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Locally degenerate advection-diffusion-reaction |

m We consider locally degenerate advection-diffusion-reaction

m Let us start with the following 1d problem:
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m As ¢ — 0T, a boundary layer develops at x = 1/2

m When € = 0, it turns into a jump discontinuity
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Locally degenerate advection-diffusion-reaction Il
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Figure: Solutions for different values of €



Locally degenerate advection-diffusion-reaction Il

Let Q = R%, d > 1. The diffusion coefficient v : Q — R is s.t.

v is piecewise constant and v > v > 0 a.e. in 2
m The velocity field 3: Q — R? is s.t.
B e Lip(Q)?, vVB=0
m For the reaction coefficient p : 2 — R, we assume
pwe L®(Q) and g = pp >0 ae in Q

m Generalizations possible for both v and 3!
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Locally degenerate advection-diffusion-reaction IV
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Figure: Two-dimensional example from [Di Pietro et al., 2008]




Locally degenerate advection-diffusion-reaction V

m Let fe L2(). We seek u: Q2 — R s.t.
V(—vVu+ Bu) + pu = fin N\ 50T, 4)

Boundary conditions are enforced setting

u=gonl,g:={xed|v>0o0 Bn <0}
m Transmission conditions on IViB are required to close the problem

[-vVu + Bu] ng, =0 on I;—r”@, [u] =0 on Ijﬁ

The solution w € U can jump across 7, ;!
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A few references on ADR

m Several works on the diffusion-dominated case, including, e.g.,

Hybridizable DG (standard meshes) [Cockburn et al., 2009]

Mimetic Finite Differences [Beirdo da Veiga, Droniou, Manzini, 2010]
Weak Galerkin [Wang and Ye, 2013]

Virtual Elements [Beirdo da Veiga, Brezzi, Marini, Russo, 2014]
(Non)conforming Virtual Elements [Cangiani, Manzini, Sutton, 2015]

m Fewer tackle the advection-dominated and locally degenerate cases

m 1d domain decomposition [Gastaldi and Quarteroni, 1989]
m DG (only numerics) [Houston, Schwab, Siili, 2002]
m DG (weak formultation + full analysis) [DP, Ern, Guermond, 2008]

{ DP, Droniou, Ern, SINUM, 2015, DOI: 10.1137/140993971 J



http://dx.doi.org/10.1137/140993971

Mesh regularity

Definition (Admissible mesh sequence)
We consider a sequence (7, )nen of polytopal meshes s.t., for all h € H,
Tr, admits a simplicial submesh T;, and (T},)pep is

m shape-regular in the usual sense of Ciarlet;

m contact-regular, i.e., every simplex S c T is s.t. hg ~ hy;
Additionally, we assume every 7j, compliant with v, so that v € P°(Ty,).



Hybrid degrees of freedom

E=0 k=1 k=2

m Forall K = 0 and all T € Ty, we define the local space of DOFs

Uh == P*(T) x ( X P’“(F))

FeFr

m The global space has single-valued interface DOFs

Uy, == ( X IP”“(T)> x < X IP”C(F)>
TeTh FeFy

m Grey DOFs can be condensed (“discontinuous skeletal”)!
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Key ideas and main features

Diffusion terms of order (k + 1), cf. [DP, Ern, Lemaire, 2014]
Element-face upwind stabilization of advection
Automatic enforcement of the conditions on I', g and I;Lﬂ

Arbitrary order k = 0 in any dimension d > 1

Method valid for the full range of local Peclet numbers
Analysis capturing the variation in the convergence rate
Reduced cost through static condensation

No need to duplicate interface unknowns on 7 5 (!)
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Diffusion |

m Let T € 7;,. The local potential reconstruction operator
k+1 Uk: ]P)k+1(T)

is s.t. for all vy = (vp, (VF)Fer,) € U and all w e PF+1(T),

(Vi op, V) o= —(vr, Aw)r + Y, (vp, Vwnrr)r
FE]:T

m Let I HY(T) 30— (7ho, (thv) per,) € Uk

(p’jﬁ“ o I¥) has optimal approximation properties in P*+1(T)
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Diffusion I

m Let T' € Tj. We define the local bilinear form a, 1 on Qi} X Q’%:

1%
a7 (up, v7) = (r Py ug, VPE ug)r + 3 2 (Frpur, rhpor) e
FeFr

m We stabilize by least-square penalty of the high-order face residual

k . k k k k
rrp(vr) == mp(ve — PTHQT) — mp(vr — pT+1QT)

m a, 7 is polynomially consistent up to degree (k + 1)



Diffusion IlI

m The last step is to assembly and weakly enforce BCs

m The global bilinear form a, j on QZ X QZ is defined as

ayn (W, v) = Y avr(we,vr) + so0n(w,,v,)
TeTh

where, for a user-defined penalty parameter ¢ > 0,

So,un(Wy,vy,) 1= 2 {_(VFVP§‘+1MT'nTF,UF)F + TF(U)F,UF)F}
FeFp F

m Symmetric and skew-symmetric variants can be devised (cf. DG)



Diffusion 1V

Lemma (Coercivity of a, p)

Assuming that ¢ > C2 N/4 it holds, for all v, € UY,

vF
ayn 0y v) = loalin = Y vrlerlie + ), thvFH%,
TeTh, rerp

where, for all T € Ty, we have defined the H'(T)-like seminorm on Uk

1
lozl 7 = IVorlz + ] EIIUF—UTII%-

FG]‘-T
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Advection-reaction |

m The discrete advective derivative operator
k
GZ,T Ur — ]Pk(T)

is s.t., for all v € Uk and all w e P*(T),

(GIEJ,TQT,W)T = —(vr, B-Vw)r + Z (Bnrp)vp,w)r
FeFr

= We have the following global IBP formula: For all w,, v, € U¥,

Z ((GZ,TMTJJT)T + (wT,GZ,TQT)T) = Z ((B'RF)WF,UF)F

TeTh FeFpP

B Z Z (Bnrr)(wr —wr),vF —vr)F

TeTn FeF,

m To control the term in red, we use element-face upwinding

15/26



Advection-reaction |l

m For all T' € T}, we define the bilinear form ag,, 7 on Q§ X Q; s.t.

ag r(wr,vp) = —(wr, Gg rop)r + p(wr, vr)r + sg.r(wr, vr)

with local element-face upwind stabilization given by

sgr(wr,vp) i= Y. ((Bnrr)” (wr — wr),vp —vr)P
FeFr

m Assembling and including the weak enforcement of BCs, we have

agun(Wp,vy) == Y agur(w,, )+ Y ((B1) we,vp)r

TeTh FeFpP
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Advection-reaction Il

Lemma (Coercivity of ag . n)

Let 1 := minrer;, (1, Tret, 7). Tret,T := {max(||ul|z=(r), Lg,r)} ' Then,

k
vQh € Qh’ an—}hH%,ﬂ,h < &B,M,h(gmgh)’

with global advection-reaction norm
2 1 Yo, 12
BT T Z l18-nrr|?vr|F,

Hth;ZB.;L,’L o= Z HQT‘ 2
TeTh FeF?

and |lurl3 .1 = 3 Drer, I1Bnrr|”(wr —vr)l3 + 7f plor |2
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Discrete problem |

m Define the following RHS linear form ;, on Qﬁ:

) = ¥ (Gore+ 3 ((@nre) g0m)e + 55 0,000

TeTy FE]—‘}?

m The discrete problem reads: Find w;, € Qﬁ s.t., Yy, € Q’,ﬁ,

‘ah(@h&h) 1= ay n(Wp,vp) + ag pn (W, vp) = h(vy) ‘

18
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Discrete problem Il

Lemma (inf-sup stability of ay,)

There is v, > 0 independent of h, v, B and p s.t.

_ an(wy,, vy)
vwh € QZ? Hﬂh”ﬁ,h < ’Y@C ! sup ho Zh
v, UK\ {0} lvpllg,n

)
with ¢ := Twef, 7t and augmented global stability norm

2 2 2 -1 k 2

lvplzn = luallon + l2all,un + Z hrBret, 7 |G rvy 1T

TeTy

The ||-|,5-norm adds control for the discrete advective derivative!
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A tailored reduction map

I,

m We need a reduction map lZ U — Qﬁ. For T' € Ty, simply set
(Ifv)p := nho
m For faces F' € Fy, taking ypv from the diffusive side if F' < I;ﬁ,
(Ljv)r = 7 (vpv)

m Hence, interface DOFs on 7, ; represent the diffusive trace!



Convergence |

Theorem (Error estimate)

Assume that, for all T € Ty, u € H**2(T) and

hrLg 1 < Bret,r  and  hop < Bret,T,

Then, there is C > 0 independent of h, v, B, and u s.t.

|, — Ih“Hﬁ n<C Z {BT U, k)h2(k“) + BT (u, k) min(1, PeT)hz(H >},
TeTy

with Per denoting the local Péclet number.
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Convergence |l

This estimate holds across the entire range of Pep

For diffusion-dominated elements with Per < hp, the contribution is
O(hz™)

For advection-dominated elements with Per > 1, the contribution is
O(hy'™")

In between, we have intermediate orders of convergence

N
N
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Numerical example |

() = O—-m)? ifo<f<m
' 3r(@—7) ifm<6<2r
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Numerical example |l
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Figure: Energy (left) and L2-norm (right) of the error vs. h
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