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gfé:_\ﬁ:%f_g“ Space-time FEM

Fakultat fir Mathematik

Q=IxQwithZT=(0,T)and QCRY e L?Q), up < L?(Q)

Oru—Ayu=1FinQ u(0,¢) = up in Q u=0o0onZx0Q

Lars Diening and Johannes Storn A Space-Time Discontinuous Petrov-Galerkin Method for the Heat Equation 1/20



gfg:_‘ﬁ%f_g“ Space-time FEM

Fakultat fir Mathematik

Q=IxQwithZT=(0,T)and QCRY e L?Q), up < L?(Q)

Oru—Ayu=1FinQ u(0,¢) = up in Q u=0o0onZx0Q

Space-time FEM. Seek u € X and u, € X, C X with

b(u,y) = (f,y) forallyeyY (P)
b(un, yn) = (f, yn) forall y, € Yy C Y (Pn)
Space-time ‘ Time-stepping

One (parallelizable) large problem | Many small problems

Adaptivity in space-time Adaptivity in space and/or time
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S e T Difficult Design

Fakultat fir Mathematik

Suppose (P) is well-posed

b
0<fB:=inf sup&
xeX yeY IxIxlylly

Difficulty. Find X, C X and Y, C Y with

b
0 < Br:= inf sup M
xn€Xn yne Ya 1 Xnllx[|yallv

Equivalently, find bounded Fortin operator I1: Y — Y}, with
b(xp,y —My) =0 forall x, e Xpandy e Y

Example. Taylor-Hood for Stokes [Diening, Tscherpel, Storn '21]
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g,'é:_\ﬁ:%f_g” Discontinuous Petrov—Galerkin Method

Fakultat fir Mathematik

Suppose (P) is well-posed

b
0<fB:=inf sup&
xeX yeY IxIxlylly

Difficulty. Find X, C X and Y, C Y with

b
0 < Br:= inf sup M
xn€Xn yne Ya 1 Xnllx[|yallv

DPG. T : X, — Y with (Txp,y)y = b(xp,y) for all x, € Xp, y € Y

b T Txp, T b
B < sup BLICIE = sup (D y)y - (Txh Txn)y _ b(xh, yn)
vev Ixnllxliylly = vev Iallxlylly — Talxl Tally — yuerx, Ixallxlyally
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UNIVERSITAT Practical DPG Method

Fakultat fir Mathematik

o ldealized approach Y,;' = TXy

o Almost practical approach Y/ := T,Xj with
<ThXh,yh>y = b(Xh,yh) for all y, € Yy, and dim X, < dim Y},

o Practical approach Y,f := TpXp and Y, C Y discontinuous
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UNIVERSITAT Practical DPG Method

Fakultat fir Mathematik

o ldealized approach Y/ := TX,

o Almost practical approach Y/ := T,Xj with
<ThXh,yh>y = b(Xh,yh) for all y, € Yy, and dim X, < dim Y},

o Practical approach Y,f := TpXp and Y, C Y discontinuous

— Breaking spaces and forms
[Carstensen, Demkowicz, Gopalakrishnan "16]
[Demkowicz, Gopalakrishnan, Nagaraj, Sepilveda '17]
[Storn '20]
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LBJ|'E:_\{5E:|§_I|;AT Heat Equation

Fakultat fir Mathematik

Oru—Ayu=1FinQ u(0,¢) = ug in Q u=0o0onZx 00

Equivalent system

=div (u,0)

——

Oru+divyo =fin Q u(0,¢) = up in Q
Viu+oc=0in Q u=0o0onZ x 00
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LBJ|'E:_\{5E:|§_I|;AT Heat Equation

Fakultat fir Mathematik

Oru—Ayu=1FinQ u(0,¢) = ug in Q u=0o0onZx 00

Equivalent system

=div (u,0)
——
Oru+divyo =fin Q u(0,¢) = up in Q
Viu+oc=0in Q u=0o0onZ x 00
. (O divyk _(f (Y
Notation A := <Vx i > f = <O> u:= <J>
Au=1finQ
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Lg’|'él_‘ﬁ:'§f_g“ Function Spaces

Fakultat fir Mathematik

Define space H(A, Q) := {v € L?(Q;RI*!) | Av € [2(Q;R™!)} with norm

Ivlifiaq) = vl + AvIG = lIvilG + Ildivvl[g + Vvl for v.= (v, 7)
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Lg’|'él_‘ﬁ:'§f_g“ Function Spaces

Fakultat fir Mathematik

Define space H(A, Q) := {v € L?(Q;RI*!) | Av € [2(Q;R™!)} with norm

Ivlifiaq) = vl + AvIG = lIvilG + Ildivvl[g + Vvl for v.= (v, 7)

Define subspace

Hp(A, Q) := {(v,7) € [3(Z; H}(Q)) x L2(Q;RY) | div(v,7) € L*(Q)}
= {(v,7) € (LA(Z; H3(Q)) N HYZ; H1(Q))) xL2(Q;RY) | div (v, 7) € L3(Q)}

—C(Z;L2(Q))

10evll2p-1 < [ldivy]l2p-1 + [ldivic 7l 21 S [ldivyllo + lI7llQ S ll¥llH(a Q)
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gfé:_\ﬁ:ﬁg“ Variational Problem

Fakultat fir Mathematik

Yov = v(0,9) and yrv := v(T,s) for v = (v, 7) € Hp(A, Q)
A* adjoint operator of A

H(A*, Q) = H(A, Q)

o Multiply Au = f by w € Y := Hp(A, Q) N {y7 = 0} C H(A", Q)
o Integrate over @

o Integrate by parts

(u, A"w)o = (f,w) g + (uo,Yow)q foral weyY
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LBJE:_\{;E:'E?_'SAT Broken Variational Problem

Fakultat fir Mathematik

A} denotes element-wise (wrt. 7) application of A*

o Multiply Au = f and you = ug by (w,&) € Y = H(A}, Q) x L3(Q)
o Integrate over @ and Q2

o “Integrate by parts” element-wise with trace s = yau

(u, Apw) @ + (Au, w) @ — (u, Apw) @ + (You, §)a = (£, w)q + (uo, §)a

::<7Aﬂr(ﬂ7£)> Y*,Y:<§7(ﬂ7£)> Y*)Y :F(ﬂzg)

X = L2(Q:R¥) x yaHp(A, Q) with 7aHp(A, Q) C Y*
b: X xY — Rwith b(v, t; w,£) = (v, Afw) g + (t, (W, &)y~ y
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LBJE:_\{;E:'E?_'SAT Broken Variational Problem I

Fakultat fir Mathematik

I(w. )IIF = llwllg + IARwlG + €113
1w, 1% = NIl + [12l3- = vl + i ) (1 a,0) + ozl

D
YyAr=t

Theorem
It exists a mesh-independent constant

) b(v,t; w,§)
0<pB< inf sup
w.)ex weo)ey 1w )lIx[[(w, &)y

For all F € Y* exists a unique (u,s) € X with ||(u,s)||x S ||F|ly- and

b(u,s;w,&) = F(w,§)  forall (w,§) €Y
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LBJ|'E:_\{;E:|E?_I|;AT Triangulation

Fakultat fir Mathematik

o 7T is partition of @ in non-overlapping time-space cylinders
K = K; x K, with interval K; and simplex K,

o 7o denotes the set of facets on {0} x Q

X1

X0
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UNIVERSITAT .
BIELEFELD Test space Y = H(A;, Q) x L*(Q)

Fakultat fir Mathematik

Forall K=K x K, € T and £ € Ny

To(K) :=span{vevy | vi € Py(K:) and vy € Py(Ky)}
Piece-wise polynomials
P1(T0) :={v € L™(Q) | v|k, € P1(Kx) for all Kx € To}
Ty(T) :={w € L=(Q) | w|k € T¢(K) forall K e T}
Discrete test space

Y. (T3(T) x To(T;RY)) x Py(To) C Y ford =1
" (T2(T) x To(T;RY)) x Py(To) C Y for d > 2
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BIELEFELD | Ansatz space X = L*(Q;R*) x yaHp(A, Q)

Fakultat fir Mathematik

HL(Q) = L%(Z; H}(R)) N HY(Q) and H(divx, Q) = L*(Z; H(div,Q))

HB(Q) x H(divx, Q) € Hp(A, Q)

First component
Vy = Tl(T) N HE(Q)

Second component
Y= {1 € L®(Q;RY) | T € RTo(Kyx) for all K = K; x Ky € T} N H(divy, Q)

Low-order ansatz space
Xp = TQ(T; Rd+1) X ")/A(Vh X Zh) cX
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LBJ|'E:_\{5E:|§_I|;AT Fortin Operator

Fakultat fir Mathematik

Theorem
It exists 11 : Y — Yy, with ||| < 14 maxker he(K)/h(K) and

b(vp, th; (w, &) — N(w,§)) =0

for all (vp, t,) € Xp and (w,§) € Y

The proof utilizes
o Local design MMk for each K = Ky x K, € T
o Piola transformation (shape regularity of Kj)
o Orthogonal projection ||divMxw| kx < ||divw|k

o Poincaré (in space) + Averaging in time
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E’.'EL"EEF'ESL'SAT Main Result

Fakultat fir Mathematik

A priori estimate

1(u, 5) = (up, sp)llx < min (4, s) = (v, )l x
(vpotp)E€Xn

A posteriori estimate

(4, 5) = (up, sp)llx = [16(up, spi+) = Fllys +[IF o (1 =)y
with
2
IFo-mE. <3 Hf—][ ras|  thot
KeT K L2(K)
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Lg’fél_\ﬁ%f_g“ Parabolic Scaling

Fakultat fir Mathematik

Lemma (Diening, Schwarzacher, Stroffolini, Verde '17)
Let K€ T, ac Ll?Q), G < L%(Q;RY) with 0;a = div, G, then
S hX(K)szxa”%2

a— + adz <
]{< L2(K) (k) hX(K)2

Ot Vxu = V0ru = divg(0su ly) yields G = 0ru = f + Ayu
N

=a

— Equal hy(K) = hy(K) and parabolic h;(K) = hy(K)? scaling

2 he(K)?

KI*=2/PIIGIE0 )

2
h
< (K [IV2ullT2 ey + (k)

< < P
L2(K) h (K)Q‘ ‘ t HLP(K

Viu — ][ Vxudz
K
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UNIVERSITAT Numerical Experiment — Checkerboard

Fakultat fir Mathematik

X
_2 j}v:\‘\\‘\\\\\‘ T \HHH‘ T \HHH‘ T \HHH‘ \;
10 § 3 § -1 1 -1 1
10-3 ; ; .75
& N e 1 -1 1 -1
i — 1 5
_ —— equal
10 N §+parabolic E -1 1 -1 1
[l-- - O(ndof 1) 1 .25
107° H O(ndof~2/3) D= 1 /-1 1 -1
7\ T TTTTIT T T TTTIT L \HHH‘ L \HHH"\ \7
102 103 10* 10° 25 5 .75 t
ndof f

|b(up, Spie) — F||%,: with uniform (solid) and adaptive (dotted) refinements
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UNIVERSITAT

BIELEFELD Numerical Experiments — Initial Data

Fakultat fir Mathematik

100

102

1074

TR T T TR T T TTT T T TTT T T TTTI

—— Equal

—— Parabolic
--—- O(ndof 1)
<<<<<<< O(ndof~1/3)
- - - O(ndof /%)

bl vl 1l ] Hmmv\. —
10t 10?2 10° 10* 10°

ndof

|b(up, spi ) — F||§,: with uniform (solid) and adaptive (dotted) refinements
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UNIVERSITAT

Rough Right-Hand Side

BIELEFELD
Fakultét fir Mathematik
f(t,x) = |x—1/2|* f(t,x) =t —1/2|*
Equal Parabolic Equal Parabolic

a unif | adapt | unif | adapt unif | adapt | unif | adapt
0.00 1 1.01 0.66 0.66 1 1.01 0.66 0.66
-0.05 | 0.81 0.93 0.67 0.67 0.81 0.93 0.66 0.66
-0.1 0.6 0.83 0.67 0.68 0.59 0.82 0.67 0.65
-0.15 | 0.46 0.71 0.67 0.7 0.45 0.7 0.67 0.67
-0.2 0.36 0.6 0.68 0.71 0.36 0.59 0.67 0.68
-0.25 | 0.29 0.49 0.69 0.72 0.28 0.48 0.68 0.69
-0.3 0.22 0.39 0.69 0.75 0.22 0.38 0.69 0.72
-0.35 | 0.17 0.29 0.69 0.76 0.16 0.28 0.7 0.74
-0.4 0.11 0.19 0.67 0.76 0.11 0.18 0.7 0.77
-0.45 | 0.06 0.08 0.65 0.76 0.06 0.07 0.69 0.79
-0.5 0 -0.02 | 0.62 | 0.76 0 -0.03 | 0.65 | 0.81
-0.55 | -0.05 | -0.12 | 0.59 0.73 -0.05 | -0.12 0.6 0.79
-0.6 -0.1 -0.21 | 0.55 0.71 -0.1 -0.22 | 0.53 0.78
-0.65 | -0.15 | -0.31 | 0.51 0.68 -0.15 | -0.32 | 0.47 0.64
-0.7 -0.2 -0.41 | 0.47 0.62 -0.2 -0.4 0.4 0.58
-0.75 | -0.25 -0.5 0.43 0.56 -0.25 | -0.48 | 0.33 0.42

Estimated convergence rates of ||b(uy, sp;¢) — FH%,;

Lars Diening and Johannes Storn

A Space-Time Discontinuous Petrov-Galerkin Method for the Heat Equation

18/20



UNIVERSITAT
BIELEFELD Summary

Fakultat fir Mathematik

o Space-time (DPG) FEM for heat equation Oru — A u=f

o Optimal test functions (DPG methodology) — breaking space
Y,f =TsY}, and Y discontinuous

o Discretization + Fortin operator
— quasi-optimality + error control + adaptivity

o Parabolically scaled meshes

2
he(K)?
< h (K2 V2 0l 0y + —
L2(K) ( ) || ||L2(K) h (K)

Hvxu_]{(vxudz T KT 2P 0l ey
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Thank you for your attention
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