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References for this presentation

FEEC [Arnold, Falk, Winther, 2006, Arnold, 2018]
Introduction of DDR [DP, Droniou, Rapetti, 2020]

DDR with Koszul complements [DP and Droniou, 2023a]
Application to magnetostatics [DP and Droniou, 2021]
Polytopal Exterior Calculus [Bonaldi, DP, Droniou, Hu, 2023]
2D div-div complex [DP and Droniou, 2023b]

C-++ open-source implementation available in HArDCore3D
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Setting |

m Let Q c R? be an open connected polyhedral domain with Betti numbers b;
m We have by = 1 (number of connected components) and b3 = 0

m by accounts for the number of tunnels crossing Q

(bo,b1,b2,b3) =(1,1,0,0)

m bs, on the other hand, is the number of voids encapsulated by Q

a

(b()’ bls st bS) = (1, O, 1,0)
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Setting I

m We consider PDE models that hinge on the vector calculus operators:
01q 0O2v3 — 033
gradg =|02q |, curly =| 03v1 — O1vs |, divw = dywy + daws + d3ws
03q 01v2 — G2v1
for smooth enough functions
qg:Q—>R, y:Q — RS, w:Q > R3
m The corresponding L2-domain spaces are

HY Q) = {q € L%(Q) : gradg € L*(Q) = LQ(Q)?’} ,
H(curl; Q) := {v € L*(Q) : curly € LQ(Q)} ,
H(div; Q) = {w € L*(Q) : divw € L*(Q)}
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Three model problems: Stokes

m Given v > 0 and f € L%(Q), the Stokes problem reads:
Find the velocity u : Q — R3 and pressure p : Q — R s.t.

-vAu
v(curlcurlu — )+gradp =f in Q, (momentum conservation)
divu=0 inQ, (mass conservation)
curlu xn=0andu-n=0 on dQ, (boundary conditions)
Jop=0

m Weak formulation: Find (u, p) € H(curl; Q) x H'(Q) s.t. fgp =0 and

/vcurlu~curlv+/gradp-v:/f~v Vv € H(curl; Q),
Q Q Q

—/u~gradq=0 Vg € HY(Q)
Q
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Three model problems: Magnetostatics

m For y > 0 and J€ curl H(curl; Q), the magnetostatics problem reads:
Find the magnetic field H : @ — R3 and vector potential A : Q@ — R? s.t.

uH —curlA =0 in Q, (vector potential)
curlH =J in Q, (Ampere's law)
divA=0 inQ (
AxXxn=0 on IQ (boundary condition)

Coulomb's gauge)

m Weak formulation: Find (H, A) € H(curl; Q) X H(div;Q) s.t.
/uH-T—/A-curlrzo V1 € H(curl; Q),
Q Q

/curlH-v+/divAdivv=/J-v Vv € H(div; Q)
Q Q Q
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Three model problems: Darcy

m Given x > 0 and f € L?(Q), the Darcy problem reads:
Find the velocity u : Q — R3 and pressure p : Q — R s.t.

k'u—gradp =0 in Q, (Darcy's law)
—divu=f in Q, (mass conservation)

p=0 on 0Q (boundary condition)

m Weak formulation: Find (u, p) € H(div; Q) x L%(Q) s.t.

/K_lu'v+/p divy =0 Vv € H(div; Q),
Q Q

—/divuq:/fq Vg € L*(Q)
Q o)
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A unified view

m The above problems are mixed formulations involving two fields

m They can be recast into the abstract setting: Find (o,u) € £ X U s.t.

a(o,7)+b(t,u) = f(r) VreZ,
—b(o,v)+c(u,v)=¢g(v) VYveU,

or, equivalently, in variational formulation,
Ao, u), (1.v) = f(1) +g(v)  Y(1.v) € XU
with
A(o,u), (,v)) =a(o,7) +b(r,u) = b(o,v) +c(u,v) = f(7) +g(v)

m Well-posedness holds under an inf-sup condition on A
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A unified tool for well-posedness: The de Rham complex

HY(Q) 2% H(curl; Q) —Ly H(div;Q) —4Y5 12(Q) —% {0}

m We have key properties depending on the topology of Q:

Imgrad c Kercurl,
Im curl c Kerdiv,
QcR3 (b3=0) = Imdiv = L?(Q) (Darcy, magnetostatics)
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A unified tool for well-posedness: The de Rham complex

HY(Q) 2% H(curl; Q) —Ly H(div;Q) —4Y5 12(Q) —% {0}

m We have key properties depending on the topology of Q:

no tunnels crossing Q (b1 =0) = Imgrad = Kercurl (Stokes)
no voids contained in Q (b2 =0) = Imecurl = Kerdiv (magnetostatics)

Q CcR3 (b3=0) = Imdiv = L?*(Q) (Darcy, magnetostatics)
m When by # 0 or by # 0, de Rham’s cohomology characterizes
Kercurl /Imgrad and Kerdiv /Im curl

m Emulating these properties is key for stable discretizations
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Poincaré inequalities

m A consequence of the above facts are Poincaré-type inequalities
m It holds (see, e.g., [Arnold, 2018, Theorem 4.6])

Ivliz2 @z S llcurlvlp2gpsy Vv € (Kercurl)™,

wlizz o) < ldivwlizg — Yw e (Kerdiv)*,

with orthogonals taken w.r.t. the L?-product

m By the properties of the de Rham complex,
if by =0, v € (Kercurl)* /v Vg =0 for all g € HY(Q),
Q

if bo=0, w € (Kerdiv)' = /w~curlv =0 for all v € H(curl; Q)
Q

12/101



Well-posedness of the magnetostatics problem |

m Assume, for the sake of simplicity, u = 1 and set
A((o,u),(t,v)) =a(o,7)+b(t,u) —b(o,v) +c(u,v)
with bilinear forms a, b, and ¢ s.t.

a(o, ) :=/0'-‘r, b(t,v) ::—/curl-r'v, c(u,v) :=/divudivv
Q Q Q

m The variational formulation of magnetostatics reads:

Find (H,A) € Z = H(curl; Q) x H(div; Q) s.t.
A((H,A), (T,v)) = / J-v V(t,v)eZ
Q

m Define the norm s.t., V(1,v) € Z,

=

IEllz = (10 iy * 19 i)
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Well-posedness of the magnetostatics problem |l

Theorem (Well-posedness for magnetostatics)

Assume by = 0. Then, it holds, for all (o,u) € Z,

A((o,u), (1,v))
W)z 8= T iEnlz
lowlz s 8= 2 0 @iz

Hence, the magnetostatics problem admits a unique solution that satisfies

I(H, A)llz < Il @rs)-
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Well-posedness of the magnetostatics problem Il

m Taking (1,v) = (0, u + curl o) and since c(u,v) = deivu divv, we have

A((o,u), (o, u +curlo))

=a(o,0) +btosu) — b(o,u+curlo) + c(u,u +curto) (divcurl =0)
=a(o,0)—b(o,curlo) +c(u,u)

. 2
= llorl + | curl o] +ldivallZa

2 2
L2 (Q;R3) L2 (Q;R3)

2 : 2
= “‘T“H(cuﬂ;g) +| le"||L2(Q)
m Hence,
2 . 2
1012 carty + | div ]2 ) < Sli(0r + curle) |z < Sl w)llz (1)
m It only remains to estimate ||u[;2(q.ps). To this purpose, we write
u=u’+ut e Kerdiv ® (Kerdiv)*

P20 Ker div @ (Imcurl)* (Kerdiv =Imcurl)
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Well-posedness of the magnetostatics problem IV

m By the Poincaré inequality for the divergence, we have

122 ) S divat 2, g) = 1 dival2 o) < S0 w)llz

m Since by =0, we can find v € (Ker curl )* such that

uO =—curlv and ||U||H(curl;Q) < ”u0|lL2(Q;R3)
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Well-posedness of the magnetostatics problem V

m We then write

$||u0||L2(Q;R3) 2 $||(U»0)||Z Z ﬂ((o-’u)’ (U, 0)) = Cl(O', U) + b(v’u)

:/a'-v—/curlv~u
Q Q
0 012
=/ o-v+ | u ~u=/0’-v+||u 72 0.
L, o L@z

m Rearranging the term and using a Cauchy-Schwarz inequality, we obtain

0y12 0
el 2 sy S Sl 2 sy + N0 lL2(@ps) IV1l2 (@ire)

©)
< (8+ 1ol ) 100l ins):
so that, simplifying, squaring both sides, and recalling (1),

0
(™|l

< $2+8ll(o,u)l 2 (4)

2
L2(QR3) ~
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Well-posedness of the magnetostatics problem VI

m Summing (1), (2), and (4), we get,
(o, w)lI% < Sll(o, w)llz +$2,

where we have additionally noticed that, by L?-orthogonality,

2 012 2
||u||L2(Q;R3) = ||u ”LQ(Q;RS) + ”ul”LZ(Q;R:S)

m Using Young's inequality we conclude the proof that
(o, u)llz <8

m The well-posedness of the magnetostatics problem readily follows
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The Finite Element way

Local spaces

m Let T c R3 be a polyhedron and set, for any » > —1,
P.(T) := {restrictions of 3-variate polynomials of degree < r to T}
m Fix » > 0. Denoting by x7 a point inside 7', it holds

P,(T)° = grad P, (T) & (x —x7) X P,_1 (1)’ = G,(T) ® G(T)
=curlP, (T’ ® (x —x7)P,_,(T) = R.(T)® R(T)

m Define the trimmed spaces that sit between P, (T)% and P, (T)3:

Ni(T) =G, (T)® Gry(T) [Nédélec, 1980]
RT 41 (T) =R (T) ® Ry, (T) [Raviart and Thomas, 1977]
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The Finite Element way

Global complex

m Let 7, be a conforming tetrahedral mesh of Q and let r > 0
m Local spaces can be glued together to form a global FE complex:

ad iv
peont () 2% N1 (T7) —2L RT741(Th) 2% 2.(Th) —2 {0}

| [ [

H'(Q) —% H(ewl;0) —y H(div;Q) — 12(Q) —2 {0}

m The gluing only works on conforming meshes (simplicial complexes)!
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The Finite Element way

Shortcomings

m Approach limited to conforming meshes with standard elements

= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
= the element shape cannot be adapted to the solution

m Need for (global) basis functions
= significant increase of DOFs on hexahedral elements
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A higher-level view of vector calculus operators

m So far, we have treated grad, curl, and div as different operators
m A unified view is possible through exterior calculus

m This view can be exploited in the construction of numerical approximations
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Alternating forms |

m Let AltF(R") be the space of (multilinear) forms that are alternating, i.e.:

Forall1<i<j<kandallvy...,vp € R",
WV, ViV Vi) =P,V Y, V)
m The exterior product of w € Alt'(R") and u € Alt/ (R") is
w A u € At (R™)
s.t., forall vy,...,viy; in R",

@ADL Vi) = D SE(@) 00 ey Vo) B0V ary)s

o€y
with

X ;= {permutations of (1,...,i+j) : o1 <---<ojand gj41 <--- < a-i+j}

24 /101



Alternating forms Il

Example (Exterior product of 1-forms)

Given w, u € AY(R™), it holds, for all v,w € R",

(WA @)@, w) =w)uw) - ww)u®),

so that, in particular, w A w = 0.
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Alternating forms Il

m Let {e;}1<i<n denote the canonical basis of R"

m We consider the dual basis {dx'}1<;<, of (R")’, characterised by
dxi(ej)zéij 13!,]Sn
m Every w € Alt*(R") can be expanded using this basis as

w= Z aydx* A--- Adx7%, a, €R

1<o1<--<0or<n
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Inner product of alternating k-forms

m The scalar product in R” induces an inner product (-,-) on Alt‘ (R")
mIf£=1, () is simply the inner product of (R")’
m For general £, given two {-forms expressed as exterior products of 1-forms
wWw=w A ANw’, y:pl/\~~~/\,u€,
we set
(w, ) = det [(', 1w ], o oy
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Hodge star |

m The Hodge star operator x : Alt‘(R") — Alt"~¢(R") is s.t.
Vo € At (R"), (*w,u)vol=w Au VYu e Alt"C(R")

where vol := dx! A --- A dx" is the volume form
m It can be checked that x is an isomorphism

m In what follows, we will also need its inverse

* L= (=) 0%
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Hodge star Il

Example (Hodge star)

n=2 n=3
ol m el A de? *1 = de' Adx® A di®
et — e xdx! = dx? A dx®
e i *dx? = —dx' A dx®

*dx? = dx! A dx?

Formulas for x applied to 2- and 3-forms (if n = 3) can be obtained taking
the x ! of the previous expressions, e.g., for n = 3,

el = x L wede! = 7 (A2 A dxd) = (=1)2672 x (A2 A did) = *(dx® A dx®)
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Vector proxies in dimension n =3

For n = 3, we can identify vector proxies for all form degrees:

m Alt°(R3) := R by definition
m Alt?(R3) = xAlt°(R3) = R since * is an isomorphism
m Alt'(R?) = (R3)’ and, for all w € Alt'(R?),

w=adx' +bdx?+cdx® = (a,b,c) eR3
m Alt2(R3) = xAlt}(R3) = R” and, for all w € Alt?(R?),
w=ad® Adx®-b dx! Adx®+¢ dx! Adx? = (a,b,¢) €R?
[ —

————— —————
*dxl —%dx2 *dx3

For general n, vector proxies are available for Alt°(R") = Alt"(R") and
Alt'(R") = At H(R")
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Differential forms

Let M denote an open set in an affine subspace of R”

A (differential) k-form is given by

w= Z e dx?T A AdX9*, ay M >R

1<o1<--<0or<n
m The value of a k-form at x € M is denoted w,:

Wy = Z do () dxT A - A dx%% € AlEF(RY)

1<o1<-<or<n

The space of k-forms (without regularity requirements on a, ) is A*(M)

When regularity on the a, is required, we prepend it to AK(M), e.g.,

L?AK(M) = space of k-forms with coefficients a square-integrable on M,

Pr/\k (M) = space of k-forms with coefficients a, in P,.(M)
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Exterior derivative |

m The exterior derivative is the (unbounded) operator

d: L>AM(M) > L2AMY (M)

da .
T AT A A dXTE
om 3 Sl

1<oi1<---<or<n i=1
m In what follows, we define the domain of the exterior derivative
HA (M) = {w € L*A¥(M) : dw € L*A* (M)}

m For M = Q domain of R3,

m d corresponds grad, curl, div regarded as unbounded operators
m HAK(Q) to the usual spaces H1(Q), H(curl; Q), H(div; M), and L%(Q)
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Exterior derivative |l

Example (Exterior derivative of a 0-form)

Let Q be a domain of R? and w = ¢ € C'A%(Q) a O-form. Then

dw=224x1+ 920,21 9% 43 < grado.
0x1 O0xg 0x3
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Exterior derivative |l

Example (Exterior derivative of a 1-form)

Moving to a 1-form C'AY(Q) 5 w = a;dx® + asdx? + asdx® = v, we have

day 1 aa1 (9611

dw = — dx2Ade dx3/\dx1
ox1
(9612 1 2 8a2 2 aaQ 3 2
T2 et Ade? + 2202 xdx? + 222403 A dxe
e 7 axs
9 9 d
+ 2Bl Aad + 2B a? A dnd + 2B a8 xd®
oxq 0x9 0x3

Oxo  Ox3 dox3  0xq

= (éﬁlﬁ __ékig) dx2 A dx® - (éhll - 6a3) del A dx® + (

= curlv.

daz _ day

dx! A dx?
ox1  0Oxo )
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Exterior derivative IV

Example (Exterior derivative of a 2-form)

For a 2-form

C'A%(Q) 3 w = aydx® A dx® — agdx® A dx® + agdxt Adx? = w,

we have
dw= 92 4yl A de® A di® 4 M aalm
6)61 ax:;
_ 94, Adx® — aa? 22 A det A ded - 6a2M
(9)61 8 8x3

gz?’m a“?’m dx3/\dx1/\d_x2
1

6a1 o Bag 4+ 243 (9613 | = g,
-+ — vol = di1
6)61 8X2 6x3 v
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The continuous de Rham complex

m Let Q denote a domain of R"

m In what follows, we will focus on the de Rham complex
0 dO dk—l k dk dn—l
HA(Q) — - s Ak @) — - s HAT(Q) — {0}
m For n = 3, we have the following interpretation in terms of vector proxies:

HAY(Q) —L 3 HAY(Q) —L 3 HA2(Q) —L 3 HA3(Q) — {0}

Is IE IE IE

HY(Q) 2% H(curl; @)~y H(div; Q) —4 12(Q) —— {0}
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Stokes formula

m Let M denote an n-dimensional manifold and £ e Nst. 0< ¢ <n

m Let trgp be the trace operator (pullback of the inclusion M — M) s.t.
tron 1 AK(M) —> A*(OM)

m It holds, for all (w, u) € C'AC(M) x C* A" ¢-1(M),

/dw/\u:(—l)[“/w/\d,u+/ trop w Atrop u
M M oM
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General ideas

m Discrete spaces with polynomial components attached to mesh entities
m For any form degree k, recursively on d-cells f, d =k, ...,n, construct

m A local discrete potential

f f - Pr/\k(f)

m If d > k+1, a local discrete exterior derivative

dk

o Xy f - PN

m Connect the spaces through a global discrete exterior derivative
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Domain and polytopal mesh

m Assume Q C R" polytopal (polygon if n =2, polyhedron if n=3,...)
m We consider a polytopal mesh M, containing all (flat) d-cells, 0 < d <n

m d-cells in My, are collected in Ag(My), so that, when n = 3,

Ag(Mp,) = Vy, is the set of vertices
A1 (My) = &y, is the set of edges
Ao (My) = Fy, is the set of faces
As(My) = Ty, is the set of elements
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Local Koszul differential and complements |

mlet feAs(Myp), de[0,n], and fixxs € f
m We define the local Koszul differential k : A“*1(f) — AL(f) s.t.

(kw)x(V1,...,ve) =wx (X =X 7, V1,...,V¢)

for all x € f and vy, ...,v, tangent vectors to f
m k “binds” the first vector to x —x

m We define the Koszul complement space

KE(f) = kP, 1 A (f)
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Local Koszul differential and complements |l

Example (Vector proxies for K’ (f4))

W N = O

0 1 2 3
{0y P () P(f2) Py(fs)
{0} Ry (f2) G (f3)
{0} R (f3)
{0}
K (fa) =Pl (fa) = (x—xp,) - P._1(fa) Vde{1,2,3},
Vd € {2,3),

K fa) = RE(fa) = (x —x 1) Pr1(fa)

K (f3) = Gi(fs) = (x —xp) X P,_1(f3)
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Trimmed local polynomial spaces |

mlet feAy(Myp), 1 <d <n, and integers € € [0,d] and r > 0 be fixed
m The following direct decompositions hold:

P.A(f) = PoA’ (f) @ K (),

PA(f) =P, AT @KL ifex1

m Lowering by one the polynomial degree of the first component for £ > 1
yields trimmed polynomial spaces

P A(f) = P.A(f),
PIAN(S) = dP, AT @ KI(f) =1
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Trimmed local polynomial spaces Il

mletn=3and T = f3 € A3(Mp) = T, be a mesh element

m The vector proxies for trimmed spaces are the Nédélec and
Raviart—Thomas spaces

PN (f3) = N (T) = G,_1(T) + G5 (T)
P-A%(f3) = RT,(T) := R,_1(T) + RE(T)

m For F = f5 € Ay(My,), we have

P;AN(fo) = RT, (F)
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L2-orthogonal projector onto P~AX(f)

m We define the L?-orthogonal projector nr_;‘ S L2AR(f) = PIAR(f) st
Yw e L2AX(f), /ﬂr_’]]fw/\*p:/w/\*u Vu € PrAR(F)
o7 f

m We note the following result: For all (w, u) € L2A*(f) x P7 Ak (f),

A*_lﬂr’fk(*w) A= /f,u A *ﬂ;,’}ifk(*w) = '/fw A u
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Discrete spaces and interpolators |

m The discrete HAX (Q) space, 0 < k <n, is

n

xk, =X X PrAtR(p

d=k feAq(Mn)

m lts restrictions to f € Ay(My), k <d < n, and f are X’r‘,f and staf

m The meaning of the polynomial components is provided by the interpolator

L - CONCH = X

—d'—k
W (L RO ) e, (). ekl
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Discrete spaces and interpolators |l

) d 0 1 2 3
0 R=P.A(fo) P._AY(f) P, A (f2) P A*(f3)
1 P.A(f1) PrANf2)  PrA(fa)
2 P.Af2)  PrAN(S)
3 PN (f3)
) d 0 1 2 3
0 R=%2,(fo) P._1(f1) P._1(f2) P._1(f3)
1 P.(f1) RT(f2) RT-(f3)
2 P.(f2) N (f3)
3 Pr(f?))
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Discrete potential and exterior derivative |

mletdeNbest 0<d<nand feA;(Mp)
m The Stokes formula on f reads: For all (w, u) € CYAK(f) x CYA4=*=1(F),

/deuz(—l)k+1/wAdy+/ trof w Atrgr u
f f af

m Local reconstructions are obtained emulating this formula
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Discrete potential and exterior derivative Il

mlifd=k,
Pl jw,=%x"wp e PAYS)

mIfk+1<d<n, wefirst let, forall w, € X'r‘f and all u € P, AF1(f),

./fd]:’fgf A= (—1)’“1 ‘/f‘*lwf Adu +/a Pllf,(')fgﬁf Atrgr u
. P :

then, for all (u,v) € KEF1(f) x KAk (£),

r+1
(—1)’<+1/fPf,fwf/\(du+V) =/fd’,‘,fgf/\u

_prf,ﬁfgﬁfAtrafﬂ+(_1)k+1/f*_lwf/\V
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Thecasen=3and k=11

m For T = f3 € A3(My,) = T,

X=X = X PAE)x X RT(F) x RT(T)

Eecé&Er Fe¥r

m Let
vr = (VE)Eeer, VE)Fer»vT) € X 1

m The edge tangential trace is simply

)/JID:EKE =VE VE € ST
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Thecasen=3and k=1 Il

m For all F € Fr, the face curl is given by: For all g € P,.(F),

‘/C?KF Q=/VF'r0th— Z SFE/V{:EKE q
F F

Ec&p E

m The face tangential trace is such that, for all (¢,w) € Pb+1(F) X RS(F),

r

/Y{H,FKF'(I’OtFQ"'W):‘/C;KF q+ Z 8FE/7{,EKE 4+/VF'W
F F E F

EcEr
m The element curl satisfies, for all w € P,.(T),
/C;KT-W = /vT-cur1w+ Z 8TF/‘Y'{,FKF -(wXxnp)
T T Fef F
T

m Finally, by similar principles, we can construct PZurl’T : X’ml,T — P.(T)
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Complex property

Theorem (Complex property)

Letdf , : Xk, - Xk best

k w (—d—k=1,, 1k
4y pwy, = (”r,f (*dr,fo))feAd(Mh),de[k+1,n]'

Then it holds, for all 0 < k < d <n, all f € Aa(Mp), and all w, € X’:;},

k k-1 k-1
Pr,f@r,f Qf) = dr,f Wes

and, ifd > k +1,
d],f,f(gf,_flgf) =0.

As a consequence, Qf’ fgf’_fl =0 and the DDR sequence defines a complex.
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Links between reconstructions and commutation |

Theorem (Commutation)

Forall0 <k <d-1<n-1 and forall f e Az(My), it holds

df (1) jw) = IS (dw) Yo € CTAN(Y),

expressing the commutativity of the following diagram:

CIAK(f) —1 COARL(F)
k k+1
l!r,f ak . llhf

k — k+1
Xt — X
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Polynomial consistency |

Theorem (Polynomial consistency)

For all integers 0 < k < d < n and all f € Ag(My,), it holds

Pf’fﬂr"fa)zw Vo € PrAk(f),

and, ifd > k+1,

df I jw=dow Yo e P A(f).

Example (The case (n,d, k) = (3,3,1))

The above properties translate as follows for (n,d, k) = (3, 3,1):

Porloary =V Vv e P.(T),

curl,7=curl,

CyI, ., v = curly Yy € N1 (T).

Zcurl,
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Polynomial consistency Il

m The proof is made by induction on p :=d—k. If p =0 (i.e., d = k), we have
Py I} jw = *‘177;”]9(*@ =xlxw=w
m Assume that the lemma holds for a given p > 0, and consider d and & s.t.
d-k=p+1
m By the link between potentials and differentials and the commutativity,
df IF jw = PSS IS ) = PRI (dw) Vo € P AN
m Since dw € P,A*1(f) and d — (k + 1) = p, by the induction hypothesis

dfx/.llf’fa) =dw
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Polynomial consistency IlI

m For w € P, A*(f), we write, for all (u,v) € K K=1(f) x KI=k(f),

r+l1

(-1)k+t ‘/fPlr"fllr"fa) Adu+v)= /fda) Ap

w
~1_—,d-
- ./af P’;,afllr(,af trof w Atrogr u+ (—=1)k+ /f(*l%k*/w)v/\ v

m Applying the polynomial consistency of Pf of (valid by induction since
(d —1) — k = p) and integrating by parts yields

/Pf’f[ffw/\(d/,t+v)=/w/\(du+v),
oo f

which, since du + v spans P"AX(f), gives

k gk _
Pl po=w

4
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Global discrete exterior derivative and DDR complex

m Our next goal is to connect the spaces X’r‘ , to form a well-defined sequence

m We recall the global discrete exterior derivative er‘ h :K'r‘h — g’r“hl s.t.

k o (md—k=1, 1k
d; pwy, = (”r,f (*dr,fﬂf))feAd(Mh),de[k+1,n]

m The DDR sequence then reads

doh n—]l
= 1 -1 _=rh
) X h ) e ) K:’l,h ) Kf’h > {0}

r,h =r

m Specifically, for n = 3, we recover the complex of [DP and Droniou, 2023a]:

GVI g" DV
Xr ;]> qurl,h —h> lﬁiv,h —h> Pr(7;l) —> {0}

“—grad,h
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Cohomology |

Theorem (Cohomology of the Discrete de Rham complex)

The cohomology of the DDR complex is isomorphic to that of the continuous
de Rham complex.

Example (The case n = 3)

For n = 3, in terms of vector proxies, this implies

no “tunnels” crossing Q (b1 =0) = ImG) =KerC),
no “voids” contained in Q (b2 =0) = ImC) = Ker D),
QcR? (b3=0) = ImD}, =P, ()
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Cohomology Il

9y,
ey ALOME) — AT (M) —

Kk Kk+1

—0,h

k+1
Xoon

~
~

—0,h

k k k+1 k+1
R, E, &, E,

dk,
\ k o \ k+1
4 Kr,h 4 Kr,h

~

Key point: design of the extension cochain map O
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Discrete L?-product

m Forall 0 <k <n, welet (-, )in: X, xXF, —>Rbest.
(W 1, )k = Z (W 1 ks
fedn(Mp)

with
ITRINES /f Py pwy A*Py ot sicp(wpp ) V€ Aa(My)
m Above, s¢ r is a stabilization contribution s.t., with iy diameter of f,

Sk,f(gf,gf)
n-1
-d’ k k k
=) ) /,(trf’ Pr @y = Prp@yp) Ax(try Py pit

Kk
- Pr,f’ﬁff)
d’'=k  fredy (f)

f
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Discrete problem

m We assume, from now on, by =bs=0and p e R
m We seek (H, A) € H(curl; Q) x H(div; Q) s.t.

/uH-T—/A-curlrzo V1 € H(curl; Q),

Q Q
/curlH-v+/divAdivv=/J-v Vv € H(div; Q)
Q Q Q

m The discrete problem reads: Find (H,,A,;) € X

hxX L St

—curl div,

(uﬂh, zh)curl,h - (éh’ QZIh)div,h =0 V E Xcurl h

(CTH,. v, )ain + /Q DA, Dy, =ln(v,) Vo, € X%y,

m For by # 0, we need to add orthogonality to harmonic forms
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Stability

Theorem (Stability)
Define the bilinear form Ay : X~ L X X0 h] —> R s.t.

Ah((gh’ﬂh)» (Eh’Kh)) =
(O'h,_h)cur] h— (Eh’ C, Th)dw ht (C oY )le ht ‘/s; DZEh DZK;,

Then, the following inf-sup condition holds: ¥(a,.u,) € X, wrl i X thv B

Ap((oy.uy), (T),,v,))
X5 (0,0} (x5 v )lln

(e wi)llln < sup
(T, €X]

“curl, h

with (2, v )5 = 1T, 10 s+ 1CTL 5 s+ 124115 + 1D, 172 )

Analogous to the continuous case! O
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Error estimate

Theorem (Error estimate for the magnetostatics problem)

Assume H € C°(Q)3 N H"*2(7;,)® and A € C°(Q)> N H"™*2(T,)3. Then, we
have the following error estimate:

Il (H, - H, A, - Ly, Alln s K

curl h
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Convergence: Energy error vs. meshsize
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Bases for local polynomial spaces |

m Let 7€ 7, and € 2 0, set Nb, ;. = dim (P, (7)) = (}’), and denote by
iBf,T = {QDiP,T 1€ [O’Ng),T[}

a basis for #,(T) s.t. ¢y, ;- = C and and thp"P,T =0ifix>1
m For simplicity, we also assume that B, 17 € Peyr,7 forall £ >0
m A basis B, 7 for P,(T) is obtained by tensorisation

m The choice of P, has a sizeable impact on conditioning!
. P
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Bases for local polynomial spaces Il

Let Ng, ;= dim (G,(T)) = N} — 1
m Bases (62 T g[(T) for R, 1, R, (T) are obtained from their definitions

grad : POJ,H(T) — G, (T) being an isomorphism, a basis &, 7 for G,(T) is

G, 7 = {(pgT = gradt,o”rl (i€ [O,N;’T[}

curl : G;,,(T) 5 R (T) is an isomorphism, so a basis R, 1 for R (T) is
m(’T—{‘p'RT _curl‘pt[+1c . E[O N[+1C[}

m For spaces on faces, we proceed similarly using local orthogonal coordinates
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Local reconstructions |

m A basis Bj; 5 for X7,  is obtained setting

— C
By r = Or17 X 6 1 X >< Br.r

Fe¥Fr

mlety, = (Vg,T,ng’T, (VF)Feg;) € XSW’T with coefficients vector

VFcard(’FT)
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Local reconstructions I

= The coefficient vector Dy € RV7.7 of D’y solves

Mp.rDr =-Bp rVg r+ Z wrrBp FVF,
Fe%r

with

M — [ i J ] ,
o= | epaep (i.))€[0.Nf 1 [?

Bpr = [ grad ¢ "'oj ] ’
’ fT p1 Pg.1T (i,)€[0,Ng;, 2 IX[0,Ng, 1

BD,F = [ i J ] .
Ji .17 1 (i) €[0.N} L [X[0.NG [

r k
m D7 X0y, 7 — P.(T) is represented by the matrix Dr € RNpr*Nawv.r

whose ith column is the solution of the above problem for V. =e;

. . 3NL XNk
m Py o XY, = P(T) is represented by Pgiy,7 € R™7777 Haiv.r
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Local L?-product |

m The matrix representing the discrete L2-product in X, s

— pT Nk xNk
Ldiv,T = Pdiv’TMdiV,TPdiV,T + Sdiv,T e R"Vdiv.r*Ndiv,T
where
r+1 r+l
® Mgiv,T € R3N.173NP.1 is the mass matrix of P, (T)

m Sgiy,7 is the matrix representation of the stabilisation
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Local L?-product Il

m The stabilisation bilinear form penalises in a least-square the difference
Adiv,r = TG 1 Paiy1 — ['N;j;o o '0] ;
Agiv,F = TrPaiv,r — [0 ey 0] ,

where

m H’g‘%. represents nrg_; applied to P,.(T)
m Tr represents the normal trace operator applied to P,.(T)

m Specifically, we can take

— T T
Saiv,T = Ay, Mg, 1Adiv,T + Z hrA iy pMe FAdiv,F
Fefr

with Mg 7 and Mg g mass matrices of G, (T) and P,.(F)
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Serendipity |

o) Oh?)

m Serendipity FEMs converge as standard FEM but with fewer DOFs

O3

m |t is possible to devise serendipity DDR sequences [DP and Droniou, 2023c]|

m Ideas similar to [Beirdo da Veiga et al., 2018]
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Serendipity |l

Definition (Boundaries selection)
For each 7 € 7, U F,, we select a set B; of 17 > 2 faces/edges

m that are not pairwise aligned;
m s.t. 7 lies on one side of the hyperplane H, spanned by each o € B;

m are “uniformly far” from each other: dist;o(xo2) = 1 for all ¢’ € B, \ {o}
with distr(x) == h71(x = x;)w,s - 1o scaled distance function to H, .
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Serendipity Il

m Setting
p=k+1-nr VF €%, r=k+1-nr VT €Ty,

the serendipity gradient and curl spaces are

—~

.
Xovadn = {QT = ((g7)re7,, (qF)Fes,» (qE)EcE,. (qV)vew,) :
qr € P, (T) for all T € T, qr € P, (F) for all F € F,

qe € P,_,(E) for all E € &, and gy € R for all V € V), },

Xewn = {KT = (vDresi» VP)Fes,» VE)Ees,)

vr € Ri—1(T) ® R, (T) forall T € Ty,
viE € Rir1(F) & R;FH(F) for all F € F,
vE € P(E) for all E € &, }

m Notice that, for nr = n7 = 2, we recover the standard DDR spaces
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Serendipity 1V

m The serendipity DDR construction reads

G, D;
—grad h = 1 Xcurlh 7 de h —h> Pr((iz)

\ \
\ \
\ E \ <
Egrad,h ’| Rgrad,h Zeurl,h ,l ch]’h
/
V _, v _,
Ar G, C, Dy
—grad h 1 Xcurl h 1 X div,h 1 Pr({];l)
with
A r rE
G - Rcu.rl hG Egrad h’ C - C curl,h

m Homological and analytical properties are inherited through extension and
reduction cochain maps
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Serendipity V
Discrete H' space:

(3 9 ONRO
9 (3)

DDR SDDR SDDR

Discrete H (curl) space:

DDR SDDR SDDR

Figure: Comparison of local DDR and serendipity DDR (SDDR) spaces for r = 3
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A serendipity scheme for magnetostatics

m We define the serendipity discrete L2-product
[', ']curl,h = (Ecurl,h.’ Ecur]’h')curl,h

m The serendipity DDR scheme reads: Find (H,,A,) € Xcurlh X Xiion St

[,Uﬂh, Ih]curl,h - (éh’ gzzh)div,h =0 VTh € X

Zcurl, i’

(CLH,.v,)div,h + / Dy A, Dy, =1x(v;,) Vv, € X},
o

m Analogous stability and convergence results as for the DDR scheme hold
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Numerical tests: Magnetostatics

—a— k=1 (DDR) —— k=2 (DDR) = k =3 (DDR)
-m- k=1 (SDDR)-e- k=2 (SDDR)-=- k =3 (SDDR)

100 £ .
07 :

§ ] 107! //'/ E

1072 ] P - ]

1 1072 E = p ~ E

1073 | i P~ /,,/// ]

; 1079 E ,,//”/./i ’ I

1074 | | . ]

E El 4 W I il

£ | | | | 1 10 E | | | | E|

10*0.8 10*0.6 10*0,4 10*0.2 10*0,6 10*0.4 10*0.2 10(]

Figure: Relative errors in the discrete H (curl; Q) x H (div; Q) norm vs. h, for the standard
DDR scheme (continuous lines) and the SDDR scheme (dashed lines).
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Numerical tests: Stokes

—a— k=1 (DDR) —— k=2 (DDR) -= k=3 (DDR)
-m- k=1 (SDDR)-e- k =2 (SDDR) - =- k =3 (SDDR)

10' E g4

10° -

1071

107§ E

1 1 1 1 | 1 1 1
10708 10706 10704 1070-2 10706 10704 1070-2 100

Figure: Relative errors in the discrete H (curl; Q) x L2 ()% norm (for the couple
velocity—gradient of the pressure) vs. h, for the standard DDR SDDR schemes.
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The two-dimensional div-div complex

RT1(Q) — H'(Q:R?) 2% H(div div, Q; S)

m This complex is relevant in solid mechanics (Kirchhoff-Love plates)
m For Q contractible, it is exact, i.e.,

Kersymcurl = R771(Q), Kerdivdiv=Imsym curl,

Im div div = L?(Q)

m Key novelty: algebraic constraint (symmetry) on spaces and operators

divdi; LQ(Q) 0 : 0
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Mixed formulation for Kirchhoff-Love plates |

Figure: Image source: Wikipedia

With Q c R? polygonal middleplane and orthogonal load f : Q — R:
Find the moment tensor o : Q — S and the deflection u : Q@ — R s.t.

o+Ahessu=0 inQ,
—divdive = f in Q,
u=0,u=0 ondQ

with At = D[(l —-V)T+ vtr(‘r)Ig] forallTeS
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Mixed formulation for Kirchhoff-Love plates Il

m The DDR approximation is based on the weak formulation:
Find (o, u) € H(divdiv,Q;S) x L?(Q) s.t.

/A‘lo' :T+/divdiv‘ru=0 V1 € H(divdiv, Q;S),
Q Q
—/ divdivo v =/fv Wy e L2(Q)
Q Q
m Well-posedness hinges on the inf-sup condition: For all g € L2(Q),

‘ fgdiv divt ¢
lgllzz(@) < sup TR —
reH (divdiv.2;5)\ (0} [ITllL2(@r2x2)

expressing the surjectivity of divdiv : H(divdiv, Q;S) — L?(Q)

m This corresponds to the exactness of the tail of the div-div complex
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A crucial remark |

m Let (7n, Fn, Vi) denote a two-dimensional mesh of Q
m The starting point is a local integration by parts formula for div-div
mForallTeT,andall 7:T — S and ¢ : T — R smooth enough,

divdivr ¢ = / 7 : hessg — WTE weytT(xy)ng -tg qg(xy)
/. . 2, vt D,

Ee&r VeVg

- > wre /E(THE'"E) Onpdq

Eecé&r

+ Z ‘UTE/ (5tE(TnE-tE)+diVT~nE)q
Ec& E
T
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A crucial remark I

m Letting £ > 1, taking g € #,_,(T), and inserting projectors, we have

/ divdivt ¢ = / ﬂ[ifl‘r : hessq — Z WTE Z wey (t(xy)ng - tg) q(xv)
T T Eeér VeVg

/ﬂy) E(TnE ng) 6nEq

/ (ﬁtE(TnL tg)+divt - ng)q

N
T

m The discrete H(divdiv,T;S) space should contain the red polynomial
components to have inf-sup through Fortin's argument!
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Discrete H(divdiv,T;S) space

m Based on the previous remark, the discrete H(divdiv,T;S) space is
zl = <1T = (T 1.1 Ty > (TE, D E)Ecer, (Tv)very)
Tor € HT3(T) and 75, ;. € HOU(T),
1z € PI72(E) and D, g € P7L(E) for all E € &,
TVESforaIIVE‘VT}
m The meaning of the components is provided by the interpolator
£ -3 ¢
Iy 7= (”HTT T
(an(‘rnE ng), 7r (6¢E(TIIE 'tE)+diVT'nE))E€8Ta

(V) yeny
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Discrete div-div operator |

m Mimicking the above integration by parts formula, we let
DDY ! 2l — PN(T)

be s.t., for all 7. € % and all g € PX(T),

/DD?lIT q = /T(Hj« :hess g — Z WTE Z wey (tyng - tg) g(xy)
T T

Ee&r VeVg

- Z WTE (/ TEanEq_/DT,EQ)
E E

EEST
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Discrete div-div operator |l

m Let 7 € H*(T;S). We have, for all g € P{~1(T),
/DDE 1I§ T4

///T hessq— WTE Z wgy (t(xy)ng - tg) q(xy)

EES] VE(Vb

- Z wTE/};/{(TnL ng)Ongq

Ecér

+ wTE/n E (Ot (tng - tg) +divt - ng) =/divdiv‘rq
Ecé& Q
T

m This shows that it holds:
DD (1§ ;1) = np p(divdivT) Vr € H*(T;S)

m The surjectivity of DDgf1 : §§ — PEI(T) follows
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Discrete H' (Q:R?) space |

k 1 k 2
sym7

RT1(T) —> vE — zkt —> P21y — 0.

m When 7 = symcurlv, we have

L’E,—Tl(symcurl") :( (HT(symcurlv) ”WT !(sym curly),
(”pE(atEv ng), 7T ( eV tE))EeST

(sym curlv(xv))ve(VT)

= K? must allow to reconstruct all these quantities!

91/101



Discrete H' (Q;R?) space |

m We consider the following space:

vE = {KT = (vr. VE)ECEr Vv, Gy v)vey)
vr € PXATIRY),
ve € PY4(E;R?) for all E € &7,
vy € R? and G, v € R¥*? for all V € Vr }
m Vertex components are readily available as CG,, v
m Edge components come from vg, € PX(Er;R?) N C°(AT;R?) s.t.
VE € &, ﬂl;;é(vsT)w =vg and 0, (ve, ) |E(xv) = Gy vig YV € Vg,

and vg, (xvy) =vy VW e Vr
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Discrete H'(Q;R?) space Il|

m Element components come from C]S‘y_nllj : Z? — PI(T;8) st

/TCQ‘},_;I’TKT T = —/TVT'I‘OtT+ Z U)TE/EVST'('”E) v e PHH(T;S)

Ecér

m The discrete sym curl ny’nllT :K’; - 2’;‘1 is, therefore,

k-1 . k-4 k-1 c, k-1 (k-1
gsym,TKT o (ﬂ.‘l{,T(Csym,TKT)’ﬂ(]—{,T (Csym,TKT)’
k-3 2
(TEP’E(atEVST : nE)9 atEVST : tE)E€8T7

(CGV’V)VE(VT)

93 /101



Local discrete complex

Theorem (Local complex property and exactness)

The following sequence is a complex, which is exact if T is contractible:

., Kl DDk-2 o
RT(T) — Vy — £ —— PF2(T1) — 0.
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Local tensor potential and A-weighted product in X7 |

m Forall E € &, PL .7, € P'(E) is the unique polynomial that satisfies
ngEzE(xv) =t1yng -ng for all Ve Vg and n;_’%(Pg’EzE) =Tg.

m We define PL . : 2L — PUT;S) st., V(q,v) € X H ,
We define P{ . : 20 — P(T:5) Y(q,v) € PH2(T) x H(T)

/TPg,TIT : (hess g +v)

=/DD§‘11Tq+ Z WTE Z wev(tvng - tg) q(xv)
T

Eecér VeVg

+ Z WTE Pé,EzE Ongd— | Dreq|+ | Thp:v
E E T

Ecér
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Local tensor potential and A-weighted product in X7 |l

The discrete A-weighted product in §§ is s.t.

1
~1pt 4
ar(v,,t.) = | APy v, : Py T+ ————5 U, T
T(_T —T) ‘/T =71 7T D(1+v) Z,T(_T —T)
where the stabilization bilinear form is, e.g., s.t.
1yt pt t pt
ser(UpTy) = [lz,TPX,TQT - ET’!Z,TPZ,TIT —Trler

with [-,-]x 7 denoting the component L*-product in 24
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A DDR scheme for Kirchhoff—Love plates

m Global spaces, operators, and inner products assembled as usual
m The DDR scheme for the Kirchhoff-Love plate problem reads:
Find (o, un) € E; x PI1(T) s.t.

an(0y,,T,) +bp(z),up) =0 Vr, € X,
(e, ) = / Fon Vvn e PO,
Q

where

a5 = Y arlwpry), bumon = Y [ 00F e

TeT, TeT,
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Error estimate

Theorem (Error estimate)

Assume o € H*>(Q;S) N H*' (75:S) and u € C(Q) N H*3(T,). Then, it
holds

4 -1
Iy, o — o) llzn+ llmp yu —unllz@)
—-150+1
S (D(l -v) |olgen () + |“|H“3<m)’

where

1
2

2
Y = [D2(1+m) +1
and, denoting by [-,-]x.n the global component L?-product,

1
ITyllzn = [T, 100
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Convergence: Energy error vs. meshsize
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