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Outline

@ The Yang-Mills equations
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Notations

e Lie algebra (g, [-,-])
® Vector space g
® Lie bracket [-,] : ¢ X g — g, antisymmetric, bilinear etc.

® (e); a basis of the Lie algebra

Example
® g =su(2) matrix Lie algebra, [A,B] := AB-BA

_ifo 1 __ifo =\ . __ifi 0
¢1=7201 0/°%=73\i o) 2l0 -1/

e Decomposition of g-valued functionf = 3, ® ¢
e Inner product {-,-) : gx g — Rs.t.

{[a,b],c) ={a, [b,c]) Va,b,c € g.
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Yang-Mills equations

® A(x,t) - Gauge potential
® The ‘electric field' E and ‘magnetic field’ B defined by

E=-0A
B=curlA+
Yang-Mills equations:
Evolution:
O:E = curl B +
0B = —curlE -
Constraint:
divE + =0

divB + =0
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Non-linear terms

The non-linear terms appearing in the Yang-Mills equations are
the Lie algebra generalisation of some familiar operators...

Non-linear operators:

[g.v] = > q'v/ ® [er.e)]

1J

*[v,w] = Z(v’ xw’) ® e}, ey]

]
*[v, *w] = Z(v -w’) ® [e), e/]
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L2-inner products

Scalar and vector L2-products:

ry = rie, ey, /V,W = /V’~wJe,e
/U<q>LZJ/Uq<,J> K >LZJU (er.es)
Properties:

/U<*[u, v w) =/U<u,*[v, wl)

/U (v.[w.q]) = /U (x[v.+w].q)
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L2-inner products

Scalar and vector L2-products:

ry = rie, ey, /V,w = /V’~wJe,e
/U<q>LZJ/Uq<,J> K >LZJU (er.es)
Properties:

/U<*[u, v w) =/U<u,*[v, wl)

/U (v.[w.q]) = /U (x[v.+w].q)

Consequence:

[w.van= [ev.va =0
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Weak formulation

Integration by parts:
e Find (A,E) : [0, T] — (H(curl; U) ® g) x (H(curl: U) ® g) s.t.

A= —E,

/(6tE, v) = /(B, curlv + x[A, v]), Vv € H(curl; U) ® g,
U U

where B = curl A + 1x[A, A]
e |nitial conditions: A(0) = Ap, E(0) = Eg in U
® Constraint :

/<E,gradq+[A,q]>=o, Vg e H'(U) @ a.
U
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Constraint preservation

0A= —E,

/(@E, v) = /(B, curlv + x[A,v]), Vv € H(curl; U) ® g,
u U

1
B = curlA+ E*M’A]'

a,/U<E,gradq+[ >—/<atEgradq+ >+/<E [3A.q1)
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Constraint preservation

0A= —E,

/(@E, v) = /(B, curlv + x[A,v]), Vv € H(curl; U) ® g,
u U

1
B = curlA+ E*M’A]'

a,/U<E,gradq+[ >—/<atEgradq+ >+/<E [3A.q1)

=/<8tE,gradq+[A,q])—/<E .ql)
U
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Constraint preservation

0A= —E,

/(@E, V) = /(B, curlv + x[A,v]), Vv € H(curl; U) ® g,
U U

1
B = curlA+ E*M’A]'

a,/U<E,gradq+[ >—/<atEgradq+ >+/<E [3A.q1)

=/<E)tE,gradq+[A,qJ)—/<E .ql)
U

curl(gradg + [A,q]) + x[A,grad g + [A,q]] = [B,q]
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Constraint preservation

0A= —E,

/(éﬁE, v) = /(B, curlv + x[A,v]), Vv € H(curl; U) ® g,
u U

1
B = curlA+ E*M’A]'

a,/U<E,gradq+[ >—/<atEgradq+ >+/<E [3A.q1)

=/<8tE,gradq+[A,q])—/<E .ql)
U

- /U (B, [B,q])

curl(gradg + [A,q]) + x[A,grad g + [A,q]] = [B,q]
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Constraint preservation

0A= —E,

/(éﬁE, v) = /(B, curlv + x[A,v]), Vv € H(curl; U) ® g,
u U

1
B = curlA+ E*M’A]'

a,/U<E,gradq+[ >—/<atEgradq+ >+/<E [3A.q1)

=/<8tE,gradq+[A,q])—/<E .ql)
U

=/<B, [B.ql)
U
=0

curl(gradg + [A,q]) + x[A,grad g + [A,q]] = [B,q]
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Some more details...

{ curl(gradq + [A,q]) + x[A,grad g + [A,q]] }
(z/lvaﬂ [Av’ q] +£G#V[Ay’avq + [AV’ q]]

Saﬂv[a AV, q] a/’uv[AV7aH auy y’aVQ] +Sayv [All7 [AV’ Q]]

[ EquyOuA” + g A",A"],q]

- {B.al},,

aﬂv[
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Constrained formulation

From [Christiansen and Winther, 2006], a constrained formulation
for the Yang-Mills equations is:

Find
(A,E, 1) :[0,T] — (H(curl;U) ® g) x (H(curl; U) ® g) x (H'(U) ® g)
st.VveH(eurl;U)®g, Vge H'(U)® g
0A= —E
/U(atE, v)+‘/U(grad/l+ [A, ], v) = /U<B,curIV+*[A, v])
[ @E.gradq+ 14.q1) =0

where B = curl A + 1x[A, A]
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Constrained formulation

From [Christiansen and Winther, 2006], a constrained formulation
for the Yang-Mills equations is:

Find
(A,E, 1) :[0,T] = (H(eurl: U) ® g) x (H(curl; U) ® g) x (H'(U) ® g)
st.VveH(eur:U)®g Vge H'(U)®g

A= -E

/U(atE, V)+‘/U(grad/l+[A,/l],v)= /U<B,curlv+*[A, v])
/U<6tE,gradq+ [A.q])=0

where B = curl A + 1x[A, A]

e Choosing v =gradi+ [A, 1]:

grad1+ [A,1] =0
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Outline

@ Discretisation
Discrete de Rham (DDR) complex
Discretisation of brackets
Time stepping
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Outline

@ Discretisation
Discrete de Rham (DDR) complex
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Design

e Continuous de Rham complex:

R — H'(U) 22 Hicurl; U) s H(div;U) — 12(0) —23 {0).
e Discrete De Rham complex
[Di Pietro and Droniou, 2021, Di Pietro et al., 2020]:

K k
Igrad,h G

Dk
R 7 Xgradh 4> curlh —> Xduvh —h> Pk(Th) —0) {0}

Principle of DDR construction:
® A mesh is a collection of sets of elements 75, faces 7, edges &y,
and vertices Vj
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Design

e Continuous de Rham complex:

curl div

R —“ H'(U) 2% Hieurl: U) - H(div:U) -5 12(0) —> (o).

e Discrete De Rham complex
[Di Pietro and Droniou, 2021, Di Pietro et al., 2020]:

k Kk
!grad h G

DK
R = Xgradh 45 curlh —> Xduvh —h> Pk(Th) —0) {0}

Principle of DDR construction:

e Replace continuous spaces by fully discrete ones made of
vectors of polynomials,

® Polynomials attached to geometric entities to emulate
expected continuity properties of each space,

e Create discrete operators between them.
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Discrete de Rham (DDR) complex

/k
-grad,h

K G K < K D} K 0
R > Xgrad > Xewnh — Xgwpn — P°(Tn) —— {0}

Discrete spaces: Vector of values attached specific mesh entities:

Space | v E = T
Xgraan | R=PH(V) PUE) PR PHUT)
Keans PEE)  RT(F) RT(T)
)—(ﬁiv,h pk (F) NK(T)

P (Th) PK(T)
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Discrete de Rham (DDR) complex

-grad,h

l k G, K ¢ K Dy K 0
R > Xgrad,h > Xeunp — Xgup — P(Th) — {0}

Discrete differential operators:
e Mimic integration-by-parts formula to define, from the DOFs,
discrete operators in full polynomial spaces
(gradient: edge/face/element; curl: face/element; divergence:
element)

® Project these polynomials on DOFs of next space to create

i i i K . yk k
discrete differential operators, e.g. C; : Xy = XGiv s
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Discrete de Rham (DDR) complex

grad h h

Dk
R > X —gradh —> )_(ﬁurlh — X —d|vh 5 PR(TR) —2 {0}

Reconstructions and L2-products on each space, e.g.:
e Potential reconstructions PX - XK — PK(T)

curl, 7T - —curl, T
— P(F)

* L2-inner product (-, Jeurt.h : Xy p X X = R

i k
e Tangential trace reconstruction y{, : Xg,,
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Lie algebra DDR (LADDR) complex

K.Q
gmdh

G
R =25 X aan®8 —— XK, @0 —> X, ,®0 —> PK(Tr) ® g ——> {0}

Lie algebra extension of spaces and operators
e Lie algebra values attached to mesh entities

e Tangential trace: v} kg . X r®8— PF)og
k,g —
Yedve = ) (pvp) ®e
i
e Forally, w,eXk, . ®q

/
(!h’ ﬂh)curl,g,h = Z (!ha ﬂ#)curl,h(el, ey).
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Discretising the constrained Yang-Mills equations

(A,E, 1) :[0,T] — (H(curl: U) ® g) x (H(curl; U) ® g) x (H'(U) ® g)
s.t.Vv e H(eurl;U)® g, Vg e H'(U) ® g:

WA= —E

/U(&E, v)+/u<grad/l+[A,/l],v> = /U<B,curlv+*[A, v])
/U(é‘tE,gradq+ [A,q]) =0

where B = curl A + 1x[A, A]
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Discretising the constrained Yang-Mills equations

(A,E, 1) :[0,T] — (H(curl: U) ® g) x (H(curl; U) ® g) x (H'(U) ® g)
s.t.Vv e H(eurl;U)® g, Vg e H'(U) ® g:

WA= —E

/((hE, v)+/<grad/l+ [A,1],v) = /(B,curlv+*[A, v])
U u U
[ @E.qradq+[4.q1) =0
u
where B = curl A + 1x[A, A]

e Replace spaces/operators by LADDR spaces/operators ~»
deals with linear terms.
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Discretising the constrained Yang-Mills equations

(A,E, 1) :[0,T] — (H(curl: U) ® g) x (H(curl; U) ® g) x (H'(U) ® g)
st.VveH(eurl;U)®g, Vg e H' (U) ® g:

WA= —-E
/(&E, V) + /(grad/l +[A,],v) = /(B, curlv + x[A,v])
U U U
[ @E.gradq+14.q1) =0
U
where B = curl A + 1x[A, A]

e Replace spaces/operators by LADDR spaces/operators ~»
deals with linear terms.

e What about the brackets?
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Outline

@ Discretisation

Discretisation of brackets
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Product bracket

0A= - E

/U(atE, V>+/U(grad/l+ [A,1],v) = /U<B,curlv+*[A, v])

/ (%E.gradg+ [A.q]) = 0
U

e g scalar, v vector Lie algebra-valued functions, (e); a basis of g
e Decompose q = 3, q' ® e, where ¢’ is real-valued (resp. v)

[g.v] =) q'v/ @ e, e
1,J
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Product bracket
OhA= —E
/U<8tE, V>+/U(grad/l+[A,/l],V)= /U<B,curlv+*[A, v])
/U<3tE79radq+ [A,q])=0

e g scalar, v vector Lie algebra-valued functions, (e); a basis of g
e Decompose q = 3, q' ® e, where ¢’ is real-valued (resp. v)

[g.v] —Zq’v ® [er,e)]

® Discretisation requires

(!h’ l!h’ghj)curl,g,h =0
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Product bracket

0A= - E

/(&E, V>+/(grad/l+[A,/l],V)= /(B,curlv+*[A, v])
U U U
/U<3tE79radq+ [A,q])=0

g scalar, v vector Lie algebra-valued functions, (e;); a basis of g
Decompose g = ¥, q' ® e/, where ¢' is real-valued (resp. v)

[g.v] =) q'v/ @ e, e
1,J

® Discretisation requires

(!h’ l!h’ghj)curl,g,h =0

Choice:

Kt
/<V w.q >M/<Pcurlhvh’ curlhwh’P:adghq D
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Cross product bracket

0A= —-E

/(atE, v)+/(grad/l+ [A, 1], v) = /(B,curlv+*[A, v])
u U u
/<6tE,gradq+ [A,q]) =0
U
B =curl A+ }x[A A].
® v, w vector Lie algebra-valued functions:

*[v,w] = Z(V’ xw’) ® [e, ey].
17

® BeH(div;U) ®g.
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. R . . ,(
Option 1 (O1): discrete bracket in Xgivn®8

K[, TN (X ® 8) X Xy p ® 8) = XG, , ® 0
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. . . . ;(
Option 1 (O1): discrete bracket in Xgivn®8

i . k k Kk
*[, ']dlv’k’h . (X_curl,h ®g) X (X_curl,h ®g) — X—div,h ®g.
* Facevaluein XX . ® g represents
Zdiv,h p

*lv.w]-ne =) (v xw) - ne o [e.e)]
1J

ViF X Wi F

*x[Vv,w]-ng =x[v g, W F]-NF
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. . . . ;(
Option 1 (O1): discrete bracket in Xgivn®8

i . k k Kk
*[, ']dlv’k’h . (X_curl,h ®g) X (X_curl,h ®g) — X—div,h ®g.
* Facevaluein XX . ® g represents
Zdiv,h p

*lv.w]-ne =) (v xw) - ne o [e.e)]
1J

ViF X Wi F

*x[Vv,w]-ng =x[v g, W F]-NF

e Leads to setting (x[v,, w,]9"*") = n’g‘D’F(*[ytﬁzF,yt’gﬂF] - ng)
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. . . . ;(
Option 1 (O1): discrete bracket in Xgivn®8

i . k k Kk
*[, ']dlv’k’h . (X_curl,h ®g) X (X_curl,h ®g) — X—div,h ®g.
* Facevaluein XX . ® g represents
Zdiv,h p

*lv.w]-ne =) (v xw) - ne o [e.e)]
1J

ViF X Wi F

*x[Vv,w]-ng =x[v g, W F]-NF

e Leads to setting (x[v,, w,]9"*") = n’g‘D’F(*[yﬁﬁzF,yt’gﬂF] - ng)

k

* Element value built using Pg,, 1.
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O1: discrete bracket in Xdlvh ®q

*[: ']div’k’h : (Xkurl n® g) X (—curl n® g) — —d|v h®9.

Then

/U (B,curlv + x[A,v]) ~ (B, CY*v, +x[A,. v, 1™ Mg, g

with B, = CY A, + 1x[A,, A, ]9k e X5 (®0
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Option 2 (02): potentials in continuous bracket

With B = curl A + }x[A, A]:
/(B, curlv + x[A,v]) = /(curlA, curlv) + /(curlA,*[A, v])
U U U

+ L(%*[A,A],curl v+x[A,v])

discretised as

curl,h curl,h—h

(5 A C3 W, i+ [ (PR, C Ay 4Pl Ay P 0,1)

curl,h curl,h div,h—=h curl,h curl,h—h

]
. /U (G*LPoun nAn Poun nAn]- Py nCh Vi + % [Pt 1Ay Plun nVal)-
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Option 2 (02): potentials in continuous bracket
With B = curl A + }x[A, A]:
/(B, curlv + x[A,v]) = /(curlA, curl V)+/(curlA,*[A, v])
U U U
+/U<%*[A,A],curlv+*[A, v])
discretised as
curl,h—h

.k 9.k 8.k A8k 8.k 8.k
(Cy A, C Kh)diV»g»th/U(Pdiv,th A, %Py vAn P vpl)

curl,h curl,h div,h—=h curl,h curl,h—h

1

. / (G*LPoun nAn Poun nAn]- Py nCh Vi + % [Pt 1Ay Plun nVal)-
u

* Magnetic field not in the discrete H(div; U) ® g, but piecewise
polynomial:

1
Bi = P nCh " Ay + 5% [Pl 1An P 1Al

curl,h—=h i:url,h curl,h=h
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Outline

@ Discretisation

Time stepping

23/36



[llustration with O1 (discrete bracket)

Time discretisation:
1
6n+1z - Zn+1 _ zn
t &( )

Scheme: Find families (Ap)n, (E})n, (47)n such that for all n,
(An’—h’/—lrf;) € (—curl,h ® g) X (—curl,h ® g) x (—grad,h ® g): and

n+1 _ n+1
6t Ah - _Eh ’

curI h h>

n+1 8.k yn+1 g,k n+1 pg.k n+1
(0F " Eps Vi)eung.h + (Q,, A Ve eurl,g.h +./U< Pcur| hA Pgrad ndh 1.P%

1 .
= (B]. G vy + %A VT Mg VY, € Xinp ® 0,
1 .k 1 k k
(6?+ Eh’gg ﬂh)cur'vg,h + /<Pcurl h 6;“ Eh) [ch:url hAn’ Pgrad hgh]>
=0, Vgh eX _grad’h ® g.
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Properties

See [Droniou et al., 2023, Droniou and Qian, 2023].

e Preservation of discrete constraint:

. .k k .k k
67(q,) = (B3 G*q,eunan+ | (Pt ER1PLy A5 Pl 19,0
k
Vgh € )_(grad,h ® g.

Recall the weak form of continuous constraint:

/U(E,gradq+ [A,q]).
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Properties

See [Droniou et al., 2023, Droniou and Qian, 2023].

e Preservation of discrete constraint:

§7(q,) = (ER G q,Jenon+ [ (Pl R [Py 5, Pl 1,

Vﬂh € )—(grad,h ®g.

9

e O1: Energy bound, for (A%, E?) s.t. €° =0

n
“E ” urlgh+ ”Eh”dlvgh = ”E ||curlgh ”B ”dwgh
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Properties

See [Droniou et al., 2023, Droniou and Qian, 2023].

e Preservation of discrete constraint:

, kK
(S”(c_yh) = (E",Qg’kgh)cun,g,h + /U<P?:’ukr|,h52’[Pgukr|,hAZ’Pgrad,hq D

k
Vgh € )_(grad,h ® g.

* 02: Energy bound, for (A%, E?) s.t. €° = 0:

1 2 1 2 .k .k
E”Ezncuﬂ,g’h + E”BZ”LZ(U)@!} + Stab(gh An7 Qh AZ)

1 1 K &
< SIEDun g+ 11BIZ: 0, + Stab(CLAD, CT¥AD).
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Outline

© Numerical tests
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Numerical tests

°* k=0
Domain U = (0,1)3, t € [0, 1]
Lie algebra g = su(2)

oo L0y ifo =i\ if1 0
T2l o) T2l o) T 2l0 1)
* Mesh sequences

® Voronoi polytopal meshes
® Tetrahedral meshes
® Cubic meshes

e Newton iterations
e Stopping criterion e = 1078
® Timestep 6t = min{0.1,0.2h}
® Direct solver
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Newton iterations (O1)

1

Voronoi mesh
2 3 4 5

h 0.83

ot 0.1
Nag (€=1075) | 2
Nayg (€ =10719) | 2.3

1

045 0.31 0.22 0.18
0.083 0.059 0.043 0.034
2 2 2.6 1.4
2.3 2.1 3.3 2

Tetrahedral mesh
2 3 4 5

h 0.56

ot 0.1
Nave (€ =1075) 2
Nae (e =10710) | 2

050 039 031 0.26

0.091 0.077 0.063 0.05
2 2 1.9 1.6
2 2 2 2
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Comparison of total runtimes between O1 and 02

Voronoi mesh Tetrahedral mesh Cubic mesh

01 1 3 2 4 1 3
k=0 | 5.00865 145.77 | 470017 21.1378 | 0.564665 35.2541
k=1 35.9231 2836.36 | 50.997 360.943 | 3.58296 588.679
k=2 | 198.435 43303.9 | 578.499 5732.1 14.6638 14337.4

02 1 3 2 4 1 3
k=0 | 457515 135.231 | 416998 19.7708 | 0.53204 32.879
k=1 | 342036 2814.14 | 51.3249 340.817 | 3.62877 631.546
k=21 190.447 42083.9 | 634.162 6421.87 | 13.8524 14414.9

Table: Total runtime for each test in seconds
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Errorson E

107" ¢

——E (01, k=0),-+- E(O1,k=1); = E(O1,k=2),
——E(02,k=0);-e- E(0O2,k=1); o E (02, k=2),

1071

:\ Il Il Il
10-0-8 10-0-6 10-0-4 10-9-2

(a) “WVoro-small-0” mesh

L I I I
10*0.6 10*0.5 10*0.4 10*0.3

(b) “Tetgen-Cube-0" mesh
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Errorson E

——E (01, k=0);-+- E(O1,k=1); » E (01, k=2);
——E (02, k=0),-e- E(02, k=1); E (02, k=2);

(a) “Cubic-Cells” mesh
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Errorson A

| ///.

1071 ¢
,"‘//
e LI
1078 10 - *
F e ° 1
3
2
* 1

1073
1073 £ | | | E
10°0-6 10705 10704 10793

[} I I L
1070.8 1070.6 1070.4 1070.2

(a) “Woro-small-0” mesh (b) “Tetgen-Cube-0" mesh
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Errorson A

——A (01, k=0);-~- A(O1,k=1);
—-A(02,k=0),-o- A(O2,k=1);

107"

(a) “Cubic-Cells” mesh
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Constraint preservation

Voronoi mesh

Tetrahedral mesh

01 1 3 2 4
k=0 | 8.4732%-15 3.05676e-14 | 2.06362e-14 4.75412e-14
k=11 1.4144e-13 8.93075e-13 | 3.67781e-13 1.81426e-12
k=21 3.69918e-12 1.18207e-10 | 3.82037e-12 2.77407e-11
02 1 3 2 4
k=0 | 816124e-15 3.13617e-14 | 2.01667e-14 4.77633e-14
k=1] 9.8531e-14 8.83056e-13 | 3.69107e-13 1.81787e-12
k=2 | 416428e-12 7.99416e-11 | 3.81537e-12 2.77391e-11

Table: Maximum over n of the difference €” — €° measured in the dual

norm
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Constraint preservation

Table: Maximum over n of the difference €” — €° measured in the dual

norm

N

o)

Cubic mesh

1

3

= X x
I
N = O

3.52318e-15
2.33678e-14
4.45312e-14

2.16527e-14
6.44019e-13
6.48608e-12

02

1

3

= X X
Il
N = O

4.22857e-15
2.52977e-14
4.51672e-14

2.11083e-14
6.48934e-13
6.48285e-12
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Conclusion

Highlights
® Arbitrary order
® Polytopal meshes

Questions

e Scheme to preserve constraint on weak (not constrained)
formulation?

e Convergence analysis (error estimates)?
e Other models?
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Conclusion

Highlights
® Arbitrary order
® Polytopal meshes

Questions

e Scheme to preserve constraint on weak (not constrained)
formulation?

e Convergence analysis (error estimates)?
e Other models?

Thank you!
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Notes and series of introductory lectures to DDR:

https:
//math.unice. fr/~massonr/Cours-DDR/Cours-DDR.html

COURSE OF JEROME DRONIOU FROM MONASH UNIVERSITY, INVITED PROFESSOR AT UCA

« Introduction to Discrete De Rham complexes

o Short description (in french)
o Summary of notations and formulas

s Part 1, first course: the de Rham complex and its usefulness in PDEs, 22/09/22 (video)
o Part 1, second course: Low order case, 29/09/22 (video)

o Part 1, third course: Design of the DDR complex in 2D, 07/10/22 (video)

o Part 1, fourth course: Exactness of the DDR complex in 2D, 10/10/22 (video)

o Part 2, fifth course: DDR in 3D, analysis tools, 17/11/22 (video)
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