, GQZ,O
T

TeTn TeTn




Convergence

Theorem (Energy-norm error estimate)

Assume u € H(Q) N H**2(7,). The following energy error estimate holds:

”Zh _lzu”l,h S hk+1|u|Hk+2(7;1)

where ||v, 17, = Zreq; IvrlIf -

Theorem (Superconvergence in the L?-norm)

Further assuming elliptic regularity and f € H(75) if k = 0,

|, — 7

0kl < 20 g,y  ifk=0,
P R sy if k> 1
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The incompressible Navier-Stokes equations

mletde {23}, veR;, feL* Q)9 U:=H}(Q)?, and P = L2(Q)
m The INS problem reads: Find (u,p) € U X P s.t.

va(u,v) +t(u,u,v) + b(v,p) = /f-v Vv eU,
Q
—b(u,q) =0 Vg € L*(Q),

with viscous and pressure-velocity coupling bilinear forms

a(w,v) ::/Vw:Vv, b(v,q) :=—/qV~v
Q Q

and convective trilinear form

d d
tw,v,z) = /S;(WV)VZ = ZZ/QWj(ajvi)Zi

i=1 j=1
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Discrete spaces

k=0 k=1 k=2

Figure: Local velocity space Q’; for k € {0,1,2} and d =2

m For k > 0, we define the global space of discrete velocity unknowns

Uy = {Kh =((vD)res, VF)Fer,) :

yr € PKTY VT € T, and vp € PK(F)? VF € ﬁ}

m The velocity and pressure spaces are

Uhy={v, €U} : vp =0 YFeF} and P} =P*T) NP
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Viscous term

m The viscous term is discretized by means of the bilinear form a; s.t.

an(wy,v,) = Y ar(ur,vy)
TeTn

k+1

where, letting rz. Q; — PK+1(T)4 as for Poisson component-wise,

ar (W, vy) = /Vr?lmT:Vr’}”gT +s7(Wp. vy)
T

m Variable viscosity can be treated following [DP and Ern, 2015] for
k > 1 or [Botti, DP, Guglielmana, 2019] for k = 0
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Divergence reconstruction

m Let £ > 0. Inspired by the IBP formula: ¥(v,q) € H'(T)? x C*(T),

J@va==[vvae 3 [nrrq

Fe¥fr

we introduce divergence reconstruction D§ :Ql} — PYT) s t.

LD;KI‘ q= _/TVT'VCI+ Z /F(VF'nTF) q VqePYT)

FeFr

m By construction, it holds, for all v € HY(T)¢,

D;L’}v = ﬂg’k(V-v)



Pressure-velocity coupling

b (V> gn) = = Z / Divy qr
TeT,

Lemma (Uniform inf-sup condition)

There is B > 0 independent of h s.t.

Van € P, Bllgnlliz) < sup br (v, n)-

Yy Ggﬁ’o, vy, l1,n=1

Stability result valid on general meshes and for any k > 0
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Convective term: A key remark

m We have the following IBP formula: For all w,v,z € U,

/Q(w~V)v~z +/Q(w-V)z-v +/Q(V-w)(v-z) =0

m Using this formula with w = v = z = u, we get

t(u,u,u):/g(wV)u-u :W:O

m The discrete velocity may not be divergence-free

m Following [Temam, 1979], we use instead of ¢

" (w, v, z7) = /Q(w~V)v~z+%/Q(V-w)(v-z)




Directional derivative reconstruction

mletw, € QI; The directional derivative reconstruction along w. is
k k k(yd
GT(Kﬂ ) QT — PX(T)

s.t., for all z € PX(T)4,

/TG§<ET;£7~)-Z = /T(WT'V)VT'Z +

/(WF nrr)VE —Vvr)2

FeFr

k
m It holds, forall w,,v,, z, € Uh o

>, [ (Ghtwrinrrar +vr-Ghterizg) + 0w 0z
TeT,

= Z /(wF nrr)vr —vr)(ZFr — 27).

TeT, Fefr



Convective term

1 (w,v,z) = /Q(w-V)v-z + % /Q(V-w)(v-z) Vw,v,z €U

m Inspired by '™, we set

. 1 2k
btz = O [ G5 Y [ DFweran)

Teq;, *T Te7,
1
+ 5 /(WF nrp)ve —vr)(2F — 27)
TeT, FeFr

m The second and third terms embody Temam's device



Discrete problem

The discrete problem reads: Find (u,,, pi) € Us , x P¥ s.t.

V(. 2,) 4 00 1,00,) 4 Dnvyepi) = [ Fovn Vo, <UL,
Q

—bp (. qn) = 0 Van € P*(Th)

Optionally, upwind stabilisation can be added through the term

. %
Wy v,.2,) = Z Z / h_p(PeTF(WF))(VF -vr)(zF — 271)
Teq, Ferr Y F 'F
h T
Static condensation enables an efficient solution after linearisation
Weakly enforced boundary conditions can also be considered

Conservative fluxes can be identified



Convergence

Theorem (Convergence rates for small data)

Assume u € WS4 T4 0 H*2(7,)4, p € HY(Q) N H*(Q), and

If L2 < CV?

with C, independent of h and v, small enough. Then, it holds

k 0,k
vilw, = Lyullyn + lpn — 7" pllzo)

k+1
< B (Vulggioncgyy + el rsiya 2 lwiesagyo + [Pl )

with hidden constant independent of h and v.



Lid-driven cavity |

Figure: Lid-driven cavity, velocity magnitude contours (10 equispaced values in the range [0, 1])
for k = 7 computations at Re = 1,000 (left: 16x16 grid) and Re = 20,000 (right: 128x128 grid).
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Lid-driven cavity
Re = 1,000
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Figure: uy along the vertical centerline, us along the horizontal centerline



Lid-driven cavity
Re = 10,000
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Figure: uy along the vertical centerline, us along the horizontal centerline



Lid-driven cavity
Re = 20,000
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Figure: uy along the vertical centerline, us along the horizontal centerline



Three-dimensional lid-driven cavity

Figure: Three-dimensional lid-driven cavity, Re = 1000, streamlines
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Lid-driven cavity

uy

-1 —-08 —-0.6 =04 —0.2 0 02 04 06 0.8 1
1 1

+ Albensoeder et al.
k=1, 323, strong be K 0.8
—— k=2, 163, strong be e

ﬁ 0.8 f—— k = 4, 83, strong bc F06
0.4
0.6 - 0.2
g / 0o g
0.4 -
ool

Figure: 3D Lid-driven cavity flow, horizontal component u; of the velocity along the vertical

centerline x1, x3 = % and the vertical component us of the velocity along the horizontal centerline

X2,x3 = % for Re = 1,000, k = 1,2,4



Lid-driven cavity
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Figure: 3D Lid-driven cavity flow, horizontal component u; of the velocity along the vertical

centerline x1, x3 = 1 and the vertical component uy of the velocity along the horizontal centerline

2
X2,x3 = % for Re = 1,000, k = 4,8
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