Non-standard applications of the

Raviart—Thomas—Nédélec element

A HHO method for the Brinkman problem robust in the Darcy and
Stokes limits

L. Botti D. A. Di Pietro J. Droniou
Institut Montpelliérain Alexander Grothendieck

May 29, 2018



The Raviart—=Thomas—Nédélec finite element |

1 I AR
Figure: Degrees of freedom for RTNK(T)

m Let d > 1, T denote a d-simplex, and k >0

m We consider here the Raviart—Thomas—Nédélec space
RTNA(T) := PX(T)? + xPX(T)
m A function v € RTNX(T) is uniquely defined by the quantities

{(vyw)r : w e P*"{(T)} and {(v-n7e, q)F : q € PX(F)}



The Raviart—=Thomas—Nédélec finite element Il

m Introduced in [Raviart and Thomas, 1977, Nédélec, 1980]
m Tailored to mixed Darcy: Find u:Q — R and p: Q - R s.t.

vu+Vp=0 in Q,
Vu=g in Q,
un=0 on 0Q),

[ro
Q

m We show new applications of this finite element:

m Robust HHO method for Brinkman [Botti, DP, Droniou, 18]
m (Stable gradient reconstruction for HHO: see [DP et al., 2018])



The Brinkman problem

Let u: Q — R and v: Q — R be piecewise constant and s.t.

O<pu<spu<np, O<y<v<vy

m The Brinkman problem reads: Find u: Q - R9 and p: Q —» R s.t.

-V-QuVsu)+vu+Vp=F in Q,
Vu=g in Q,
u=0 on 0Q,

=
Q

It locally behaves like a Stokes or a Darcy problem (singular limit)

m Goal: Identify the local regime and handle all regimes robustly



State of the art

m Naive choices are not uniformly well-behaved [Mardal et al., 2002]:

m Crouzeix—Raviart fails to converge in the Darcy limit

m Taylor—-Hood and the minielement experience convergence losses
m Several fixes proposed, including:

m Low-order stabilised FE [Burman and Hansbo, 2007]
Stabilised equal-order FE [Braack and Schieweck, 2011]
Generalisation of the minielement [Juntunen and Stenberg, 2010]
Stabilised H(div; Q)-conforming FE [K6nno and Stenberg, 2011]
2d H(div; Q)-conforming VEM [Vacca, 2018]
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State of the art

m Naive choices are not uniformly well-behaved [Mardal et al., 2002]:
m Crouzeix—Raviart fails to converge in the Darcy limit
m Taylor—-Hood and the minielement experience convergence losses

m Several fixes proposed, including:

m Low-order stabilised FE [Burman and Hansbo, 2007]

m Stabilised equal-order FE [Braack and Schieweck, 2011]

m Generalisation of the minielement [Juntunen and Stenberg, 2010]
m Stabilised H(div; Q)-conforming FE [K&nnd and Stenberg, 2011]
m 2d H(div; Q)-conforming VEM [Vacca, 2018]

m Recurrent problems:

m Darcy and Stokes contributions are not equilibrated
m Local regimes not clearly identified

5/28



In a nutshell |

Key idea [Botti, DP, Droniou, 2018]: Replace FE by HHO

Features of HHO methods:
m Construction valid for arbitrary space dimensions
m Arbitrary approximation order
m Robustness with respect to the variations of the physical coefficients
m Reduced computational cost after static condensation
m (Capability of handling general polyhedral meshes)

m New schemes even on standard meshes
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In a nutshell 1l

m Hybrid velocity, piecewise polynomial pressure

m Inf-sup stable for arbitrary polynomial degree

m Possibility to statically condense a large subset of the unknowns
m Local Stokes velocity reconstruction in PA*1(T)d

m Gain of (up to) two orders w.r. to element unknowns

m Tailored to the Stokes regime
m Local Darcy velocity reconstruction in RTN¥(T)

m Equilibrated Stokes-Darcy terms in O(h*+1)
m Tailored to the Darcy regime

o



Projectors on local polynomial spaces |

m Let 75, denote a polytopal mesh with faces collected in F,
m HHO methods hinge on projectors on local polynomial spaces
= With X element or face, the [?-projector x% : L}(T) — P*(X) is s.t.

(ﬂiv —v,w)x =0 for all w € P‘(X)
m For T € 7, the strain projector 71"’S Tt HYT)d - PY(T)? is s.t.

(Vo(xl v —=v).Viw)r =0 Vw e PY(T)?

¢ ¢
/ns’Tv=/v, ‘/VSSH&TV=/VSSV
T T T T

and



Projectors on local polynomial spaces Il

Theorem (Approximation properties of the strain projector)

Assume T star-shaped with respect to every point of a ball of radius

> oht. Let two integers € > 1 and s € {1,...,€ + 1} be given. Then, it
holds with hidden constant depending only on d, o, €, and s such that,
for all m e {0,...,s} and all v e H5(T)?,

¢ =
|V — 7!'&-’—Vle(T)d < hgl— m|V|H5<T)d.

and .
¢ s—m—3
V=g rVlam@rye S hr ™ *Vns(rye

with H™(¥71) broken Sobolev space on Fr.

See [Appendix A.2, Botti, DP, Droniou, 2018]. O



Computing 71'/;+-,} from L2-projections of degree k

m Forall v e HY(T)9 and all w € C®(T)?, it holds that

(Vov, Vow)T = =(v, V-Vw)7 + > (v, Vownre)r
Fefr

m For k>0 and / := max{0, k — 1}, letting w € P**1(T)9, we get

(Vbn'l”lv Vs W)T = —(71' v,V-Vg W)T + Z (71'FV|F,V wnT,:)F
FeFr

m Moreover, it can be easily seen that
1
/ k+%V‘/ﬂITV, /Vsﬂ“rl"_‘ Z /(n-n:®7rl,ﬁ-v—7rl,f-v®n7—,:)
T T T 2 Ferr v F

k+1
T

/

m Hence, 75*!v can be computed from x'.v and (nfv F)res,!



Local space of discrete velocity unknowns

Figure: Degrees of freedom for ng for k € {1,2}

m Assume 75 matching simplicial, let k > 1, and set / := max{k — 1,1}

m For all T € 73, we define the local space of velocity unknowns
g’;— = {!T = (VT,(VF)FETT) VT E P/(T)d and VF € Pk(F)d VF e 7:7'}
m The local interpolator [I;- CHYT)Y — ng is s.t., for all v e HY(T)?,

k., . / k
17v = (v, (eviF)Fers)



A high-order Stokes velocity reconstruction

m Let T € 7. We define the local Stokes velocity reconstruction

rlSH—_,Z[ Uk Pk+1(T)d

s.t., for all v, € U% and all w € P<*1(T)9,
k+1
(Vers7v ey, Vew) T = —(v7, V-Vow)T + Z (vr, VswnTr)F
FeFr
and
1
/ §+71'VT _/ VT, / ssrq T V= 2 Z /("TF®VF_ VE®NTF)
F
FeFr

m By construction, we have

k+1 gk _ _k+1
rerly =77

k+llk

mrg T has therefore optimal approximation properties in P¥*(T)9



Global spaces

m Local spaces are glued by enforcing single-valuedness at interfaces:

Ul= v, = (WD rem (vP)Fer) -

VT € P’(T)d VT € 9, and v € Pk(F)d VF ¢ 7_71}
m Boundary conditions are strongly incorporated in the subspace
gﬁ,o = {!h Egﬁ cve=0 VFe 7:hb}

m The pressure is sought in the broken polynomial space

Pk = {qh <P : [ an- 0}
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Stokes term

m Inside T € 7, we approximate the Stokes term with

aSTLTv T) = (2uTtVs{ rST 7 Vs rST T)T"‘SST(UT, T)

m The Stokes stabilisation bilinear form is s.t.

2ut

sT(ur,vy) = (QNT)(‘SIS’ TUuTS 6IS7TKT)T+ Z (65 T/:HT,‘SlS( TFVT)F

Fefr

with Stokes difference operators s.t., for all v, € ng,

(65, 7v 7 (88 rpvr)Fers) = 1r§Tvr — vy

m The global Stokes bilinear form is assembled element-wise:

ash(Wy, v,) = Y as T(Wp v )
TeT,

o



A Darcy velocity reconstruction in RTNX(T)

m The local Darcy velocity reconstruction

ri.r U% — RTNK(T)

. k
is s.t., for all v € UT,

(ri 7vpw)T = (v, w)T Yw e P<(T)?
(rf,7v-n7F.Q)F = (ve-nTr q)F  VF € Fr, Vg e PX(F).

m A direct verification shows that

k gk _ gk
o7l = lgm 1

where I]ETN’T is the standard interpolator on RTNK(T)
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Darcy term

m Inside T € 73, we approximate the Darcy term with

. k k
aD,T(HW !T) = VT(rD, TUT, I'p, T!T)T + SD,T(HW !T)

m The Darcy stabilisation bilinear form is s.t.

) / / k K
sp,7(Up V) = v7(6p 7UT, 6 7V )T+ Z vThe(8p, 7rU 1 65 7rV T)F
Fe7

with Darcy difference operators s.t., for all v, € ng,

I} k — gk k
(6]:)’ T!T’ (6D’ TF!T)FETT) - !TrD’ TKT - !T

m The global Darcy bilinear form is assembled element-wise:

aph(Uy, v,) = D ap T(urvy)
TeT,

16
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Pressure-velocity coupling

m The pressure-velocity coupling is realized by means of the bilinear

bu(vy, gn) = Z (v, Var)T - Z (Ve qTnTF)F
TeTr Ferr

m Inf-sup stability: It holds, for all gs € PX,

bu(vy, qn) . o
Bllgnll < sup LCTLT) with B = 2 +7)?
lhEQﬁ,o\{Q} ”Zh”U,h




Discrete problem and well-posedness

m Define the Stokes—Darcy global bilinear form
ap ‘= ag,p +ap,h

m The discrete problem reads: Find (u,, pp) € gﬁ,o X Pf st

an(uy, v,) +ba(vy, pn) = D (Frf v Y, e Ul
TeT,

~bn(u,, qn) = (g, qn) Van € Pf

Theorem (Well-posedness)

The discrete problem is well-posed with a priori bound:

_1 — g — -1
lugllus +Blpsll s =2 IfIl+ B gl with B = (H+V)72.



Convergence |

m We estimate the error (e, €,) = (u, — i1, pp — Pp) with
@y, pr) = (Igu, 7y p) € Uy o % P

m We have the following basic estimate [DP and Droniou, 2018]

lepllun + Bllenll < (IR (w, P)”U*,h‘

with consistency error s.t., for all v, € gﬁo,

(R(u, p), !h> = (f, r]kj’hZh) - ah(gh’ Kh) - bh(lh’ Pnr)




Convergence |l

m For T € 75, we identify the regime via the local friction coefficient

2
T with ij%— =+o0 ifvr =0

m More precisely, we have
m C; 7 > 1if Darcy dominates (with pure Darcy if C; 7 = +00)
m C; 1 < 1if Stokes dominates (with pure Stokes if Cf_%_ = +00)
m (G 7 =1 for pure Brinkman)



Convergence Il

Theorem (Estimate of the convergence rate)

Assuming u € H**2(7;)? and p € HY(Q), we have that
IR(u, p)llu,pn <

hk+1

TeTy
This estimate extends to the pure Darcy case setting C; T = +0o.
Fully robust for C; 7 € [0, +o0] thanks to the cut-off factors

Equilibrated Stokes and Darcy contributions in O(h";l)

Bonus/1: pressure-robust estimate for the velocity

Bonus/2: k =1 =0 also works for Darcy (C;, 7 = +oo for all T € 73)

1
2
2 (@ur)ymin(L. Ry + v min(l, cf,r>|u|i,mmd)l .



Static condensation

m Partition the discrete unknowns inside each T € 75, as follows:
m Velocity: element-based Uy, + face-based U?T',

m Pressure: average value Pg; + oscillations Py,

m The linear system has the form

Af7717;7 Bf];] Aﬂ‘f‘,‘, B7;1 U.771 Ff]z
~T ~
T
—T —T =
By 0 By 0 ||Ps Gy,
m The matrix in red can be inexpensively inverte element-wise

m After statically condensing Ug; and 57;, system of size

d(k M : B 1) card(77hi) + card(7h)




Numerical examples |

Figure: Velocity and pressure for Darcy (Ct,q = +o0), Brinkman (C¢,q = 1), and Stokes (Ct,. o = 0)

We consider the exact solution parametrised by Ciq € [0, +o0] s.t.

u(x) = xs (Cra) us(x) + (1 = xs) (Cro) un(x),  p(x) := cosxq sin x, — po,
where,

—v7IVp(x) ifv#0,

up(x) = . us(x) := —curl(sin x; cos x2)
0 otherwise,
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Numerical examples Il

Table: Convergence for Darcy

Ngot Nnz lleplly, n EOC llepll EOC llepll EOC Tass Tsol
k=0
113 1072 1.69e-01 - 1.69e-01 - 1.39e-01 - 2.26e-03 9.68e-04
481 4944 8.84¢-02 094  884e-02 094  427e02 170 1.19¢-02 5.34-03
1985 21136 4.47-02 098  4.47¢02 098  118e02  1.86 3.34e-02 5.83e-02
8065 87312 2.22¢-02 101 22202 101  3.69e-03 167 1.12¢-01 1.02¢+00
32513 354832 1.09e-02 103 1.09e-02 103 14503 135 3.94¢-01 3.39e+01
k=1
193 3456 1.33e-02 - 3.89¢-03 - 5.15e-03 - 4.24e-03 1.71e-03
833 16192 2.65e-03 2.32 7.73e-04 2.33 1.01e-03 2.36 1.98e-02 1.91e-02
3457 69696 6.55e-04 202 190e-04 203  227e04 215 6.16e-02 1.35e-01
14081 288832 1.66e-04 1.98 4.80e-05 1.98 5.53e-05 2.03 2.05e-01 1.94e+00
56833 1175616 4.32¢-05 194  1.25e-05 194  1.37e-05  2.01 7.70e-01 6.49¢+01
k=2
273 7216 4.84e-03 - 1.25e-03 - 2.48e-04 - 7.61e-03 2.57e-03
1185 34000 7.55e-04 2.68 1.94e-04 2.68 2.94e-05 3.08 3.64e-02 4.46e-02
4929 146704 1.00e-04 201 25905 290  3.76e-06  2.97 1.23¢-01 2.39¢-01
20097 608656 1.29e-05 2.95 3.36e-06 2.95 4.77e-07 2.98 4.02e-01 3.84e+-00
81153 2478736 1.64e-06 208  4.25e07 298  504e08  3.00  155e+00  8.75e+01




Numerical examples Il

Table: Convergence for Brinkman

Ngot Nnz lleplly, n EOC llepll EOC llepll EOC Tass Tsol
k=1
193 3456 6.48e-02 - 3.51e-03 - 3.40e-02 - 4.86e-03 1.87e-03
833 16192 2.78e-02 1.22 7.40e-04 2.24 9.34e-03 1.86 1.65e-02 2.05e-02
3457 69696 8.93e-03 164  118e-04 265  2.60e03 184 6.32¢-02 1.19¢-01
14081 288832 2.43e-03 188 1.62-05  2.87  6.84e-04 1.3 2.20e-01 1.69¢+00
56833 1175616 6.30e-04 195  210e-06 295  1.75e-04  1.97 8.13¢-01 4.38e+01
k=2
273 7216 3.72¢-03 - 1.21e-04 - 1.74e-03 - 8.64e-03 2.76e-03
1185 34000 7.56e-04 2.30 1.24e-05 3.28 1.98e-04 3.13 3.56e-02 3.12e-02
4929 146704 1.13¢-04 274  935e07 373  220e05  3.12 1.28¢-01 1.87e-01
20097 608656 1.52e-05 2.89 6.30e-08 3.89 2.70e-06 3.08 4.23e-01 2.97e+00
81153 2478736 1.96e-06 205 40809  3.95  327e07  3.04  171e+00  5.92e+01
k=3
353 12352 2.44e-04 - 6.48¢-06 - 1.41e-04 - 1.74e-02 3.93e-03
1537 58368 1.99e-05 3.62 2.68e-07 4.60 9.32¢-06 3.92 7.41e-02 4.50e-02
6401 252160 1.27e-06 3.97 8.50e-09 4.98 5.65e-07 4.04 2.53e-01 4.28e-01
26113 1046784 8.26e-08 3.94 2.79-10 4.93 3.58e-08 3.98 9.11e-01 5.58e+00
105473 4264192 5.19¢-09 399 878e-12 499 22309 400  3.67e+00  8.72e+01




Numerical examples IV

Table: Convergence for Stokes

Ngot Nnz lleplly, n EOC llepll EOC llepll EOC Tass Tsol
k=1
193 3456 1.10e-02 - 6.07e-04 - 1.82e-02 - 6.74e-03 2.36e-03
833 16192 3.79¢-03 1.54 1.09e-04 2.48 5.06e-03 1.85 1.61e-02 2.31e-02
3457 69696 1.04e-03 186  1.52-05  2.84  1.32-03  1.94 7.64e-02 1.33¢-01
14081 288832 2.71e-04 194  1.99e-06 293  3.37¢-04  1.96 2.32¢-01 1.68e+00
56833 1175616 6.98¢-05 196  2.56e-07 296  8.53e-05  1.98 8.35¢-01 4.41e+01
k=2
273 7216 1.38e-03 - 4.97e-05 - 1.70e-03 - 9.99e-03 2.82e-03
1185 34000 1.95e-04 2.83 3.47e-06 3.84 2.39e-04 2.83 4.15e-02 3.44e-02
4929 146704 2.74e-05 2.83 2.39e-07 3.86 3.06e-05 2.96 2.38e-01 2.09e-01
20097 608656 3.58e-06 2.94 1.55e-08 3.94 3.90e-06 297 4.52e-01 3.11e+00
81153 2478736 4.50e-07 209  9.77e-10  3.99  4.90e-07 299  174e+00  6.17e+01
k=3
353 12352 1.17e-04 - 3.38e-06 - 1.51e-04 - 1.78e-02 4.03e-03
1537 58368 8.48e-06 3.79 1.26e-07 4.74 1.07e-05 3.83 7.66e-02 4.63e-02
6401 252160 5.43e-07 3.96 4.01e-09 4.98 6.70e-07 3.99 2.58e-01 4.51e-01
26113 1046784 3.45¢-08 3.08  128e10  4.97  424e08  3.98 9.33e-01 5.87e+00
105473 4264192 2.18e-09 399 4.04e-12 499  2.66e-09 399  3.63e+00  9.27e+01
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